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LECTURE NOTES 6

THE METHOD OF IMAGES

e A useful technique for solving (i.e. finding) E (F ) and / or V(F ) for a certain class /

special classes of electrostatic (and magnetostatic) problems that have some (or high)
degree of mirror-reflection symmetry. «— Exploit “awesome” power of symmetry
intrinsic to the problem, if present.

e Idea is to convert a (seemingly) difficult electrostatic problem involving spatially-
extended charged objects (e.g. charged conductors) and then replace them with a finite
number of carefully, intelligently chosen / well-placed discrete point charges!!

e Solving the simpler point-charge problem is the solution for the original, more
complicated problem!!!

e Canreplace e.g. a charged surface of a conductor (which is at constant potential — an
equipotential) by an equivalent / identical equipotential surface (at same potential) due to
one (or more) such / so-called “image charges”.

— By doing this replacement, the original boundary conditions associated with original
problem are retained / conserved.

E -fields and potentials ¥ of the original and “surrogate” problems must be the same /
identical!!

e The method of images is best learned by example...
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Example 1: Point Charge g Located Near An Infinite, Grounded Conducting Plane:

n.b. A grounded conductor is a special type of equipotential: infinite amounts of electrical
charge (= Q) can flow from / to ground to / from the conducting surface so as to maintain
electrostatic potential "= 0 (Volts) at all times. (In reality / real life, 3 no such thing. e.g.
especially / particularly for AC / time-varying electromagnetic fields for frequencies f > 1 MHz,

due to inductance effects (magnetic analog of capacitance)).

What are: z
E(F), V(7)and o(x,y,z=0)
(o (x,y,z=0)=induced surface Source Fr=rF—7
charge density on co-plane) Point, S
A 9 A
;:I

d
oo-conducting plane induced surface charge
@ V(x,y,z=0)=0 v _ density o(x,y,z=0)

O Y
wire—
=

Earth ground
Symbol X
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Side View of Problem:
A
Lines of E :
* point radially outward @ +¢
+ *are | to surface of co-conducting
plane@z=0 V (x,y)
d
E(F)
co-conducting plane o(x,y,z=0)
Vi(x,v,0)=0
(x,7,0)=0 "\ 2 >

(x points outward from paper)

Now mirror-reflect above problem:

i.e. Letz —>—z and simultaneously let +¢(z) — —g(-z)
(more generally let ¥ — —7 for objects in problem)

A

z
Tq
Grounded,
oo-conducting d
plane E(7F)
N / O'(x, V,zZ= O)

v

— > B
V(x,y,2=0)=0

d

-q

Now (mentally) remove the grounded, co-conducting plane:

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005 - 2008. All rights reserved.



UIUC Physics 435 EM Fields & Sources | Fall Semester, 2007  Lect. Notes 6 Prof. Steven Errede

Side View:

AZ
Original Charge +q Field / Observation
@ (0,0,+d) i ¢z=+d ® Point P

v

<>

Image Charge _— —iq I
@ (0,0, —d)

We have replaced wo-conducting grounded plane (equipotential, V' (x, y,z =0)=0) with an image
point charge —¢ located at (x,y,z)=(0,0,—d).

= The method of images is highly analogous to mirror-type optics problem!!

— here we have point “object” +¢ at (x, y,z) =(0,0,+d) and plane mirror at (x,y,z)=(x,,0).
An image of point object is formed as a point image a distance d behind the mirror; point
image —q is located at (x, v, z) = (O, 0, —d) .

Optical mirrors are essentially equipotentials — optics works for electrostatic problems!!!

Mathematical constraint (boundary condition) on V: V(x,y,z=0)=0 V (x,y,z=0).

(i.e. everywhere on co-conducting grounded plane.)

4 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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3-D View of Image Charge Problem for Grounded Infinite Conducting Plane:

z
[ 4 Source Point, S;
+q| (x,y,2) = (0,0,+d) Field / Observation
o Point, P at (xp,1p,2p)

We

already

know how
to solve /
do this

problem!!

v

<>

=>

—q | Source Point, S

\ (r32) = (0,0,~d)

Use Principle of Superposition to solve / determine total potential at observation / field point 7 :

Vior (F) =2

Potential @ point (#) Potential @ point (7)

due to point charge due to point charge

+q@pglt (7)) /—q@point (%)

—
VTOT(F):m+V;(F)

_ 1 [t + ) separation distances
dre \ 1, dre \ T, ¢ c
¢ (1.1 Whatare r, & r, ??
dre \ 1, T, b

a
Use law of cosines ¢ = a*> +b*> —2abcos 8 / :

to obtain expressions for r, + r,.

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Here it is easier simply to use basic definition of separation distance, i.e.

Let: =0,
z 4 and: ,=n—6,=n—0 rE\/Ax2+Ay2+A22

+q I P rlE\/(xp—xl)2+(yp—yl)2+(zp—zl)2
= (x, =) +(3,-0)"+(z, ~a)

r :\/xf] +y§ +(zp —d)2

Law of cosines: r,= \/(xp —X, )2 +(yp — 0 )2 +(Zp _22)2

2 = d® +r* ~2dr cos 0 =[x, ~0) +(y, ~0) +(z, +d)

ry =d’+r’=2drcos(7—0) r2=\/x;+y;+(zp+d)2

cos(z—@)zcos7zcos€+§iﬁzo sin 6
=—cosd
w1y =d*+r’+2drcosf

Then : V,, ()= 47?8 (rl —%J Drop “p” on field point subscript:
o 1 2

q 1 B 1
4re, \/x2+y2+(z—d)2 \/x2+y2+(z+d)2

Vror (’7) =

Note that:
1. VT0T(F@Z:O)=O 1.e. VTOT(gl :92:0=%=900J=0

2. Vypr (F>20)=0

Vior (7) =7 : - 1 = qo{i—i}ﬂl(f)%(f)

4z, \/x2+y2+(z—d)2 \/x2+y2+(z+d)2 ane

We can now determine £, (#) from either:

N f, f . o .

() Eyor (F)=E (F)+E,(F)= 2 9 {—12 ——é} (using the Principle of Superposition)
re, |1} 0

or: D What are f, and f,?

= = . o, 0. 0, . : . .

(b.) Erpr (F)==VVyor (F) == =% +—9+—2 tVy; (F) (e.g. in Cartesian coordinates)
ox oy~ Oz

6 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Because we will see this same problem again (in the near future) from a different perspective, let
us rewrite the problem in spherical polar coordinates, using the law of cosine results:

{rl —\Jr?+d*—2rdcos@® and r, = +d’ +27’d0059}

- q 1 1
Vior (”) = -
dre, | P +d? —2rd cos® 12 +d* +2rd cos

= - = - 1 0 » 1 0 . -
ETOT (r):_VVTOT (r)z—{—rr+;%9+ rsinH%Q}VTOT (l")

ETOT’\ ETOT9+ETOT¢

© @ O
©  ET =L ()= 3{ : - : }

4re, Or |\r? +d* —2rd cos® P +d*+2rd cosd

_ 9 _(lj (2r—2dcos<9)/+(l] (2r+2d cos )
L J

3 3
4re 2)[ 2+ d?—2rdcos@ > \2 [r2+d2+2rdcose]é

_q (r—dcosf) ~ (r+dcos0) b {—cosﬁz—sinﬁ}
3 3 e
4re, [rz +d* =2rd cos 0]4 [rz +d* +2rd cos H}A el

ETOT V l_’:
@ ror (7) Jr? +d> —2rd cos 0 \/r2+d2+2rdc0s6’}

472'8 r 89
q (1 +2rds1n<9) +(1j (—ZrdsinH)
3 A 3
r r lydr - 2rdcos€]é 2 [r2+d2+2rdcose}é
9 (IJ /dsm9 ! 7 + ! 7
47[‘9 r +d2—2rdcost9] 2 [r2+d2+2m’c050J 2
_+quin9 1 1

n
4z, [rz +d*—2rd cos 9]% [rz +d* +2rd cos 6?]%

© BT = 1 - ai Vior (F) =0 because V. (7) has no ¢ -dependence.
rsin@ o

ie. Vyr(F) and E,,, (7) are azimuthally symmetric (invariant under ¢ — ¢' rotations)
because original charge distribution is azimuthally symmetric — no ¢ -dependence.

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 7
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- A~ =0
Thus, Ey, (F) = E[” 7+ E;” 0+ EX" ¢, or:

Iké
lp— ETOT(7)=+4q (r—dcosH) - (r+dcosa9) . p
T €, [r2+d2—2rdcost9} 2 [r2+d2+2rdcose] 2
d
I . (dsin @) . (dsind) 5
3 3
d l [rz +d* —2rd cos 9]4 [rz +d* +2rd cos 0]4
g U withe [V, (F) =L { 1 - 1 }
q TOT( ) dre, |\ +d* —2rdcos@®  NrP+d*+2rd cosO

The above expressions are potential and electric field associated with a spatially-extended
electric dipole, with electric dipole moment |p = +q7, —gr, = gAr,,| (SI Units: Coulomb-meters)

with separation distance A%, =7 —7, = dZ —d (—Z) = dZ +dz = 2dz. Here (i.c. in this problem),

the separation distance |Ar21| =2d.

A

z A
tq ¢ n.b. The vector A7, =7 —7, points from —q to +q < important convention!!!

pl= 2qds
2d

o

8 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Electric Field E (;7 ) and Equipotentials of an Electric Dipole with Electric Dipole Moment, p = pz:

| -
>
N

—>— electric field lines

----equipotentials (L to E everywhere)

We can now determine the surface free charge density o, (x,y,z=0) on the infinite,

grounded conducting plane e.g. via two methods:

oV, (7 radient normal to surface
METHOD 1: o, (x,,z=0) e Do) (e O |8 _ ~ 9 (here).
on | e on of w-conducting plane 0z
oV, (¥
1.e. here, O e (x,y,z = 0) =-g, Toa—;(r)
z=0

In Cartesian coordinates: V;,, (x,y,z):4zg \/2 21( d)z 3 \/ : 21( d)2
o [fX +y +(z— X +y +(z+

z=0
0 1 1
Thus: aﬁee(x,y,z=0)=—i— = - -
4r Oz \/x2+y2+(z—d) \/x2+y2+(z+d)
z=0
©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 9
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_ 9 (_%j[ 2(z—d) ~ 2(z+d)

4r x2+y2+(z—al)2}32 [x2+y2+(z+d)2]%
2=0
_, 4 —d B d
4r [x2+y2+d2]% [x2+y2+d2]%
__2qd 1 _ D 1
4z [x2+y2+d2}% Az [x2+y2+d2]%

Electric dipole moment p =2gd = q(2d ) where 2d = charge separation distance.

— Note that the sign of the induced surface free charge on co-conducting plane is opposite to
that of original charge g.

— Note also that o, (x,y,z=0) is greatest at (x =0,y =0,z =0) - directly underneath

- . 2d (1Y 2g( 1
original charge, ¢. ie. o/“=-"1—| — |=-| —
g g q max 472_ (d:’)j 47[(d2j

= See plot of o, (x,,z =0)below (on p. 12).

o free
METHOD 2: Use Gauss’ Law: gSS Fedd = Lene.
&

o

Use “shrunken” Gaussian Pillbox of height 6/ centered on / around co-conducting plane:

AZ N induced free charge o (x,y,0)on

surface

S

ZF - E # 0 above conducting plane (z > 0)

E =0 inside conducting plane (z < 0)

A

<
<«

0.

On the conducting surface (@ z=0), = % = sin@ =sin (%) =1 and cosé =cos (%j

10  ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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q r B r ~ d d
4re, [rz_i_dz}% [rz_l_dz}%

E;;‘;; (x,y,z = O) =

O TS <—When0:%:90"

B 4re, I:rz +d2]%

Now |Z = cos @7 —sin #0| «—— Please remember / derive this!!

Consider 7, 7
to liein y—2
plane:

=>

»
>

0!=(7Z’—£—9)=£—9
2 2

T 4 .. )
cosa = cos(——@j =cos50050+51n5s1n(9 =sind

A

-0

Thus, when 6 =90° = % , Z=cosOr—sin 00 = cos (%jf —sin (%) 0

On conducting plane z = 0

- 2d) 1
Bl (x.y,z = 0) =~ ; S
ror (x,,2=0) 4z, [rz +d2:|% z =Xty t+z
Ezo; (x,y,z = 0) == q(Zd) 1 —Z 7> =x* +y" on conducting plane
4re, [xz_i_yz_’_dz:lé

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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E,Ld4, E =0
S, shrinks — 0 inside
anyway conductor

=, E;+dAd, <— E just & above surface

O-ﬁ’ee - %3

area of surface S

- o= o~ q(2d) 1 l

Gauss Law: gSE-dA = E«dA = - dre, [xz +y° +d2]% zedz
O Tpe(%0,2=0)4
SU 80
q(2d) ! _ 1

O (%,3,2=0) == dr [x2+y2+d2]%__E[x2+y2+d2}%

Electric dipole moment p =q(2d) (Coulomb-meters) where 2d = charge separation distance

= Same answer as obtained in Method 1.

0

. ane _ — p [ o ! = —Qd =
NOTE: Q7 _jplaneqﬁ.ee(x,y,O)dA——E jo jo mrdrd(p— NErwl| =—q

The net force of attraction of charge +¢ to «o-conducting plane is just that of force of charge +¢q
attracted to its image charge, —¢q a separation distance |A1721| = |771 - 172| =11 =2d away!!!

1 +q(—q)2:_ 1 q’ P
4re, (2d)2

+q —T FT(F)=+qE  (r=2d)=

12 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005 - 2008. All rights reserved.



UIUC Physics 435 EM Fields & Sources | Fall Semester, 2007  Lect. Notes 6 Prof. Steven Errede

We can also obtain the net force of attraction of the charge +¢ and grounded, infinite conducting
plane by adding up all of the individual contributions gdE (7 =(0,0,d)) due to o, (x,y,z=0):

q(2d) 1 2qd 1
| =0)=— =-
aﬁee(x,y,z ) 4r [xz +y2+d2:|% ar [x2+y2+d2]%

Ff;” (F)= quETOT =q I %Gﬁee (x, y,O)(%) f dA where dA =2rzrdr and f =cosfz = (ijé

N 4 o r
plane
- 2d)( 1 Y= 1 1 d
EVET (7 :_q ( o) A
" (r) 4r (47[80)[0 [r2+d2]% *(r2+d2j* [2 L a2 *2mrdr 2

_ J«oo rdr P 1 4 P
dre, 20 [,,2 +d2]3 4re, (2d)’

Integration over the conducting plane:

I

X

Y

The work done to assemble the Image Charge Problem (i.e. put +g¢ first at (x,y,z = d) and then
bring in —q at (x,y,z = —d) from ) is:

2 2

VVICP = J‘:d ﬁmech .d_i = Enech *(2d) == 1 q 2 * 2d = _L q (JOU]GS)

4re, (2d) 4re, (2d)
& & = = &
Also: W= Hj Edr = = Hj E-Edr="2 Hj (E,*E, +E,*E,)dz
Sspace Sspace Sspace

Note that this integral includes both the z > 0 and z < 0 regions for the image charge problem.

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 13
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However, for the actual problem, i.e. the charge +¢ above grounded co-conducting plane,
there is NO ELECTRIC FIELD in the z < 0 region!

1 . If 1 q’
Thus W, ==W, ie. \W_ _ =——
actual 2 Icp actual 2 (47[50 j (2d)

For the actual problem we can obtain W, by calculating the work required to bring +¢ in
from infinity to a distance d above the grounded co-conducting plane. The mechanical force
required to oppose the electrical force of attraction is:

= S .
=—F, = z (along z axis
mech E 47[80 (22)2 ( g )
2 2
W:zctual = Id F;nech. Z = 1 jd q 2dZ = q dd—f
” dre, = (22) 167¢, = z
7 (_1) s
lore, \ z l67e,d

1 1 2
= ——( j q Same answer as that obtained above!

IMPORTANT NOTES / COMMENTS ON IMAGE CHARGE PROBLEMS

1.) Image charges are always located outside of regions(s) where ¥ (7) and E(7) are to be

calculated!!

— Image charges cannot / must not be located inside region where V(F ) and E (;7 ) are to be

calculated (no longer the same problem!!)

2.) Wicp (all space) = 2xW,cnq (half space).

— In general, this is not true V image charge problems. Be careful here! Depends on detailed
geometry of conducting surfaces.

3.) Depending on nature of problem, image charge(s) may or may not be opposite charge sign!!

4.) Depending on nature of problem, image charge(s) may or may not be same strength as
original charge Q.

14  ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Image Charge Problem

Example 2: (Griffiths Example 3.2 p. 124-126)

Point charge +¢ situated a distance a away from the center of a grounded conducting sphere of
radius R < a. Find the potential outside the sphere.

A R
z
Vir=R)=0"a R
on sphere +q y
(equipotential) 0 /1< fa > g
— Take origin of coordinates to be @ center of
sphere
X

From spherical and y axial symmetry (rotational invariance) of problem, if solution for image

charge ¢’ is to exist, it must be:
1.) inside spherical conductor (» < R)
2.) q'image charge must lie along y axis (i.e. along line from charge +¢ to center of
sphere).
3.) because ¥V (r = R) = 0 on sphere, ¢’ must be opposite charge sign of +g.
4.) want to replace grounded conducting sphere with equipotential V' (» = R) = 0 by use
of image charge ¢’ at distance b away from center of sphere:

v

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 15
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NOTE: Two points on the surface of sphere where the potential Vzor (r = R) = 0 is easy to
calculate - is on the  axis at the field points P, and P:

rN=r-r, and T,=7-

In general: (i + —J
o r'1 r2
Atpoint Py: 7 V)=—Rp, T,=F—F=—Ry—ap=—(R+a)p
v, (r=R)=0 r=|r|=(R+a)
r,=by, F:R(—)?):—Rj/, rZ:F—Fzz—Ry—by:—(R+b)y
r,=|r,|=(R+b)
| (9.4
V. (r=R)= 4,9
Pl(r ) 47r€u(rl+rj
1 q q q q
= -0 -
47[80[(R+a)+(R+b)J = [(R+a)  (R+b)

Relation #1

Atpoint Py:  F=ap, F=R(+))=+Rp, [,=F—F =Ry—ap=(R-a)p

1

V, (r=R)=0 n=[fl=(a-R) @R
K=by, F=R(+))=+Rp, T,=F—FK=Rp-bp=(R-b)J
r,=|r|=(R-b)
1 q q q q
V,(r=R)= =0 =—
n (7 )4ﬁgo((R—a)+(R—b)j ~ {(@a-R) " (R-b)

Relation #2

16  ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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We now have two equations (Relations # 1 & 2), and we have two unknowns: ¢’ and b.

Solve equations simultaneously!

- First, we eliminate ¢':

: R
From Relation #1 we have: q':—{ +b}q

R+a
. R-b
From Relation #2 we have: q':—{ R}q
a—
R+b R-b
= R: (R —R)=(R R—
L] [RD] or: (Reb)(a-R)=(R+a)(R-)
~R*+ aR +ab— DR = R* + aR — DR —ab
—2R*+2ab=0
OR: ab=K’

OR: |b= R%

Then: ¢'=- ﬁ:z}q
R+ R 1+R al1+R
—_ a q =—R A q :_(5) |: A}q
R+a R+a a [R+a]

Thus: |q'= —(—jq

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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CHECK:

2

Does ¢'= —(qu , located at 7, =bp = [R—]jz satisfy the B.C. that V' (r =R)=0 for any r = R?

a

o 7)<, 7) = g L

nn

At an arbitrary field point P; anywhere on the surface of sphere, » = R:

r =va*+R>—2aRcos® and  r,=+/b>+R>—2bRcosO

Note that we changed to Z axis here in order
to define (& use) the polar angle, 6 !!!

q 1 (%)

Vior(r=R)= B
ror ( ) 47z, | \Na* + R* —2aRcos6  \b* + R> —2bR cos 6

d 0w
47, | \Ja* + R —2aR cos @ \/(R7)2 LR _2(R7)Rc056’
a a

q 1 1

4re, | \a* + R> —2aR cos O ) (%)J(RV)Z +R’ _2(R7)cos9
a a

18  ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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1 1
Vrgr (1= R) =2 -
ror 472'80 \/a2 +R*-2aRcosb \/(%{)2 (R%2)+a2 —2aRcos@

g { 1 B 1 }
4re, |\a* + R* =2aRcos®  Na*+R* —2aR cosd

=0 YV 0,p (@r=R) YES!

The scalar potential for an arbitrary point outside the grounded, conducting sphere (» > R) is:

q 1 (%)

Vior (F): -
4ze, | \a* +r* —2arcosd \/(R%)2+r2—2(R%)rCOSH
Then: E,, (¥)=-VV, (7) and thus: E,,(F)z—m/%r(r)
r
And thus: aﬁee(r:R):—goaVLT(r) :—gOM =+&,E, (F)|,-x
' on | _, or | _

) total R
Total charge on surface of the conducting sphere: Q%" = j O joedA = —(—jq
' a

sphere

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Image Charge Problem Rf q +q %
| a—>
Example #3: Point charge +¢q near a charged conducting sphere of radius R.

(variation on image charge Example #2)

— Use the superposition principle for image charges!!

Step 1:Replace the conducting sphere by an image charge ¢'= —(% ) q located at

r,o=by= (R%) y (same as in Example #2)
— This makes surface of sphere an equipotential surface V' (r = R) = 0.

Step 2: Add a second image charge ¢" at center of sphere to raise potential on surface of

sphere to achieve required potential V' (r=R) =V (positive or negative constant
potential on sphere)

Note: ¢" is also on same axis (p)asgand ¢q'.
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Then' qfi‘ee - qffee (q ) + O-free (q )
Surface free charge / \ surface free charge
Density due to ¢’ density due to ¢"

Then: Vyo, (F)=V, (F)+V, (F)+V,.(F) = ! {%+‘rf_+
q q

r
But: q' - _(%)q and Qsphere = ‘]’ + (]”
Then: ETOT (’7) = —§VTOT (17) and a;ger =-g, GVLT(F) ——¢ WV ror ( ) _ieE (’7) y
on | _, o |
Since: E, (;7) — _GV%T(’/)
r
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