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LECTURE NOTES 8

POTENTIAL APPROXIMATION TECHNIQUES:
THE ELECTRIC MULTIPOLE EXPANSION
AND MOMENTS OF THE ELECTRIC CHARGE DISTRIBUTION

There are often situations that arise where an “observer” is far away from a localized charge
distribution p(F) and wants to know what the potential V (F) and / or the electric field

intensity E (F) are far from the localized charge distribution.

If the localized charge distribution has a net electric charge Qpet, then far away from this
localized charge distribution, the potential V (F) to a good approximation will behave very much

like that of a point charge,
Vv ! %

1 Qu and  |Eg, (F)=-W,, (F)=- :

\/ )=
wr () dre, T dre, T

when the field point — source charge separation distance, r > d, the characteristic size of the
charge distribution.

However, as the “observer” moves in closer and closer to the localized charge distribution
p("), he/she will discover that increasingly V (F') (and hence E(F)) may deviate more and

1

more from pure point charge behavior, because p(r ) is an extended source charge distribution.

Furthermore, p(F') may be such that Q
V(r)=0 (and E(F)=0)!

=0, but that does NOT necessarily imply that

net

Example:
A pure, physical electric dipole is a spatially-extended, simple charge distribution where Q.. =0
but V (F)#0 and E(F)=-W (F) =0, as shown in the figure below:
+q re P (field point)

A pure physical electric dipole is d
composed of two opposite electric
charges separated by a distance d:
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The Potential V (') and Electric Field E () of a Pure Physical Electric Dipole

“Pure” — Qnet =0 “Physical” — Spatially extended electric eipole d #0, d >0
{n.b. 3 “point” electric dipoles with d = 0, e.g. neutral atoms & molecules...}

First, let us be very careful / wise as to our choice of coordinate system. A wrong choice of
coordinate system will unnecessarily complicate the mathematics and obscure the physics we are

attempting to learn about the nature / behavior of this system.

Examples of BAD choices of coordinate systems: Z

b.)
9!
X
Dipole lying in X — y plane has Even more mathematically complicated!!
@ -dependence, but (at least it) Origin is not conveniently chosen (arbitrary?)
is centered at the origin. Angle the dipole axis makes with respect to

72 & X axes must be described by two
angles - 6 and ¢.

Smart / wise choice of coordinate system: Exploit intrinsic symmetry of problem.

Physical electric dipole has axial symmetry — choose ? axis to be along line separating q* and q .
Choose x-Y plane to lie mid-way between " and g :

7 4 P (field point)

n.b. This problem

now has no _T_'
d

Mathematical expressions obtained for
V(F), E ()= -W (F) for this choice
of coordinate system for the physical

electric dipole can be explicitly and
rigorously related to more complicated

¢ -dependence

<<

X ¢ — . . .
q / tedious mathematical expressions for
a.) and b.) above — via coordinate
translations & rotations!
2 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Pure, Physical Electric Dipole:

P (field point)

Source Charge Locations
1
T2 d

r|=1d

r=+1dz,

F=—Lldz,

Law of Cosines: ¢>=a’ +b?—2ab cos 8

+q C P -0 ) P

a
b 0] c
a
0o -q
2 2
rfz[gJ +r2—2(gjrcosﬁ rzz[ﬂj +r2—2(9jrcos(7z—9)
2 2 2 2
dy dy
=(—j +r?—drcosé =(—j +r?+drcosé
2 2
2 2
=r2+(%j —rdcosé@ =r2+(%j +rdcos@
Use Principle of Linear Superposition for Total Potential:
Vior (F) =V+q (f) +V—q (f) EVdipole (f)
= I +qg 1 q _+q 1
+q (r) = 4 _ 4 4 P
ng, I, ang, \/r d/2 —rdcos® 7 \/r +(d/2)" —rd cos @
_ 1 —q —q —q 1
qu (r) =

dre, I 472'6‘ \/I’ d/2 +I’dCOSl9 47[8 \/r d/2)2+rdCOSH
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d = = I +q 1 q
Vdip°'e(r):V+q(r)+qu(r):47r€ I’_ - 4re, I‘_

+

47[‘9 \/r d/2 * —rd cos 6 4, \/r d/2 ? +rd cos 6

1 1
4”‘9 \/r +(d/2) _rdcos@ \/r d/2) +rd cosd

This is an exact analytic mathematical expression for the potential associated with a pure
(Que = 0) physical electric dipole with charges +¢ and —q separated from each other by a

distance d. Note further that, because of the judicious choice of coordinate system and the
intrinsic (azimuthal) symmetry, V.. (F) has no ¢-dependence.

The exact analytic expression for potential associated with pure physical electric dipole:

= 1 1
Vdipole r 4
&, \/r +(d/2) * _rd cos 0 \/r +(d/2) ? +rd cosd

As mentioned earlier, often we are / will be interested only in knowing (approximately)
Vginore (F) When |F| > d . For example, many kinds of neutral molecules have permanent electric

dipole moments p = qd (Coulomb-meters) and (obviously) for such molecules, the dipole’s
separation distance d is (typically) on the order of ~ few Angstroms, i.e. d ~O (5A)
{1A=10""m=10nm (1 nm=10"m)}. So even if the field point P is e.g. |[F|=1um =10"m

, since d/|F|=0.005!

In such situations, when |F|>>d an approximate solution for V. (F) which has the benefit

of reduced mathematical complexity, will suffice to give a good / reasonable physical
description of the intrinsic physics, accurate e.g. to 1% (or better) when compared directly to the

exact analytical expression over the range of distance scales |F| > d that are of interest to us.

Thus for |F |*| > d, the exact expressions for the r. and r- separation distances are:

r_\/r d/2 —rd cos 6 r_\/r d/2 +rd cos &
:r\/1+(g/rj2—(%jcos9 :r\/1+(g/r]2+[%}os9
(2] o 2o (2] EJeese

4 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Now if (d/r) <1, then let us define:

2 2
. l(gj —(9) cos@ and: & = l(EJ J{EJ cosd
4\r r 4\r r

&

Then: L = —1 and: L = —1
. r. ryl+e, ' rrryl+e
with: e xl1 and: & <1

Now if ¢, <1 and & <1, we can use the Binomial Expansion (a specific version of the more

generalized Taylor Series Expansion) of the expression:

;:(lhs; )% :1—1& 23 &’ — +33 g’ +...—... (Valid on the interval: —1< &, <+1)
itz : 27 24 26 :

Since ¢, is already <<1, then the higher-order terms (&, )2 (e, )3 (&, )4 ,...etc. are incredibly
small (<<<<<1), so negligible error is incurred by neglecting these higher-order terms,

i.e. keeping only terms linear in &, in the binomial expansion of , we have:

dre dre | ¥
Then: oLt °
_.q (! q (1
47, (;J{/f—%g —/I/—i—%g_} 47, (F]{(%)(g oo )}
2 2
Now: £, El(g) - 9 cos @ and: & El(gj +(9j cosd
4\ r r 4\r r

Then: = —

I
Sla §
812 &2
o o
S |—= =]
Nl»— N | —
—
— Y/
N = |a
TN
s | ()
- 2
o
)
2 +
) /TN
v S|l
I
o (@)
@Q 2
o N
I/ T
= |
~
—
= |
N
o
o
5]
Cb

s 1) d d d (1
Thus: | Vyipoe (F) = 4280 " ?j cos = 1 i (—J cosf = 4q (_Zj cosé
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The Magnitude of the Electric Dipole Moment: p=qd = | r)|

Thus, we may also express the potential of a pure physical dipole as:

Viipate (T) = 4?; (%jcosez a (rizjcose (valid for d <<r)

1
Note that: | Vo (r) ~ whereas |V

1
) ~ —|(valid for point charge ¢ located at origin)

=l

monopole (

-

We define the vector electric dipole moment as: |p = qd | where the charge-separation distance

vector d points (by convention) from —q to +Q:

>
p=qd T SI Units of p = Coulomb-meters
d d

In our current situation here we see that d = d? :

o

74
P (field point)
25—
T 0 V'r

d|d
p=qd O L >y

g4
X

Thus here if: p=qd =qd2 but: 2=cos@F then: p=qd =qd2=qd cosdFf = pcosd f

Then: Vipo () = = (LZJ cost =122 (LZJ e (LZ)

o I dre, \r dre, \r

The potential Vi, (F) associated with an electric dipole moment p ( p=qd = qdi) from a pure,

physical electric dipole oriented with d =dz, for |f| > \6 ‘ is thus given by:

Vaipote (T) = pcos@(%j_ il (sz where:

dre, \r dre, \ r

pef = pcosd =qd c0s9|

6 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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The electric field Edlpole (F) associated with a pure, physical electric dipole,

with electric dipole moment P = qJ =qdZis:

Edigote (T) = ~Wipoe (F) = ESP (F) P+ EgP (T )6+ E,”(F)¢ in spherical-polar coordinates.

The components of Edipole (T') in spherical-polar coordinates are:

) Y r
E™(F)= —8 d"g':(r)—41 2r£)cos<9
e,
ipole (& 18Vloe 1
(110 oL B
ipole [ & 1 8Vloe( )
E;pl(r)z_rsinﬁ dg(lp =0

Explicitly, the electric field intensity of a pure, physical electric dipole with electric dipole
moment P = qa =(qdZ (in spherical-polar coordinates) is:

2—p0059r+ ! £sm0<9— %[2cos6’f+sin6’é}

dre, 1 dre, 1’ dre, 1

Edipole ( r)

= oy 1 . . "
"7 (c.f. W/ | Eonopote (r) ~z for single point charge g at r =0).
Note also that Vy,, (F)and Egy, (F')have no explicit ¢ -dependence, since the charge

=l
~
(9%}

Note that: ‘Edipole (

configuration for an electric dipole is manifestly axially / azimuthally symmetric
(i.e. charge configuration for electric dipole is invariant under arbitrary ¢ -rotations).

()= 4p-r (%2) with electric dipole moment P =qdZ, and psf = pcos@d=qd cos®,
e

=cos#), andr’> = x> + y* + z° in Cartesian/rectangular coordinates.

~
w2
=
=]
(e}
(¢}
N)
-1>

In Cartesian/rectangular coordinates the electric field intensity of a pure, physical electric dipole
with electric dipole moment p = q& =(qdZ (in spherical-polar coordinates) is:

€ ()= e ()= 5 ST ()= B g 20

Transformation from Spherical-Polar — Cartesian Coordinates:

X =rsinfcos X = sin @ cos @f + cos & cos 0l —sin PP
y =rsin@sing Y =sin@sin of +cos @ sin @ +sin p@
Z=rcosf 3 = cos Of —sin 60

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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It is a straight-forward exercise to show that the electric field components associated with a pure
physical electric dipole with electric dipole moment p = qCT =(dZ (in Cartesian coordinates) are:

Edipole _ p 3xzj: p (SSin 6 cos 0]
X i d . i since charge configuration
EyP = P 3322 j =P (3 1 93COS 9) =E™"| < E)f electric (%ipole isgaxially /
dre, \ T 4re, r azimuthally symmetric)
Edipole _ p 322—|’2]: p (300520—1J
‘ 4re,\ Are, r’

In coordinate-free form, it is also a straight-forward exercise (try it!!!) to show that the electric

field intensity of a pure physical electric dipole with electric dipole moment p = qd = qd? is of
the form:

1

4re,

— physical
Edipole

()=

TSI

r

whereas the coordinate-free form of a point electric dipole is of the form:

CIECUIEE

r

1
4re,

= point
Edipole

()=

E — Field Lines & Equipotentials Associated with a Pure, Physical Flectric Dipole:

n.b. Equipotentials
are L to lines of

E(F) everywhere!

8
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We explicitly show here that the electric field associated with a pure physical electric dipole
with electric dipole moment p = pZ = qdZ can be written in coordinate-free form as:

etz (- (1 o

dipole

1
4re,
We have already shown (above) that:

Efuee (1) = ! (ﬂj [2 cos Of +sin 6’9}

dipol
o 4rg, \ 1’

Now: p=pZ and Z =coséf —sin 06 (in spherical-polar coordinates)

Thus: pef = ppef = pief

But: Zef = (cos 6f —sin Hé)-f =cosf
1

And: fef = f
Thus: psf = pcosé
~(per)f

And: f)=(f)-f)f+(r3oé)é= pcos Of — psin 66

So therefore:
[3(ﬁ°f)f— f)} =3pcosOf — peosOF + psin 60

=2pcosOf + psinﬁé
= p[2c0s Or +sin Q%A?]

Thus: |Ejon (F) = ! [%)[3(@0?-;‘3] Q.E.D.

dre, \ r

The Potential V,,, () and Electric Field E,, (F) Associated with a
Pure, Linear Physical Electric Quadrupole

We have seen that a pure, physical electric dipole was constructed by:

1. Starting with a monopole electric moment (i.e. charge +Q)

2. “Copying it”

3. Charge-conjugating (+Q — —Q) the “copied” charge

4. Displacing the conjugated charge —Q from the original charge +Q by a separation distance d

Likewise, we can construct a pure, physical, linear electric quadrupole by:

1. Starting with a pure, physical, linear electric dipole

2. “Copying it”

3. Charge-conjugating the charges associated with the “copied” electric dipole

4. Translating the charge conjugated electric dipole along the symmetry axis of the original
electric dipole by amount d, as shown in the figures below:

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 9
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1. 2 2. 4 3. 2
copy
+Q T +Q T —+Q +Q T —Q
d d d
O O F A
Q Q Q Q Q
Original Original Copy Original Charge-Conjugated Copy
4. Z
+Q T —Q
d
-20 {—Q s o
_Q 1
i d Translation of charge-conjugated
! l copy along axis of original dipole
+Q @+ by amount d.

Pure, Physical, Linear Electric Quadrupole:

N>

P (Field Point)

Note that this linear electric quadrupole has

+Q

axial / aximuthal symmetry — i.e. because

all charges (+Q, —2Q, +Q) are co-linear

(all on Z axis), problem is invariant under
(arbitrary) ¢ -rotations.

=V

quad( ) and E

explicit @ -dependence for the linear
electric quadrupole.

quad( ) will have no

|<_ o_—>|<— o—>|
|
[\
N
G
|
%\
v
<>

+Q T n.b. Q;o; =0 for pure electric quadrupole.

Again, we use the principle of (linear) superposition to obtain V., ( ) :

\Y

quad r

Vior (F) =Vio (@2 =+d)+V 1o (@2 =0)+V,, (@2 =-d)

2222

10  ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Again, using the Law of Cosines:  r’ =r’+d*-2rdcos® and r’=r’+d’+rdcosé

We obtain:

vV (F)— 1 [9){ r o4 r } - Exact analytic
quad 4, \ 1 \/r2+d2—2rd cos \/r2+d2+2rd cos expression

Again, for regime where the observation point P is far away from pure, physical, linear electric

Lj and (LJ in a binomial (i.e. Taylor) series
r I,

a

quadrupole, i.e. r >> d, we expand (
(as was done previously for the case of a pure, physical electric dipole).

Neglecting terms in these expansions that are higher order than linear (i.e. > (d / r)z) we obtain:

(TZJZI_jSosmGJZw
[r_:]:”(%jcosm(%jzw

Recall that the Ordinary Legendré Polynomials P, (x) are:

X=cos @
— =

P,(x)=1 — Py(cos@) =1 Shorthand notation:
P(x)=x — P (cos@)=cosb P, (cos0) =P, (0)
3x* -1 3cos’ 01
Pz(x):—( ” )APZ(COSH):M
2 2
(). 4y T d 4y
(} 202 )R0)(¢] R 0) ma [£]-m0)(¢]r0)( 2] mio
= ([1)2 (_H ! (gjlz(gfwl

47zg r T T, dre, \ 1 r 2

2Qd (LJ 3cos’ 6-1

dre, \ 1’ 2
Then for r >>d:

P,(0)
oy 2Qd* (1Y 3cos®0-1)_2Qd*( 1

Vaaa (F) = 47, (r3j 2 j_ 47, (rJPZ(a)
Note that: A/ (F)"‘% (c.f. with Vmonopole(r) % and lepole( )~%2)

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 11
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N

Note also that: Ve (F)~ P (0) | (c.f. with|Vogmoeee (F) = Py (0)s Viinore (F) ~ P.(0)

%(30052 0—1) =l =cosd

Note further that: V., (F) must be proportional to an gven power of I, i.e. B_,, (¢) because a

pure, physical, linear electric quadrupole has reflection symmetry about the 7 -axis (i.e. about
6 =7/2) (i.e. a rotation from / by a vector lying in X — y plane e.g. X or y axis).

Z Z
0—(7-0)

+Qa +Qp F’2(6’)=%(3cos2 6’—1)
/—) 1s an even function under
—2Q —2Q

0 — (7 —0) reflection:

P, (77 —(9) =+P, (6’)
+Qb J +Qa

We can also see that V. (F) must be proportional to an odd power of I, i.e. B_,, (¢) because a
pure, physical, linear electric dipole has a sign change under reflection symmetry about 6 = 7 /2

Z Z

I 0—(7-6) P (6)=cosd
+Q -Q is an odd function under
A

\ 0 — (7 —0) reflection:
B =Qu? =-Qd2 R(z-0)=-PR(0)

cos(ﬁ—9)=cos7zcosﬁ+sin9§{'%
—-Q L +Q =—cosf
7 ?

el

Likewise, V, on0 (F) Must be proportional to an even power of I:
7 0o (z-06) i

R (0)=F (7-0)=1 +Q$ >$+Q

12 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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As we have seen for the two previous cases, that of:

1. The electric monopole, with its accompanying electric monopole moment, the electric charge
Q (n.b. Q is a scalar quantity) (SI units of Q: Coulombs)

2. The electric dipole with its accompanying electric dipole moment p=Qd, p = | f)| =Qd

(n.b. pis avector quantity) (ST units of p : Coulomb-meters)

3. The electric quadrupole also has an accompanying electric quadrupole moment Q = 2Qdd
(n.b. Qis a tensor quantity) (SI units of Q : Coulomb-meters®)

Tensor Q =2Qdd = “double vector” ‘(3‘ =2Qdd =2Qd*
AN 2-dimensional matrix

Formally speaking, Q is a rank-2 tensor (i.e. a 2-dimensional matrix) - the 9 elements of the
Q tensor (in general) are:

Qxx Qy Qx n.b. Q has only six independent components, because Qj; = Qji

Q = Qxy ny sz ie. Qxy = ny
sz Qyz sz sz = sz
Qyz = sz

Also, note that: Qu+ Qyy + Q=0 or: Qz=—(QutQyy) {ie. é is traceless}

The quadrupole moment tensor can also be written in coordinate-free form, e.g. in Cartesian
coordinates as:

n = # discrete charges g

=4 (36 ~Tr°) | with[7 =rk

i=1 A
K 0 0
Unit Dyadic:|1=| 0 9 0
0 0 72

For the case of a pure, linear (i.e. axially/azimuthally symmetric) electric quadrupole with
quadrupole moment Q (e.g. oriented along the 2 -axis):

YA
Here, Qu = Qyy, and since: Qu+ Qyy + Q=0
+Q @ —
id Then: Q;; = —2Qux = —2Q,, =2Qd*  All other Q;; vanish (= 0) for i # j
—2Q _d = linear 42 _01 (1 (z) n.b. conventions / definitions of
e Qua =Q é;'ﬁ;jr differ in different textbooks!!!
+Q 0 0 +2

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 13
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For the case of a pure, linear (i.e. axially/azimuthally symmetric) electric quadrupole with
quadrupole moment Q (oriented along the 2 -axis), expressed in Cartesian coordinates:

Z P (Field Point) # discrete charges
Q=1 (3rr —1r*)q,|with|r* =FF
3 (o -1p)
Unit Dyadic:
X 0 0
1409 0
0 0 22
F=+d2 ¢ = +Q r=|[f|
=10z q,=-2Q
n=-dz g,= +Q

~ 1 255 27 2 > y 1 255 27 2 55 1
Thus: Q:EQ(Sd 55— d 1)—5Q 30097 — 01 +EQ(3d 22-d°1)=Qd* (322~ 1)
%,—/ %,—/

for charge 1: - for charge 3:
+Q @ T =+dz? for charge 2: tQ@n=-d2
20@ =02
= . 322-1
. Q=0Qd*(322-1)=2Qd’
Q=Qd’*(322-1)=2Q ( : J
. 2Qd?(1)(3c0s’0-1) 20d%( 1 1
Then: |V (F)= e, (Fj 5 = e \ T P, (cos ) P2(0050)25(300526’—1)

We can express V4 (F) in a different (but totally equivalent manner), using the fact(s) that:

Jef = fo? = cos 0 ReR=1, ReY =0, Re2 =0
3(fe2)(2+f)=3cos* 6 JeX =0, oY =1, Je2=0
Polof =1 Jex=0, 29 =0, 22 =1

14  ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Then for observation/field point P far from quadrupole. i.e. r >>d:

coordinate-free form

Vo (1) = | (re0v0) - 225

_2Qd? (i)[s(f-z)(z.f)—m.f' _2Qd? (LJ{M}

2

%/—/
=P, (cos8)

axially-symmetric
Vv (F) as given above is valid for a pure, linear, physical electric quadrupole oriented along
the Z -axis, for r (observation / field point) >> d.

The potential V4 (F)and electric field intensity Equad () associated with a pure, physical,

linear electric quadrupole with quadrupole moment Q (oriented along the 7 -axis) are:
. 2Qd’ 3cos’0-1
V r
quad ( ) 47[80 (r3 )|: 2 }

Epus (F)=E,f+E,0+E ,#==W,.q (), in spherical-polar coordinates:

ov «2Qd”?
. (F)=- (r ) 3.2Qd> R 3cos’ 01| _3-2Qd (i“jpz(cose)
or dre, \r 2 dre, \r
oV
Ee(F)=—l (r ) 32Qd" ( )sm&’cos&’
r oé dre, \rt
. 1 ov(r) . :
E (r) =—————->=0| < No ¢-dependence because charge configuration is manifestly
? rsind og

axially / azimuthally symmetric (invariant under arbitrary ¢ -rotations)

Explicitly writing out the form of the electric field intensity Equad (F) for a pure, linear, physical

electric quadrupole oriented along the Z -axis, for r (observation / field point) >> d:

... (7)- 3.2Qd> (4]{3%5 0-— 1} 32Qd ( jsm&cos%
r I’

4re, 2 4re,

2 2 R
_3-2Qd (i“j 308 0114 | indcosdd
4re, \r 2

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 15
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E -field lines & equipotentials associated with a pure, physical, linear electric quadrupole:
n.b. E -field lines L to equipotentials everywhere in space

Higher-Order Pure, Linear Physical Electric Multipoles

The next higher order pure, linear physical multipole is known as the pure, linear physical
electric octupole. We can construct / create it (as before) by:

Starting with a pure, linear, physical electric quadrupole

“Copying it”

Charge-conjugating (Q— —Q) the charges associated with the “copied” electric quadrupole
Translating the charge-conjugated electric quadrupole along the symmetry axis of the original
electric quadrupole, this time by an amount 2d:

b=

1. 2 2. 12 Z 3. 2 Z
copy

+Q QO — — +Q +Q @ — -Q

I; d 1d
2Q9Yx— -2Q001+— — -2Q 2Q9Q — + +2Q

1d id 1d
+Q O Qe — +Q +Q @ -Q
Original Original Copy Original ~ Charge-Conjugated Copy
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4, 4 4
+Q —Q
Original — <« Charge-Conjugated Copy
-2Q S @+2Q
=0Q {+Q ¥ 6-0
W
2Q@ -
NS
Q@

Pure, Linear (Axially/Azimuthally-Symmetric) Physical Electric Octupole:

4
P (Observation / Field point)

+Q| .
d [ Following the methodology as used in previous cases:
2d -20 )
- - d ~ 1 | R
A Vocmpo,e(r)=zvi(r)~(—4j P (cos0) *——0
i=1 r —_— 471'50
=%(5cos3 9—3(:0519)
X > o) 1
A ~ = . S .
4d d O y Eoctupole (r) = _Woctupole (r) - [?j * 472'8
/ 0
e . .
/ +2Q O = Octupole Moment ~Qddd (Rank-3 tensor)
e d ‘(i)‘ ~ Qd* (SI units: coulomb-meter”)
A
-Q Note: Qror =0
In general, for I"-order electric multipole, £ =0,1,2,3,... defining M, = (™ -order multipole

moment (SI units: coulomb-(meters)”) then the potential associated with a pure, physical, linear

multipole moment is of the form:

v, (r) - M- (Lj P, (cos 0)

dre \r

The electric field intensity associated with a pure, physical, linear multipole moment is of the

form: E,(F)=-W,(F)~ L M,

1+2

dre, 1
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2005 - 2008. All rights reserved.



Fall Semester, 2007 Lecture Notes 8 Prof. Steven Errede

UIUC Physics 435 EM Fields & Sources I
Multipole Moments, Potential and Electric Field Associated with an
Arbitrary Localized Electric Charge Distribution p(F') - Outside of p(F")

Suppose we have an arbitrary, but localized electric charge distribution p(F’) somewhere in

space, contained within the volume v’ and bounded by the surface S':

b /
GESERVATION,
% ,@ FLED PoiNT
THESESIMAL
VGLW\I#FLE-S’_THENT
TdThANTT
Eruasing
VOLLNE ~
Y

' r=lr|=lr 11

cos®' =f«f' = cosine of opening angle between vectors I and 1.
®'= opening angle between vectorst and I’ - very important!

Law of Cosines: r2=r>+r*=2rr'cos® =r>+r"* —2r«r'

If the observation / field point P is far away from electric charge distribution p(F ) such that:

r =|F|> a=|d| = maximum distance of p(F’)to origind then for r >>a (a = max value of ")

1\ 2 ' \2 '
r? :r{lJ{r—] —Z{r—)cosG)'} or: r=r 1+{r—j —Z(r—]COS@
r r

r r

=¢«l for r>a

\2 '
r r
( j - 2(—) cos®’'| forr>>a (a=max value of ")

Define: |e=| —
r r

Now: V(F):Ljﬂdr' with: lzl(lh&“)fl/2

T dmeyy T rr

18  ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Carry out a (full) binomial expansion of 1/r (for r >> a):

—1/2
l:l 1/2:—2 / LY O O S I
r r r 2 8 16

Collecting together like powers of r’/ r:

1 1 r' , 3cos’ @' -1 F'V(5c08’© —3cos@' )
—=—|1+|— |cos® + |+ = +..
rr r T 2 r 2

Thus we see that:

! ! 2 ’ 3
1.1 P, (cos®') +(r—j P (cos®') +(r—j P, (cos @’)+(r—j P, (cos®')+ :l "
rr r r r
Hence: |— = FZ( j (cos@®')| where ®' = opening angle between T and .
(=0
! 2 !
This remarkable result occurs because ! (where ¢ = (r_j — 2([‘—) cos®') is known as the
Vl+e r r

Generating Function for the Legendré Polynomials!!!

Then, since V (F) = 4;(9 J. p(F')(%j dz'for r >>a (a=max value of 1), the potential outside

the volume V' containing the charge distribution p ( F') is given by:

-
" dze i( f+1 jf p(F)P,(cos®')d7’

o (=0

V

out5|de

Then defining: V,*** (F) = 2 ! (r¢1+1 )J‘(r’)é p(F)P,(cos®')dz’
7, .
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We obtain (for r >>a): |V i (f) = ivaoumde (F) =

Fall Semester, 2007

Lecture Notes 8

Prof. Steven Errede

This expression is known as the Multipole Expansion of V

(=0 \

dre, o\ I

V'

1 i[ [lﬂjf(f’)/’p(f’)@s@)df

Linear superposition of
multipole potentials!!!

outside

®'= opening angle
between I and 1.

(F) in powers of 1/r.

It is valid / useful when r >> a (a = max value of "). Note that this is an exact expression.

Having obtained V., (F'), We can then obtain Eg . (') =—W,e (), and thus we see that:

out5|de

Z E outSIde

tsid .
ZW"“' ¢ ie.

Eout5|de ( )

W outside ( r)

NLlnear superposition of multipole electric fields!!!

Thus, we see that, for observation / field point distances far away from the (arbitrary) localized
electric charge distribution p(F’) (i.e. r>>a(a=max value of ")) the electrostatic potential

V,usice (F) and associated electric field Eqq, (F) = —W, i (T) are linear superpositions of

multipole electrostatic potentials V,** (') and multipole electric fields E*** () respectively,

each arising from the /" electric multipole moment M, associated with the localized electric

charge distribution p(F') !!!

Order of Electrostatic Potential Electric Field Electric Multipole
Electric Multipole V[L"UtSide (r) Eouts'de ( ) W outside (r) Moment M,
/=0 Po=1 1 Q My = Q (total/net
Monopole 1 (Q - dze \r? charge, coulombs)

"4, T ° (scalar)

(=1 1 @j 1 (@j M,=Qd =p

Dipole dre, \ 1’ dre \ 1 (coulomb-meters)
(vector)

(=2 1 (Qd’ 1 (Qd’ M, =2Qdd = §

Quadrupole dre, \ 1’ dre, \ 1! (coulomb-meters®)
(rank-2 tensor)

(=3 1 (Qd® 1 (Qd® M, ~Qddd = O

Octupole 4re, |1 dre,\ 1’ (coulomb-meters’)
(rank-3 tensor)

t=4 1 (Qd* 1 (Qd* M, ~Qdddd = §

Sextupole e\ 1 dre, \ r° (coulomb-meters”)
(rank-4 tensor)

(" Order 1 (Qd' 1 (Qd' M, ~Q(F) =M

Multipole e |t T age | 112

(coulomb-meters”)

(rank- ¢ tensor)
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Thus we see that:

Fall Semester, 2007 Lecture Notes 8 Prof. Steven Errede

— The higher-order multipole fields fall off 1/r faster than those associated with next lower

order multipole.

— Must get in closer and closer to charge distribution p(?') in order to sense / observe / detect

the higher-order moments!

We can write the electrostatic potential yet another way:

For r >>a (a = max value of ")

Vo (F) = IZ(;V ousice () “ jp F)dz + rj r'p(r')dr'+F£ : p(F)dz'+
Thus, we see that: |V, (F) = L] Qu + p;r + r.Q;r Fo
4re, LAV o r
monopole  dipole  quadrupole
term term term
_ L (3(feF) P2
with: QNetEJp(r’ dz'|, E‘V[ and QE_V[( 5 )p(r’)dr

—

Recall / note:

for' =

—

I'ef =r'cos® where ®'= opening angle between I and 1.

The multipole expansion of V

(F) which contains the opening angle ® between F (field

outside

point) and I’ (source point) can be rewritten in terms of (& and ¢) for I and (8’ and ¢") for 1’

using the so-called Addition Theorem for Spherical Harmonics:

S’ (source
point)

®' = opening angle between I and I’

P (field point)
o

Spherical Harmonics Addition Theorem:

<<

v

P, (cos®') = (;{}”J Z(Y'/T‘m (6,9)Y,,(0.¢")

n.b. complex conjugate

1
Then: |—=

Y0 (0.0)Y,, (6.9

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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1 ! ' ’
Vout5|de Z( ] jj r ) P,g‘ (COS C) )dT

o0
47r50 =
=0

Ths: | =L [)I 3 ()0 o in 00 (0000

€ v m=—{

o0 +(

Z out5|de

(=0 m=

14
outside (& 1 4 ) * o '
where: [V (F) = ire (25?1)‘[( “)1 p(F)Y, . (6,0)Y,,(0,¢)dr

Vs ()= S | 25 () (7)Y 000, (020

dre, = v

S [ 2 i 0 e ot 0|

dre, = v

Thus:

The Y, , (9, (o) are the Spherical Harmonics; &€ and ¢ are the polar & azimuthal angles for 1,

the vector from the origin to the field point, P and &' and ¢’ are the polar & azimuthal angles
for 1", the vector from the origin to the source point, S’.

We can then define g, - the Electric Multipole Moment of order ¢ & m:

U =[ (1) £(7)Y,0 (6'.0) 7’

V'

Because of the properties of the Y, | (49, (p) , namely that:

Y, 0 (6,0)=(-1)Y.,(6,0) Y[m(e,go):\/z(“l)(g m)!Pﬁ(cosﬁ)eimw

47[(€+m).

We see that: |q, , = (—1)(‘ QZ,m

outside 1 4 1 *
Thus: V t * = 4 2£:T_1J 0+ Yk,m (9’¢)qf€m
o  +/ 0
Th . F)— Vout5|de = 0
i1hcn out5|de r ;m:z_/ r 4HEO;Z(2£+1J /+1 /m( ¢)q/m

Again, E . (F)=-W,q (F) which by the principle of linear superposition becomes:

— i Z Eout5|de Z Z WoutSIde
/=0m

=0 m=—/

i.e. Eout5|de ( ) W out5|de ('7)
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The main advantage of using these seemingly more complex expressions for V" (F)

involving the Y, (6,¢) and Y, (¢',¢') spherical harmonics is that they are directly connected to

a right-handed X—Y—2 coordinate system. The earlier expression for V.

(F) involving the

P, (cos®') Legendré Polynomials, it must be kept in mind at all times that ®'= opening angle

between field point r and source point f_’

The explicit derivation of V.

Vousiae (T) = 1 i(zj:}(rfl“ jéw’; (0.0)[(r') p(F)Y,0 (60 d7’

4re, = v

(T) using the Addition Theorem for Spherical Harmonics:

/m
(electric multipole moment of order /&m)

thus makes it explicitly clear that V. (F)= fen(r,8,¢) only — all source variable

(r',0',¢") dependence has been integrated out, in carrying out the integral over the volume v’ !!!

Thus V. (F) is fully capable of correctly/exactly describing many other kinds of multipole

moments we have not yet discussed, e.g.:

A. Pure Physical Electric Dipole(s) Lying in the X-y Plane:

a. 4 b. 4 C. 4
A
| |
d2 | d2gr —Q —Q| d2 | d/ |+Q —-Q @d/2k_ d2
> y f 7 y O\ i > ¥
N A
4
X X

(X-axis) (y-axis) (x-y plane)

B. Pure, Physical Electric Dipole Randomly Oriented in Space:

(3-D dipole)

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 23
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C. Pure Physical, but Non-Colinear Electric Quadrupoles:

y

+ci/<¥ﬂ/2\—oq g

X

(Xx-y plane) (y-z plane) (x-z plane)

D. Pure Physical, but Non-Colinear Electric Octupoles:

Cube Centered on (x,y,z) = (0,0,0)

The Choice of Origin of Coordinates Does Matter!!!
Note that the choice of origin of coordinates in the electric multipole expansion of V. (F)

does matter — can affect e.g. determination of electric dipole moment, p if Qg #0!!

A point charge Q located at the origin of coordinates O (x,y,z) = (0,0,0) is a pure electric

monopole. However, a point charge Q located some distance \J ‘ along d from the origin is no

longer a pure electric monopole! The monopole moment Q = Qror does not change, but V, (f)

(where ¢ = 0) does change, because V (F) = (gj is not quite correct — the exact potential

dre \ r

1 (Q

isV(F)= 2 (—J and r #r; however r=r whenr>>r'.
me,\ r
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- For higher electric moments, if (and only if) Qror = Qner = 0, then (pure) electric
moment M, (where ¢ > 0) is independent of choice of origin of coordinate system.

- Ifnet/ total charge Qner = Qror # 0, then the higher-order electric moment(s)
M, (where ¢ > 0) can be made to vanish if one chooses the origin or coordinates to be

located at the charge-weighted center of charge, then r'=0.

P(F)Ym(6,0)dz" =0 if r'=0

—-2Q +Q -Q +Q —-Q O (origin)
O——e oO—0—» o —
p, =QdzZ p, =-Qdz

Note here that: p=p, +p, =0!!!

If the origin is displaced from the center of charge for electric dipole by an amount &:

eg. [ =r+4a where d = vector displacement of origin of coordinate system,

p=[F"p(Fdr > p"=[(F+a)p(F)de’
then: = [Fp(r)dr'+ [ap(i")de’

= p+a[p(F)d7' = P+Quud = P+ Porgn

| —
=Qnet (:QTot)

- If Qner # 0, then f)* =p+ ﬁorigin # P because the origin-dependent electric dipole moment,

porigin = QNeta # O '”

If Quer # 0, then the choice of origin does matter; because the electric dipole moment [
depends on the choice of origin !!!

If Qner # 0, then higher-order electric multipole moments must be accompanied by explicitly
specifying the choice of origin of coordinates!!!

- Iff Quer =0, then p = p,i.e. pisindependent of choice or origin of coordinate system.

+Q
0%7.\
-5

Origin, O
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The Potential for a Pure Physical Electric Quadrupole (in Cartesian Coordinates)
Not Necessarily With Colinear Charges

The potential for a pure, physical electric quadrupole (not necessarily with collinear charges) can
be written in Cartesian coordinates as:

ZZ( jj(3xixj—r'25ij)p(F’)dr'

47zgo F—— y

oras: Vo (F)= ! ii%( isijij

\

quad

r

with elements of the quadrupole moment tensor |Q; = j (3Xi'x; -1’5, ) p(F)dz’

withr’? =x? +y? +2% =x? +X,* + X

and where the summations i =1, 2, 3 and j = 1, 2, 3 represent sums over the{lx’,zy’fz} components
respectively; ie.i,j=1: X; =X Lj=2: X,=y and 1,j]=3: Xx3=2
and where &; = Kroenecker 6 —function { o :ii}
B . Q]] QIZ Q]3
The 9 elements of the quadrupole moment tensor Q are the Qjj’s: Q=] Q,, Q,, Q,
Q3l Q32 Q33

sum of diagonal
elements =0

3 [ NS— I
Where: ZQ“ =0 ie Q,+Q, +Q,; =0 (ie. Q isatraceless rank-2 tensor /3 x 3 matrix)

i=1

and also: Q; =Q; for i# ], ie. Q,=Q,, Q;=0Q;and Q;=Q,,.

In general, if ¥ =xI + yj+ zk and 7' =X + Y]+ 2’k then:

Vg (F)zﬁ(rl j{3xijyp dz’ +3zxjx2p )dr’+3yz'[ yz'p(F)dz’
+% jx'zp )dz'+— (3y )‘v[y’zp(f')dz"+%(322 —l)iz'zp(F')dz"}
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The 9 elements of the quadrupole moment tensor (3 (in Cartesian coordinates) are thus
L T Mean square of XiX; (multiplied by q).

de’ =gqx” =q(x’

Qu = j xp(F')
Q, jy p(F)de =qy” =q(y)’

—2 2
=|z”?p(F)de’ =qz" =q(Z
“ I Al a 9(7) - n.b. The Quadrupole Moment Tensor
6 has only 6 independent components

Q, jxyp )dr' =axy =q(xy')=Q,

Q,, =Iy2 p(F)
Q, :Iz’x’p(f')dr’ =qz’x' =q(z'x)=Q,

Then:

1 1 1 2 1
O[—j{3nyxy+3yzQyz+3szXZ+E(3x - )QXX+ (3y —I)Q +2(3z —I)QZZ

Vauea (F) = dze \ 1’

A relationship exists between multipole moments expressed using spherical-polar coordinates
0, and those expressed using Cartesian coordinates Q; . The first few of these are given below:

1 /
Qoo = \/E q 0y = Q33
3 . ) mox
—p, 0, = 3\/ (Q13 |Q23) with g, , :(_1) Uim
/ 3 . 1 )
Q,=- g(px_lpy) On= — 12 (Qll 2|Q12_Q22)

27
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The Energy / Work Associated With a Charge Distribution p(*') Located at (or Near) the
Origin of the Coordinate System in an External Electric Field E, ()

external field E,, (T') is given by:

. - 1 3 3 EeXt
\4 :Qvext(r :0) - p°Eext - _ZZ ij -
— 63 j=1 8X
= J.rref:0 Eext odl \ / X =0
Epe (F=0)=-VV,, (F=0)

1,2,3

X.y.z } components

Where the summations i =1, 2, 3 and j = 1, 2, 3 represent sums over the {

respectively; ie.i,J=1: X; =X Lj=2: =Y Lj=3: x3=12

And: Q, = j(3x{x; —175;) p(F)dz" with 17 =x?+y? +27 =x7 + X7 + X’
v

3
And with: Qij ZjS, and ZQii =Q,,+Q, +Qy; =Q, +ny +Q, =0
i1

0 +{
Note: The multipole expansion method for V¢, (F) = 47; Z(;ilj z (%}Qm (0,0)0,
o /=0 m=—/

4

with g, = L,(r’) Y (0',9") p(F')d7’ is analogous to the taking of an inner product!!!

It can then be seen that the electric multipole moments ¢, are the strengths (i.e. coefficients)

associated with the (E, m)th -order multipoles of the electric charge distribution p ( F') m

Electrostatic Forces and Torgques Acting on Multipole Moments of the Charge Distribution
The net force and torque acting on the charge distribution as an expansion in multipole moments
are given below:

lf(r)=qE(r=o)+6(p-E(r))

a - ext (= a - ext (=
+_6_)(1(;Q3’EJ (I’ :O)]_é_)g[jz_:‘Q” j (r = O)J_ y
d2 o -0 -0 I+

_axz = 1] axl = 2] I,
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