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LECTURE NOTES 20

Static Magnetic Fields in Matter 11

We summarize here the relations that we have obtained thus far for the macroscopic magnetic
vector potential A(T) and the magnetic field B(T') =V x A(T) associated with magnetic

materials in terms of steady filamentary/line, surface and volume free and bound current
densities, and with the two Maxwell’s equations:

(1) No magnetic charges: V+B(7)=0
(2) Ampere’s Law: VxB(T)= #9707 (F) = 163 gree (T) + o T goung (T ) -

Using the Principle of Linear Superposition:

Filamenary/Line Currents: lior = liree + loouna (Amps)
Surface Current Densities: KTOT = Kfree + KBound (Amps/m) | = J-C KA dz,
Volume Current Densities: jTOT = jfree + jBound (Amps/m’) | = L Jeda  dd=nda
. Lor (F)dC |5 lor (F)d 0/ x 7
Filamentary/Line Currents: A(F) | Ho I ToT ( ) B (F) —| o I ' Tot ( .
4z )-c r 4z )-c r
(n i o SO0
4r o el r

Surface Current Densities: A(F) = (4_0 J‘S’KT%(r) da’ é(f) _ :1_0) IS, Kror (rz )X r da’
T T
_— M) | Ho jTOT(r') / S(v) | Ho jTOT(F')XrA /
Volume Current Densities: A( r ) = (4”)[\/, p dr B (r ) = (4”)[\/’ = dr

SI Units of B = Tesla = Newtons/(Ampere-meter) and since B=VxA, then:
SI Units of A= Tesla-meters = Newtons/Ampere (= force/unit current).
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The Magnetic Field B(T) Inside a Magnetized Material with Macroscopic Magnetization
(Magnetic Dipole Moment Per Unit Volume) M (')

In the previous P435 Lecture Notes 19 (page 8), we derived the magnetic vector potential
A( f) associated with a magnetized material with macroscopic magnetization (a.k.a. magnetic

dipole moment per unit volume) M (T):

B(7)= 9 x A(F) = (i‘;jj Vx[w]dr’:(f—;) V,ﬁx[M(r')x(r_fzjjdr,

8 (w\)_ A{VE)

Using Griffiths Product Rule # 8: |V xAxB = A(V+B)-B (V-A)
-

So therefore here: |V x Ax 8 = A(V+B)~B( 94 | + B{ W& |- A VB) = A(7+B) - A{VE)

Then: Vx MW'){%}}WF’)

Thus: é(r):(f—;j jV,M(r'){ﬁ.( :J dr' - u‘—ﬂj jv,[M(r')-* r—iDdr’
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Let us now divide the volume V' of the magnetized magnetic material into two regions
A very small spherical region Vv, of radius a, and a surrounding region of volume v, .

Then V' =V, +V,. We locate the observation / field point P(F) at the center of spherical volume
v, as shown in figure below:

Then:

B’inside (f") — (
Recall that:
Or:

Then terms (1) and (3) become:

(e o o (e o
O 8 T (8 Py S e A
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jv,[ﬁ'{ Cﬂdr’ = j{ﬁ }d

E
_ I Al
RS

ff:_j{
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jda' = —L}/dQ' < solid £ looking inside!!!

Recall also that:

 1.e.

v( 4

r

j 475° (T)

j:—47r§3(f)

thus:

}d '=—4z| & (7)dr'=—[ dO'= {

—47 if ¥ in volume V'

0 if r not in volume V'

Similarly, we also see that for an arbitrary scalar point function f ( )that

> ﬂdz‘ _—4;rj
[ 1 (

[t (r’){% (

)5 (7)de' = {

Feii

0

jda _-j (F)dey

—4rf(F) if

r is in volume V'

if ¥ not in volume V'

Likewise, we also see that for an arbitrary vector point function A(T") that:

[ A(r’){ﬁ'-(

:2 ﬂdr' = —47Z'J.V, A(f )&’

0

(f)dr':{_4”A(r)

rda’

if ¥ is in volume V'

if ¥ not in volume V'

However, note that the observation/field point P (f), located at T is not contained within the

volume Vv, - it is located at the center of spherical volume Vv, (see/refer to picture on page 3)!!

Thus, we see that term (3) vanishes,

Ho

(3(4”)]%1\71(

=/

1.€. r

I

and that term (1)

F ,
2de =0

Ho
4

1
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el {Eor
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Jiw|7{
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What about terms (2) and (4) ??
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Ho
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r

Note that: M ( r
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Thus:

The 2™ term vanishes because:
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We now define a magnetic scalar potential V (f) for use with magnetic materials:

v, (F

2

Ho
4

'_.’

Ji[s

N

I
r

T

Then we see that:

Ho
47

<!

a i
(Bl

[

F
r

Ho
4

ot
P

¥

Putting this all together now, finally we obtain:

Ho
47

5™ (r) =(

Jisi) o7

/’>

o

Ho

—M(r)

:6Vm (f)

1.€.

B™* ()= u,M (T)-VV, (

r)| where

)

Note that there are in fact two contributions to the magnetic scalar potential —

V()=

Ho

47

Ji[ 57

jdf’

one contribution

arises from the integral (2) over the small, spherical region Vv, (containing the “near” magnetic

dipoles) , the other contribution arises from the integral (4) over region V, (containing the “far”

magnetic dipoles):
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and:

“WV, (1) ==V [V () +v 9 (1) | = vy 20 () - v o )
s
2

aplifEergler= (o)) oA

Note that the SI units for the above-defined magnetic scalar potential V| (F) are Tesla-meters

(= Newtons/Ampere) which are the same units as that for the magnetic vector potential A(f) :

B(Teslas) ~-VV, (Teslas)| = |V, (Tesla—meters)
| | o

A-m
Note that this magnetic scalar potential, V,, (f) (ST units = Tesla-meters = Newtons/Ampere)

as defined here for use with magnetic materials is different than the “other” magnetic scalar
potential @ (F) (SI units = Tesla-meters®) that we had previously introduced (and defined) in

P435 Lecture Notes 16 (page 2) in the context of gauge transformations and the arbitrary nature
of the magnetic vector potential: |A'(F)= A(F)+A(F)= A(F)+Va, (F)|ie. A(r)=Vo,(F).

Use(s) of the Magnetic Scalar Potential V, (F)

Surface & Volume Densities of Magnetic Pole Strength (i.e. Bound Magnetic Charge Densities)
o, (F) and p, (T)

Inside a magnetic material with macroscopic magnetization (magnetic dipole moment per unit

volume) M (F) we have the constitutive relation: | H"™® ()= 1 e (F)-M(F)

Hy
ie. B|n5|de ( ) ﬂoH inside ( )+ ,LlOM( ) or: B’inside (r) — IUOM(F) + Iqui inside (F) '
However, we also have just derived: B™* ()= u,M(F) —VV, (F)]|
Thus we see that |[H'"™* (F') = / )/ o |

However, we also need to consider here the previously-derived constraints:
VeH ™% () =-V+M(T)|, obtained from |V+B"™® ()= 0|, and also that associated with

Ampere’s law fOI‘ H inside (r) , namely: ﬁ x H inside ( ) J Jinside (r) )

free

6 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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But if |[H™* (F)=-VV, (F)/ 1, then: [V x H"™* (F) ==V xVV, (F)/ 1, =0
R —

=0 always!!!

Thus, we see that the (proper) use of the magnetic scalar potential V ( ) restricts us to use it

only in cases where there are no free currents contained anywhere within the source volume V',

Jinside

i.e. we must have (i.e. we demand that) J .,

(F) = 0everywhere within the source volumeV’,

in order to be able to (properly/correctly) use the magnetic scalar potential V (r) .

If the condition J 'f'r‘:;de ( )=0is satisfied everywhere within the source volumeV’, then we also

see from |H "™ (T) / )/, along with the condition [VeH "™ (F') = —V+M ()| that
VeH™® (F) =-V.VV, (r //JO ==V, (F)/ 1, ==V-M(F) = p, ()

i.e. we obtain (another kind of) Poisson’s equation for this magnetic scalar potential V (

.
form: |V?V, (F) = 1, VsM (T ) =—p,p,, (F)| Note that this also says that: | p,, (F') =—VM(

) of the
|7-'

)l

Again, we (already) know the form of the solutions to this magnetic Poisson’s equation:

12 ) g ) g

where p2*™ (') and o2 () are effective bound volume and surface magnetic charge

densities contained within the source volume V' and/or on the surface S’ that encloses the
volumeV'.

What are the effective bound volume and surface magnetic charge densities pg*"™ (') and

oo™ (F) 272

We have derived (i.e. defined) the magnetic scalar potential V, m

- - oo e S
Bt ﬁ(ﬂ”(%ﬂ}j'[|rir'|]”@
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However, from Griffiths Product Rule # 5:

Vo fA)= f (VeA)+ A Vf)

then: |Ad(VF )= Vo 1A)— £ (V+A)| thus if: f=(irj and |A=Mthen we see that:
=Gl v (o (i Wi’))df'—(f—;JLe<m<r'>>df
e

We can therefore define:

1) An effective bound surface density of magnetic pole strength (= effective bound surface
magnetic charge density):

(F)=M(F)

Bound
O,

m

SI Units of o™ =

Magnetization M = Amperes/meter
surface

Recall that the SI Units of magnetic charge g, =qv = Ampere-Meters

Bound _0, _ Ampere —meters Amperey
Area, A meter

(meters)’
2) The effective bound volume density of magnetic pole strength (= effective bound volume
magnetic charge density):

Bound

pE (1) = -VM(T") SI Units of p2*" = Amperes / meter
Bound _ O, _ Ampere —meters Amperey
m N Vqume,V N meters’ - meter?

Thus, we see that the magnetic scalar potential V| ( ) can be written as:

Ho
4z

)= 2

V'-M(T)

r

Joeo (21

M (F')h
r

]da'

Bound

j L ,Om ( ) ’ P Grlgound (Fl) '
V — 0 _0 —_—
(") (47zjj PR (47IJJ.S' r®
Wlth prEOlmd ( ) = 6 M (I_;’) and fgound (r’) =M (F’)'ﬁ surface
Important Note:

Bound
Gm

(F') and p™™ (') are fixed/immovable bound magnetic charge densities!!!

8
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The above is analogous to the electrostatic scalar potential V, (?) for dielectric materials:

VB (F B(7')n
Electrostatic Scalar Potential: |V, (F)=— ! j( (7 )] dr'+ ! J. ( () nJ da’

4dre, 7 r 4re, °S r
=) _ Pround ( ) 1 O Bound (F') ,
Ve(1)= 47, j dr’ + 4re, L' r da

with: | Pgoyng (F’) = _V’.P(r’) and | Ogoung ( )

P(r)en

surface

Thus for a magnetic material with macroscopic magnetization M , the magnetic field inside such

a material is given by:

B (7)= y,M(T)-VV, (T)| with: |V [ j j P fﬁound (ij () da’

r

and with: prﬁc’“"d( N=-V' M(r) and [o.™"™ (F)=M(F)n

surface

Therefore:

r r

B () = VA (F)~ TV, (F) = %M(r)_(i‘_;j Lﬁ(/’ﬁL"()de—(f—;j Lﬁ[w

Now: V =fen (F) only, p, =fen(F') only, o, =fen(F') only.
Hinside (=) _ 1 (7 ,Llo Bound [ =1\ v 1 ' /uo Bound N 1
; (r)_ﬂoM(r)_(Eij,pm (r)der -(Ejjs,am (v )V(Jd
.o=(1 =, (1 F
B V| = =V = ===
ut again ( fj ( rj =

pinside (=) _ N1 (¥ H, ound [ =1 F ’ /Uo Bound f
8 (1) = M (1) + £2 ] ot (r)(7Jdr A [—j
r F

with pr:ound ( )E —V'.M( ') and Bound (r E

(F)-A

Similarly for a dielectric material, using E™* (') can be analogously shown to be:

surface

[ sice (F)= —LF (F)- VvV, (F)| (Note that E™® and P point in opposite directions)

0

Eimide(r):_giﬁ(r)_410 Vi[pwd(r')jdr ok v["bwm’( )Jda

. r r

Again: 6(%) = —V(lr) =— :2 andV = fen (T)only, pgo,ng = fon () only, ogy, = fon(")only.

= inside (= 1 5 = =1 ’ ' ! s '
E™* (F)=-—P(F)+ v,,obound(r )( - |dz' + Iabound( )(7jda

4re,

Wlth IOBound (r’) = _V’,f)(r—') and O-Bound ( )E f)( )

surface

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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If additionally, there exist free volume and/or free surface charge densities 0y, (F'), 0, (')
and free volume and/or surface current densities J,, ("), Ky, (F") within the volume V' or

residing on the enclosing surface S', then the most general form(s) of B™* () and E™* (')

are given by:

P x P -
B|n3|de(I—.~) Ho J. Md‘[ +,UOM(r)_VVm(r)

47 r

with: _ﬁvm(r)zf_;jv,prﬁound (FI)( f jdz_ + Zl;;J' GnE]:ound (ﬂ(%}da'
and with: | pp™"™ (F')==V'*M(F')| and |og™™ (F)=M(F)A|

=inside [ 4 g V r

£ (1) = o) o —;P(r)—vvem

, - L NEars

with: —VVe (r) 472'6‘ J. pbound )(7jdf + 472'8 J. Ohound (r )(7J da
and with: pBound (F,) = —V 'P (F’) and O Bound (F’) = F(F’).ﬁ surface

- Thus, B™®(T) can be determined if M(F) and J ., (") are specified at all points [’ in
the source volume V' enclosed by the bounding surface S'.
- Similarly, E™*(T') can be determined if P(F) and p,, (") are specified at all points I in

the source volume V' enclosed by the bounding surface S’.

However, in most problems, J . (') (and p,, (F')) are specified (or can be specified / are

analytically known), but M(T) (and P(F)) themselves depend on B"™ (') (and E™*(F))

respectively.

— Even if the functional form(s) of M(F) and P(F) are known, i.e. M(F) = fcn(l§"‘Side (F'))

andP () = fcn( [ fnside (F')) , we still have (at best) an integral equation to solve!!!

This is the motivation for introducing the auxiliary fields H and D thereby obtaining the
constitutive relations:

H = magnetic “displacement” H=

(!
Il
™
m
+
ol
sl
Il

D = electric “displacement”

10  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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From the above constitutive relations, we see that:

e ron 1 ¢ Jee (F)x 7 1 -
H inside b free N VAV
(=] 2= - Lo, 1)

. A /uo ound (=7 f ' ,UO ound ( =r f '
with: 0, (F) =t ] oo (r)(FJdHEL,O—g (r)[7Jda
and with: prI:ound (r’) = _ﬁf.M (F’) and O-rﬁound (F’) =M (F,)'ﬁ surface

5 (r) = [ p (F')(inr’—g W, (F)
4 v free ,.2 0 e

. = 1 =1 ' 1 =t ’
with: _govve (r) - 4_.[ Phound ( )(Tjdr +EJ. Ohound ( )( ,,2 Jda
and With: pBound (r') = _Vl P (F’) and O-BOU”d (F’) = ﬁ(f’).ﬁ surface

The boundary conditions on B, H, E, D, M and P at interfaces/boundaries will constrain /
determine M (T’) and P(")inside these materials, as well as the behavior of the fields

inside/outside these materials.

Electrostatic Boundary Conditions

Magnetostatic Boundary Conditions

E, =E|

1 1
D2 - Dl = O free

1

NI _ b
E; —E =—05r =

(]

surface

0

o, 0] =pl )

v,
on

&

on

interface

interface

(O-free + Obound )

surface

—

surface /uo ( K free + KBound )X n

surface surface

Hy —H =~(M;-M})

oV 1 oA 1 OA >
81 1 interface _Ufree - AZ interface A interface _Kfree
on M, ONn 4, on
AT A (oA, oA _ R
an interface TOT ,UO an interface an interface TOT

In P435 Lecture Notes 20.5, we will explicitly show/work through a few examples of this.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 11
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The Langevin Equation for Paramagnetic Materials

**n.b. See /refer to P435 Lecture Notes #12 for a more complete derivation of the Langevin
equation, for the case of polar dielectric materials.

A paramagnetic material is analogous to a polar dielectric in that it has permanent atomic /
molecular magnetic dipole moments M, uniformly / randomly oriented (due to thermal internal

energy / energy fluctuations ~ kgT) in the absence of an externally applied magnetic field I§ext

Thermal energy in the magnetic material (and fluctuations thereof) is responsible for
macroscopically depolarizing the atomic / molecular magnetic dipole moments.

When a paramagnetic material is placed in an external B -field, a partial macroscopic alignment
of the atomic / molecular magnetic dipoles results, which is temperature dependent.

The (macroscopic) magnetic polarization — the magnetization (= magnetic dipole moment per

unit volume) M of a paramagnetic material is well-described by the Langevin equation (as we
found for the case of polar dielectrics, i.e. dielectric materials with permanent atomic / molecular
electric dipole moments P, ) The same analogous physics applies - for the electrostatics case,

the energy of an electric dipole in the macroscopic, space-and-time-averaged local electric field
isWe=P.E.=-D,, < Ioc> (see P435 Lecture Notes 12 for details on < ,OC>) thus the energy of

an atomic/molecular magnetic dipole with magnetic dipole moment m_, in the macroscopic,

space-and-time-averaged local magnetic ﬁeld< I§|OC> associated with a paramagnetic material is

w,, =P.E,, m. <§,OC> . The derivation of the Langevin equation for paramagnetic materials

exactly parallels that for polar dielectrics, so we will not repeat this here — we’ll just give the

results:
m_. (B
M= nm0|m (Coth u —lj = nmol mmol coth mol < Ioc> _ kBT
u kT m.,, < B, >

N, =# density of magnetic dipoles = # of magnetic dipole moments per unit volume

mmol < BIoc >
KgT

where:

u ky = Boltzmann’s constant = 1.381 x 107> Joules / Kelvin

T = absolute temperature (Kelvin degrees)

At room temperature, T ~ 300 K:

mmol < BIoc > -3 . . . .
us= T =2.5x10" <« 1 for typical paramagnetic materials with
B
e.g. ‘<I§|oc> ~0.1 Tesla (= 1 K Gauss) (10" Gauss = 1 Tesla)

ie. kT (z %0 evV@T = 300K) > m,,, (B, ) unless e.g. Beg is very large.

12 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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3 5 2
For u <1 we have coth(u) LU W20 and thus: M(F) =M<BIOC (F)>
u 3 45 945 3kgT
Curie’s Law for paramagnetic materials (valid only when u <« 1) is: M(F) = $<B|oC (f)>
. . <1 Ny Imri |
where the Curie constant C of the paramagnetic material is: |C = ;k 2
B
For U= M <1 then if M(T)= y,H (F) or, since y,, > 0 for a paramagnetic material:
ke T " ’ " '
X = ‘M(r)‘ =IU‘M(F)‘ =u ‘M(F)‘ =u nmolmrflol
O TS
Thus: |7, = K m‘“—% > 0| for m <B ><<kT
e 0 m 0 3kBT mol loc B

— Yo~ % for m,,, <B|OC> < kT (as we found for y, ~ % for P, <El0c> < kgT)

In paramagnetic materials note that the magnetization M vara 18 parallel to the externally-applied

magnetic field B,, and H -field, since M= y, H = 7™ > 0.

ext

, . 1 M mmol <Bloc> .
A plot of the Langevin Function | coth(u)—— |= versus U =—"2—%% s shown below:
u r]mol mmol B
A
coth(Uu—>o0)=1 ¢--------- @ ceemmnno----
{C(’th(“)—l}: i S — [coth(U)——} vs. U
u nmoI mmol / I u
! Initial slope Minit = 1/3
I S | >
T i >
01 2 3 435 10 U=mg (B )/KsT

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 13
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Ferromagnetic Materials

Ferromagnetic materials are “hard” magnetic materials — i.e. magnetic materials with
permanent magnetic polarization M (f) , analogous to the permanent electric polarization

f’(f) associated e.g. with bar electrets. Like bar electrets, where the constitutive relation

D(r)=¢&,E(F)+P(F)|is valid, and where the relation |D (F') = ¢E(T)| (& = constant ) is not

valid (it is valid only for linear/Class-A dielectric materials), for “hard” magnetic materials (such

as ferro-magnets), the constitutive relation |H (') = B(F) / 4, —M(T)|is valid, however the

relation |H (T') = é(f)/,u (= constant ) is not valid — it is valid only for “soft”(i.e. linear)

magnetic dielectric materials, because i = ,u( H ) and is dependent on the past history of the

ferromagnetic material! The relations|D(F)=¢E(F)|and |H (F)=B(F)/x| can be used for

permanently polarized materials, however one must realize that ¢ and u are not constants in such

materials.

The Magnetization Curve and Relative Magnetic Permeability K, = /x4, of Annealed Iron:

1.6

B (Teslos)
.O T

Km = relative (a.k.a. differential) magnetic permeability: |K, (H)=u(H) / M, = LS—E

K is also known as the differential magnetic permeability B /r\ [7
because (here) B = ,u( H ) H|i.e. the magnetic 46 a‘fg
permeability #(H )is not a constant: | #(H ) =K (H)4,|, 3“(0\5/ ;(.

and thus K (H)is also not a constant because: —_ >

ds
dB(H 1 dB(H « 985 N
B L (H) =K, (H)a, = K, (H) =3B af
dH 4, dH hese,

dB(H
# is the (local) slope of the B-H hysteresis curve Q d6

at a given point on the B-H curve. dff

14 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Magnetic Hysteresis of Annealed Iron (Analog of Electro-Hysteresis for Bar Electret):

Mamﬁ;&)g 'MCL?S w R&'\m‘jl\ﬂt‘\

Bliala // fhe

AT )

For a ferromagnetic material with a non-linear B-H hysteresis relation as shown in the above
graph of B vs. H for the material, the present state of its magnetization (magnetic dipole moment

per unit volume) M depends on the past history of the material’s magnetization.

The B-H curve for a ferromagnetic material can be mapped out directly by simultaneously
measuring B and H over one complete hysteresis cycle, making a series of infinitesimal
increments in dH (which by Ampere’s law (in integral form) is proportional to the free current

.. flowing e.g. in a solenoid coil in which the sample of ferromagnetic material is placed), and

measuring the resulting B-field of the ferromagnetic material at that value of the applied H-field.

free

One can also compute the resulting infinitesimal increment in the magnetic field dB for each
infinitesimal increment indH . Then at each such measurement, the differential magnetic
1 dB
Mo AH
B-H curve) can be calculated. Note that in order to know where one is at any point on the B-H
curve for a ferromagnetic material that is being mapped out in this manner, (at a minimum, at
least) the initial/starting values of B and H must be known: (H,, B, ) - If the sample of

permeability |K,, =/ u, = (= local slope of the B-H curve at a given point (H , B) on the

material has never been magnetized before, then (H,,, By, ) =(0,0) - this is point a on the

above graph. If the sample of ferromagnetic material has instead e.g. been previously fully
magnetically-charged, then e.g. if H . =0, the sample of ferromagnetic material will either be
with H__ . =0will
unambiguously determine which one of these two points the sample of ferromagnetic material is
presently at. Thus from the starting point (H,,, B, ) the B-field at any desired ending point

start

at point € or point f on the above B-H curve. Thus, a measurement of B

start start

(Hena» Beng ) on the B vs. H curve then can be computed from:

end dB H end end
Bend = Bart + _Ltart [%J dH =B, + Ltan #(H)YdH =B, + 4, -Ltan Kn(H)dH

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 15
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The Rowland Ring (= Toroid with Core of Ferromagnetic Material):

Winding #1 (Primary)
has N, turns, carrying
current |;

Winding #2 (secondary)
not shown.

Ampere’s Circuital Law for H: | H (F)ed? =152

Inside the ring: H =—- =( N, jll
2rr

B=a®,/A where A = cross-sectional area of core = 7a’
Magnetic flux through Rowland Ring @ = BA

Energy Dissipated in a Hysteresis Cycle

The extra power provided by a source (i.e. a battery) in causing the magnetic material of the
Rowland Ring’s core to (slowly) go around the hysteresis loop (e.g. for one cycle) is:

dCDm] dB

dw .
Power,P =——=1, (Nl =1,N,A— where A= za’= cross-sectional area
dt dt

de

dt

N, I, A(27r

= Md—B (mean) circumference of Roland Ring: =27zr
(27zr) dt

= NylVeg 4B the volume of the Roland Ring: Vi, =27rA=27r (72'&2)

(2zr) dt
=HVd—B since: H = AL

dt 2xr
. . ) dw dB e
The instantaneous power dissipated is |P = e = HV, e and thus the infinitesimal

work/energy increment at a given point on the hysteresis loop is: [dW = HV,dB = ( HdB)VRR

therefore the work done (= energy dissipated in the ferromagnetic core of the Roland Ring) in
one hysteresis cycle is W = Sﬁcyue dW =V, ij)cyde HdB

16 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Then: W =V, | HdB =V, H.dB Going from point g to point b in the B-H plane:
cycle cycle
W Wb—»c +W c—d +Wd +W—>f +Wf—>g Wg—)b -
E

C — — d - — e — —
jb H-dB+L H.o|B+jd H+dB - /m‘zfd

mm

R f o o g - = b - -
+f H-dB+LH-dB+LH~dB Tt
W = Vrrx(Area enclosed by the hysteresis gy “E
loop in the B-H plane)

W = energy dissipated / hysteresis cycle

Please see/read the UIUC Physics 401 Lab Handout on the Rowland Ring for more information
It is available at the following URL: http://online.physics.uiuc.edu/courses/phys401/

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 17
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B and H Fields of a Bar Magnet (Permanent Magnet) with Uniform Magnetization M

Lines of H : ' B= ,uol:l +u M

o~ | M=M,z

.
- > E -
< R ' H, . is in opposite
M=, direction to M !!!
n.b. Both Mand H, .
emanates from/terminate on
T —— T ! go;hfk effective surface magnetic
H(;,:lmhu = 7p bound charge o, on the ends
the bar magnet!
Lines of B : fg oo b Lines of M are constant:

UniformM =M, ? inside

)//,-fé:x B, .. is in the same direction
as the magnetization M

m—=

—

N
— ————

/,— Sy
s

TS

Fouk
Compare these pictures for bar magnet to that for bar electret (P435 Lecture Notes 10, page 33)
. - . 5 1 5 -
Outside the magnet: M =0 Inside the magnet: H, ., =— B, —M
0
B,ucice = HoHoeice Near the center of bar magnet, H™" ~ 0
B, i in same direction as H ousice B ~ u M

Note: B = yH where u = constant is valid

only in “soft” magnet materials that are
linear and isotropic (i.e. Class “A”)

18  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Vector relationship for B, H and M :

(o))
I

B =p,H+uM Ho

#M
Inside a bar magnet, B, ., and H, ., point in = opposite directions.

Magnetic field of a cylindrical bar magnet with M = M2 is analogous to that for short solenoid!

short
Arbitrary point on the z-axis: [B;*"" (z, ) = [%} nl (sin @, —sind/)| Just replace: "

! 4 ! 4

R gr;i\ R | (
- N SR >
F M=M,2 » M=M,2
< L < L
z=-1/2 z=0 z=+L/2 z=-1/2 z=0 z=+L/2
On the symmetry axis:
At the center of the cylindrical bar magnet: At one end of the cylindrical bar magnet:
Byor (2=0)=nlsing,2 B, (z - +£j - (ij nlsing,,?
solenoid solenoid 2 2
Bea (2=0) = 4,Msin 8, Beaw (Z = +%j = M szeend
gy (2=0)=—M1(1=sin0,,) e (245 |- 1- 20 |

Since J; =0 (Ampere’s Law) Because M = M,Z is uniform

~.Lines of H are not refracted (i.e. bent) at the cylindrical surface of magnet.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 19
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Example(s) of Calculating B, M and H Inside & Outside Magnetized Materials

Consider a long cylinder of length L and radius R such that L >> R (analogous to long
solenoid) made of magnetizable material (not yet specified if diamagnetic, paramagnetic or
ferromagnetic). However, we will assume that the type of material (and/or its magnetic history,
in the case of ferromagnetic material) is known; thus the magnetic permeability x of the

material in known, or equivalently the magnetic susceptibility y,, of the material is known.

=, (1+ x,) szlui:(1+;(m)

(0]
The following table lists the magnetic susceptibilities of various types of linear diamagnetic and
linear paramagnetic materials (most at =~ room temperature, T =20° C):

Material Susceptibility | Material Susceptibility
Diamagnetic: Paramagnetic:
Bismuth -1.6 x 107" | Oxygen 1.9%x10°
Gold -3.4x 107 | Sodium 8.5x107°
Silver 2.4 %107 | Aluminum 2.1x107
Copper 9.7 x 10°° | Tungsten 7.8x107°
Water -9.0 x 10°° | Platinum 28x107
Carbon Dioxide -1.2x 10" | Liquid Oxygen (—200° C) 3.9%x107°
Hydrogen -2.2x10” | Gadolinium 4.8x10"

Magnetic Susceptibilities (unless otherwise specified, values are for
1 atm, 20° C). Source: Handbook of Chemistry and Physics, 67" ed.
(Boca Raton: CRC Press, Inc., 1986)

For these linear magnetic materials, the magnetization (magnetic dipole moment per unit

volume) M is related to the H field via:|M = ;(ml:linside .

- 1 - .
But we also have: |H, . =—Biee =M

- - 1 - — o 5 —

then_: M= Xm Hinside =Xm| — Binside -M |==+ Binside - ZmM
or: 1QI'*‘}(mK/Izﬁéinside or: (1+Zm)M=ﬁ§inside
or: M = # Binside = h Binside where H=H, (1 + Zm)

o (14 7)

20 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Suppose we place a sample of magnetic material in a uniform external applied magnetic field
B,, =B,2=1Tesla?

2 Lo .
Then if L >>R, /]\%”’* Bert B, =B,2=1Tesla2

the resulting
magnetization is

For diamagnetic materials:

= Bl_ ‘ Zdla
(ideally) uniform: i M,, = By e
Hiia
M =+M,7 n ta
— "o Xm <0
(Simplifying
assumption!) L& For paramagnetic materials:
_"T\PARA - ‘ Zpara
= M para - B|n5|de
/upara
'f Zn[:ara > 0
Pa- % — Use boundary condition on interface:
L s B, =B '=B:=B. =B, =B2
Bux\tegﬁ
‘ Zdia
1) If the magnetic material is diamagnetic ( y2° <O and | 7| < 1then: M, =B,
dia inside
dia
‘ )(dla
But since y* <0 and ‘ 7% <1 then: My, = B,
Hy
M, is antiparallel to B,,, ie. Mg, =—M,2 for B,, =B, 7, then ‘Mgia (‘;{d'a /,udia)B
Inside a diamagnetic material H,‘rj]':de éext
dia dia
i 1 = ~ Xm | = 1+
H iisailde = Bext o Mdia = Bext ‘ Bext ‘ ext
Hy Ho Ho Hy
‘ Zpara
2) If the magnetic material is paramagnetic ( e > O and ‘ In| < 1then:|M = Birgice
/Upara
‘ zpara
But since y** <0 and ‘ It <1 then: M, = P B,
0o
Mpara is parallel to B,,, i.e. Mpara =+M_? for B,, = B,Z, then ‘M para (‘ J e / ,upara)BO
Inside a paramagnetic material |H22 | B_,
R ) 1 R _ 1 _ lrﬁara _ 1 Zrﬁara _
H issidae — Bext M para — Bext - ‘ Bext - ‘ ext
ILlO (o] lLlO lLlO

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 21
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If the magnetic material is ferromagnetic then 3 a non-linear relation between the
magnetization M and H, . , and also between B, . and H

—s need to know B, . vs. . H, .. (or M vs. H,_ ) hysteresis curve, e.g. for iron:

inside inside

15 20

(WoH % 10%)

For B,, =B,
1)|H

Z2=1TeslaZ (point A or B in figure above), this hysteresis curve says two things:
Eext and

inside

2) uH " ~10x10* =107 Tesla 2 (1,H has same units (Tesla) as B)
But: Hy = 47 %107 Newtons 1 Tesla = ]M

Ampere’ Amp — meter

| 1 5, N 1 5 Amps
— Hf = —107T = 1072 =—10*2 p/
T 4rx107N/, A-m 4z meter

(Actually, SI Units of H are Ampere-turns/meter — e.g. for long solenoid H = nl = NI/L)

ferro Ampy - Ampy 5
Hiie =795.8 meter ~ 300 meter £ | very small!

Then' M ferro — Z ferro H ferro — L g H ferro

m inside inside
Mferf°=4m1017(%2)1( jz 800( A7 )2 = ﬂxlOl (A,)-800(A7) 2
~800,000-800( A/ )2 Zlom = ‘E:d =10001!!
M = 8x10°2( A7) Hoc || B M| B, M [

22  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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After the magnetizing field B, is turned off / removed, then if

ext

M., (BeXt off ) ferro (gext = on) (1.e. the magnetization changes very little when the

ferromagnetic material is fully-charged):
5.9

mFL Bﬁ#“’ W‘F::rzcéo#o
@,@éo b S MSATULLQA‘Itf Gleays fotarizATe

Mf’ 3

w S‘ﬁTLk QA‘TES._—_y
(2 \0O%, PALARLZAT LO\A} /T

ferro
m

Then: B™® =£ﬂfe”° ]Mferm where g1, = 11, (1+ ;(n:e”") and y™ ~1000 > 1

(14 g . i}
B'”S'de = IU(ZT:E))M ferro = /qu ferro but M ferro ~ 8x 105 2(%1)
. |pinside _ -7 N . 5 > _1(N 5 — 5
Thus: |B"™ ~ 47x10 ( /AZ) 8x10°(A7 )2=1(V4_ ) 2=1Teslaz
Since B;.,. = By at the interface/boundary of a ferromagnetic material, a measurement of the

normal component of the magnetic field at the center of one of the end surfaces of the magnetic
material (e.g. using a {transverse} Hall Probe) will give Blrer =B .. =Bl . =1Tesla? fora

fully-charged ferromagnetic material.

=B

M, =9x10°2( A7)
%__3 =B Z—+%):1Tesla2

/.I\ (for L >> R, “ideal” magnet assumed)
l
|

12

inside outside (

Then the H-field inside the magnetic material is:

. _. - ~ 1 + Zferro ~
O 5’\ —;’ l |n5|de = Binside _Mferro = 2 % Mferro _Mferro
L > 21 /\r i ] 0 Xm
f

Y L—F H*ms,de:%fferro oo = 1055 8X10°2 2( Ay ) =800( A7 )2

m

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 23
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Once the magnetization, M of the ferromagnetic material has been determined, then e.g. the
(=M, 2x1i here)and J2*™ =V xM

surface

equivalent bound current densities: K™ =M x1i

(= 0 here in our idealized M =M 2 model) can be determined.

Alternatively, the equivalent pole densities of magnetic strength can be determined from
o™ (F)=M(F)-h (=M,2x A here) and p*™ () ==V xM () (= 0 here in our idealized

m

M =M,? model).

surface

m:s“f— s, (=)

(3 :mos.z,)

*Kf’r’i%“m__ Mxn we B LL?CQD
0 (Fhenta)

S N

‘N\ = N\Qz InsLDY

ToEALIgED Mg DEL—)
oz { 5>R

=-Mo (

We can then determine the magnetic field B (F) , valid for any observation/field point

P (F) via two equivalent methods:

surface | ¥'m

Method #1: Equivalent surface and volume current densities K™™ =M x A

First, determine the magnetic vector potential A(T)and then the magnetic field B(T)=

(F
Mﬂ{ﬂjjgwda’ B, (F) =9 x A (F)= [f_njjwda

4 r

Il
<1
J>l
—~
=
A —
7\
=
N
<
(&
o
2
2
=)
~
o
(\‘\

Z\J(r):(&]jwwdf 8, (1)

4 r

Arot(r):'&K(r)—'—AJ (F) gTot(r)ZEK(r)+§J (r)

24  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Bound = _ﬁ.M

surface || P m

Method #2: Equivalent pole densities of magnetic strength c=>*" = M.

First, determine the magnetic scalar potential V,, () and then the magnetic field B () using the
relations | Bygq () = .M (F) = VV, (F)|and |Byyee (F) = —VV,, (F)|:

Vmaﬁ‘””“(a ( j j Bound( )da

Bound ( #/
Vﬂnéound(f’):(&]jv’pm (r)dz"

—1

Bound [ &/ Bound
B (7 T (7 Ho Om r)’ H, P r '
B(r):,qu(r)j{—jJ'S,%da +(4ﬂjjv%dr

Once B, (F)and B, (F)have been determined (using either method) then H, . (F') and

Houtside (f) can be obtained from:

H (f)=L|§inside(f)—l\7I(f) and I:Iinside(f)=L|§mside(F) (outside, M(F)EO)

0

Comparison of Magnetic Field Strengths | B | for a Long Solenoid
With and Without a Magnetic Core

el T o 2 30
‘@mmwww ’

L>>R

Consider a long “ideal” solenoid of radius R and length L >> R has n turns/meter, carrying a
steady current | = 19 (i.e. ideal solenoid — for simplicity’s sake neglect pitch angle here).
If solenoid has “soft” annealed iron magnetic core of magnetic permeability

p=u, (1+ z,,) 10014, i.e. a magnetic susceptibility y,, =1000, then H, 4, =— B —M or

H . =—B_ . with M=y H .

inside inside

1
U
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| enclosed

mee  With contour of integration,

Ampere’s Circuital Law for H (integral form) Cﬁ dﬁ

C indicated in the picture above.

4)(: H(F)ed? =150 = H, | 2 by axial rotational invariance/axial symmetry of solenoid.

Shrink contour C to & above/below windings, then get: H, .../ =n/l = |H, (F)=niz|.

inside

Then: (B, (T) = #H e (7) = 12| and M (T) = y, H,iee () =1000n12

Note that B|n3|de inside

)H H HM ||Z for long “ideal” solenoid with “soft” annealed iron core.
Now compare these results to that for a long ideal solenoid without a magnetic core (for the same

steady current I):

Hnocore(F) HW/COI’e(r):nIZ\

inside inside

BHOCOTG(F) /Ll HHOCOI’e(r)zﬂonlz

inside inside

‘Bw/core (F

inside

w/core (&
‘ ‘ H r
no core -
‘ Blnsnde )‘

inside

(r) - 1001

Thus: —
inside (r)‘ 'uO

w/core

inside , then one can reduce the

Another way to look at / view this: If one wants ‘B

_ Bno core
inside

current in the solenoid that has e.g. a “soft” annealed iron magnetic core by a factor of
1,/ 1=1/1001 for same B -field!!!
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