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LECTURE NOTES 20.5

Magnetostatic Boundary Value Problems in Magnetic Media:
Examples, Applications and Uses

Example # 1:

Use the magnetic scalar potential V, for a magnetic sphere in a uniform external magnetic field.

Consider a sphere of radius R made of (arbitrary / unspecified) linear magnetic material of
magnetic permeability p =y, (1 + ;(m) placed in the gap of a big electromagnet that produces a

uniform external magnetic field B,, = B,Z as shown in the figure below:
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Note that this magnetostatics problem of a linear magnetic sphere of radius R and magnetic
permeability = u, (1+ 7,,) = K, 4, placed in an external uniform magnetic field B,, =B,2 is

highly analogous to the electrostatics boundary value problem that we solved earlier (Griffiths
Example 4.7, pp. 186-8) with a linear dielectric sphere of radius R and dielectric permittivity

e=¢,(1+ yx.)=K.&, placed in an external uniform electric field E,, = E,2. Here, we will use

the magnetic scalar potential V, to solve this magnetic boundary value problem. Note
(aforehand) that this problem (like that of the dielectric sphere) is manifestly azimuthally
symmetric — i.e. it has no explicit ¢ -dependence.
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Since there are no free currents/free current densities anywhere in the volume V' of interest
(i.e. Ty (F)=0), then VxH () =0, and thus we can write |H (F)=-VV, ()

where V, (F) = magnetic scalar potential.
Again, note that since the SI units of H (') are Amperes/meter — then the ST units of V, (T') are
Amperes!!

n.b. This sort of makes “nice” sense, since for electrostatics, the SI units of V. (F) = Volts

Then since ?xﬁ(f)=—§xﬁv (F)=0|here in this problem, and
VeH (7)=-VeVV, (F)=-VV, (F)=-V-M(T)=-p, (T)

Now in the volume V', we have uniform magnetization: M (F) =M, 2| (here)

VeM(F)=VeM,2=M_V+2=0| i.e.|p, (F)=0| (here)

N>

Again, extreme caution must be used here, for we know that differential relations will fail on the
boundaries / interfaces of dissimilar materials.

Nevertheless, away from these boundaries / interfaces:
VeH (F)=-V-M(7)=-V*V, (F)=0
Ya'A (F) =0|is Laplace’s Equation for the Magnetic Scalar Potential V (F)

We can/will use all the tools that we developed for solving electrostatics boundary-value
problems here too, for solving magnetostatics boundary-value problems!!!

We will use the magnetostatic boundary conditions (derived/obtained from) the integral relations
(given below) at the interface(s)/boundar(ies) of the magnetic material, in order to constrain the

allowed form of the magnetic scalar potential V (F) in various regions of V' as well as at

boundaries / interfaces.

I ( H ) = I:| (f) d/l= [t | and: Iv(ﬁoﬁ (F)).df — (j')s H (F)'dﬁ
I ( ) -da = CJ.) = g = Iv(ﬁ’M(r))’dT = gss M (F)eda = 0| in general
.[ ( ) «da = _@ d é _ I;_:g::losed J.V(ﬁ,é(f)).dz- =q-> ( ).da (I)enclosed -0
Wh ere | Te_(r;tclosed | irecelosed | ;gzlr?jed
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The most general solution for the magnetostatic version of Laplace’s Equation (V*V_ (F) =0)

for the magnetic scalar potential, for problems with spherical symmetry and additionally ones
that also have manifest / explicit azimuthal symmetry (i.e. no @ -dependence), with cos®’ = fef’,

and choosing the origin (here) to be at the center of the magnetic sphere, then cos®" — cos
(where &= usual polar angle) and 7= ‘F - r—" — 1, then V, (r,0) is given by:

V. (r0)= 3 Ar s 2 p (cos0)

(=0

where P, (cos (9) is the “ordinary” Legendré Polynomial of order /.

The boundary conditions for this magnetostatics problem parallel those (not identically
though!!) for the analogous electrostatics problem — that of a linear dielectric sphere of radius R

and linear electric permittivity & =&, (1+ z, ) = K,&, - in uniform electric field E,.=E?
(see / refer to P435 Lecture Notes 11).

The boundary conditions that we have here for the magnetic sphere of radius R and linear

magnetic permeability u =y, (1+ g, )= K, 4, in a uniform magnetic field B,, = B,Z are:

0) V,,(F)=finite V F in the volume V'
1) V) (r =R) =V **(r =R) <« V, is continuous / single-valued at / across interface /

boundary at r =R.
2) VM (2=0) =V, " (z2=0)=0 (i.e. the X-y mid-plane = magnetic scalar equipotential due to
the symmetry of problem (see picture on page 1))

Because Z=rcos@ this BC also says: V"™ (r, 0= %J =/ ousice (r, 6= %) =0

lower (north!)

: ) I SN \ .
YV (z =4 )=V (rcos@ =% ) =4V {PPrEu maenetic poles of the external
m gap m gap Km_/

magnet

4) Far away from the magnetic sphere (r >> R) we demand:

poutside (r > R) = gext =B,Z where 7= [f cos@ —Bsin (9} in spherical polar coordinates.

In the region exterior to the magnetized sphere (r > R):

LB’outside(r > R) — H’outside (r > R) :_ﬁvnc])ut (r > R)
Hy
1 ~ outside 1 5 1 5 1 A .
Thus: —B (r>R)=—B,, =—B8, z——B [rcos@—@sm@]
Hy /Jo /Jo

| —

} / /

_ H’outside(r >R)= H f cosé — Hsmﬁ} VA (r>R)

ext
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Then: H®“*(r>R)= L gouse (r>R)

Hy

= |:iext :Léext
Hy

=H,Z =L802 — [HOELBOJ
Hy Hy

=H, [fcos@—ésiné’] :IULB0 [fcos@—g?siné?}
=-VV (1 > R) 0

WS (r>>R)=H, [fcos&’—g’sin 6’] :ﬂ% B, [fcos@—@sin&}

We see that: [V"*“ (r > R)=—H,r cos 0| satisfies this requirement / condition.
Explicit check:

_Wr:utside (r > R) — _{

0o, 10~ 1 0
—f+——0+——
or roe rsin@ op
=+ if+1 0 0+ 1 i(ﬂ H,rcos®

or roe rsin@ op
=H,| Feos0—Bsind | = H,2

(]

@}Vn:)utside (r N R)

5) Biice (F =R) =By (r =R) = B (r =R)=B"*(r =R)
(L= direction at r = R interface / boundary)
6) Hlusige (= R)=Hlie (r =R) = K oo XA e = K
7) Bout5|de ( R) B”]slde ( R) = H, BTot XN gyrtace = o KTOT xf surface
8) (Hausise (r = R) = Hingee (1 =R)) = =(Mpee (1 =R)~Mjyq (r =R)) |(L=F directionat r =R
(H% (r =R)=H™* (r=R))=—(M""*(r =R)-M;"*(r =R)) | interface / boundary)

=0 (K

= 0 here)

free surface free

surface — /uo Kbound r

Note also that because of the manifest / intrinsic 0dd reflection symmetry associated with this
problem (as we saw for the dielectric sphere in uniform external electric field problem) about the

z =0 midplane (i.e. Z — -z), namely that V, (-z)=-V,, (+z) {i.e. because of the corresponding
6 — —0 reflection symmetry properties associated with the Legendré Polynomials themselves —
P, (—0) = (—1)[ P, (0) } we anticipate / know in advance / expect that all even-¢ P, (cos 0)
terms must vanish —i.e. only odd-/ P, (cos @) terms will be present in V, (r,0) due to the

manifest / intrinsic odd reflection symmetry associated with this problem!
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Again, the general solution for the magnetostatic version of Laplace’s Equation (in spherical-
polar coordinates) is:

Vi (r)= 3 Ar'+ B P (cos0)

(=0

Apply BC 0): Inside the magnetic sphere (r < R) we demand:
V' (r <R) must be finite V r <R

— All B,=0 V 7 intheregion r <R (inside the magnetic sphere)

Thus: [V, (r<R)= i Ar'P, (cosd)
(=0

Apply BC 0): Outside the magnetic sphere (r > R) we must allow both r’ and 1 terms,

because the region r = o is formally excluded in this problem (when X,y — oo at

the midplane region, simultaneously € — % and V| (6’ = %j =0, automatically

satisfied for all odd- ¢ P, (cos @) terms)!!!

Thus: V" (r 2 R) i(Aﬁ Mj (cos8)
(=0

Next, we apply BC 4), namely that for r > R, i.e. far from the magnetic sphere:
B* (r>R)=B,, =B,Z Ho (r > R)=H,, =H,2=-VV"*(r > R)

B’outside (r > R) — lqul’outside (r > R)

B, (r>R) = ,H, (r>R)
B,Z =u,H,z

We showed that [V,;" (r>>R)=~--Brcosd =—--Bz=—-H rcos@=—H,z|satisfies this

boundary condition (Z =rcosé in spherical coordinates).

out (—\ T (south!)
Apply BC 3): We also want: V| ( Lgap) 1V, on {fo'iszr(fl‘;‘r‘th,')} poles of external magnet

.
Thus: V, (r> R):(I\_/m ]Z:(I\_/m Jrcos(9:£l\_/m JrPl(cosﬁ)

gap

Thus: [H, = —{

]:LB or: V., =—HL,,

m 0 —gap
(o

Vv
T ] or: VO = _1 B,L,.,| (we’ll need these later...)
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i !
So, if V2 (r = R) = Z(Aé’r’ j (cos®)
1=0
J rP (cos0)

then we know that / demand that all A’ vanish (i.e. all A= 0)
V [0]
L

gap

Jrcos@+2( i

(]

If for r >> R, V2 (r > R) :( Vi

gap

except the ¢ =1term: A1 =

(0] !

] (cos0)

Sonow: V2 (r=R)= { Vi

gap

Now apply BC 1): V™ (r =R)=V**(r=R) <V, (r) is continuous across the boundary /

interface

. at r=R:iAéR€P[(cost9)=£V jRCOS@-ﬁ-Z B, P, (cosd)
(=0

gap P(cos®) (=0

Thus by the method of inspection, we see that, because of the orthogonality properties of the

P,(cos®),all A and B, coefficients must vanish except the /=1 terms:

ie. A;Rcosé’z( Vi JRcos6’+%cosﬁ

9ap

Vo, :
or: A :(L ]4_? all other A =B, =0

Then:| V™ (r <R)=Arcos®

| A /
Vr:UtSIde(rZR):[ m ]I'COSQ'FE;COSQ
r

gap

We still have one remaining unknown —e.g. B,'. Thus, we need to apply one more boundary

condition in order to obtain an independent relationship between A and B,'.

Let’s choose BC 5): B (r=R)= Bnsice (r=R)

(i.e. here radial normal components of B are continuous across an interface)

Nﬂ: Boutside (r > R) — ﬂoﬁoutside (r > R)
B™* (r<R) = uH™*(r <R) and  p=pu,(1+ 2,) = 1K,

6 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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- BC 5) also says: g H ™ (r=R)=uH* (r=R)

But H (F) = _ﬁvm H =-V\V, =- a(;/m in spherical polar coordinates
r

avni]nside ( r )
or

avr:utside (r)
- BC 5) also says: —, Y

r=R r=R

(o] B'
- |rcos@+—-cosd
gap r

Now: V,™*(r<R)=Arcos6 and V" (rzR)= [ i

!

—,uoH Vi ]cosﬁ—zlil cosﬁ}z—,uA cos @ or: ,uo(l\_/m ]—,uo 2;1 = uA

gap gap

A:&H\/_mJ_ZB;] but: AI:(V"1 J+El3 (from BC 1))
(L R L ) R

9ap

. Y +E;:[ﬂj Vi —2(ﬂj% Solve for B.
L R 4 )\ Ly u )R

gap

By te ) B[ o] || Y
R )R I\ Lgap

We assume > p, {doesn’t really matter...}

B{:_( H—H, } Vm R3

ll'l+2ll'l0 Lgap

Then: A = V—mJ+E;=(Vm ]{1— (,u—,uo)}

Lz R Lo (,u + 24, )

po| A2 A (V) (3 ) Ve
| u2p, L H+2p, )\ Ly

gap
3 || Var
A< 2]
ILI + 211'1 (o] Lgap
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Thus, finally we now have the fully-specified magnetic scalar potentials:

insi 3 AN 3 Ve
Ve (r<R)= ) m_|rcos@ = ™ |z| SI Units = Amperes for Vi,? Yes!
w42, )\ Ly, Ko +2 )\ Ly

since z=rcos@and K, =u/u, =(1+ x,,)

0 _ 0 3
Ve (r=R) = Vi rcos@—( i J Vi (R—chosﬁ
Lyap w42, )\ Ly, T
V& K —1)(R’
= Z- — |cosd
Lo K,+2)r

Thus, we see that inside the magnetic sphere the magnetic scalar potential V, ™ (r < R)

SI Units = Amperes for Vi,? Yes!

increases linearly with z, whereas outside the magnetic sphere the magnetic scalar potential
V2% (r 2 R) is the sum {i.e. linear superposition} of two terms, one which increases linearly

with z, and another term which corresponds to the {magnetic scalar} potential associated with a
{magnetic} dipole. The linear dependence of the magnetic scalar potential arises from the

uniform external magnetic field B,, = B,2 , and the dipole term in the external magnetic scalar
potential arises simply from the magnetic dipole moment m = %ﬁR3l\7I associated with the
magnetized sphere! Note that for z=rcos(6=7/2)=0 that V,**(z2=0)=V*"*(2=0)=0,
i.e. the magnetic scalar potential V, (Z = O) on the horizontal x-y plane in the middle of the gap of
the electromagnet is an equi-*“potential” of 0 Amperes. We also see that on the surface of the
sphere, V" (r =R) =V (r=R) = ( 3 J( Vi J Rcos &

Ko +2 ) Ly

and that V"5 (2 =£L ) =2V, for r>R.

A 1 N -
Now recall that: { o ] =-H,=-—B,| < (forB,, =B,2)  SI Units = Amps/meter for H

And since: H(F)E—ﬁvm(F):—{£f+%%é+r 1 9ai¢3}v"‘(r)
sin@ O

Then:

ljlinside(rS R):_§Vnilnside(rS R):_{K 3+2][|\_/m J[fcos@—ésin&}:—(K 34_2](\/”] Ji

Lgap

gap
o 3 V?° 3 1 3
H|n3|de r<R)=— m_5_— 4 HZ?7=— B7|lIK = =(1+
( ) [Km+2j(l_gap] {Km+2j o] /,lo(Km-l—zj [o] m ﬂ//’lo ( Zm)

8 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005 - 2008. All rights reserved.



UIUC Physics 435 EM Fields & Sources I Fall Semester, 2007  Lecture Notes 20.5 Prof. Steven Errede

And:
|:| outside (r > R) — _ﬁvr:utside (r > R)

0 ~ _ 0 _ 3 3 ~
=— Vi [fcos@—é’sin@}r Ko =1} Vi 23R fcos@—R—3051nt9
Lgap K, +2 Lgap r r

o] 3 N
H°”‘S‘de(r2R):—[fm ] 2+(:m;;]($j [chosﬁ—ﬁsiné?}}

m: (Vm J:—Hoz—iBo
L

H,

+2 J\r —

m

3
|5 outside (r>R) :[LJ Boz+( Ky —1 J(Ej (Lj B, [2fcos¢9—f9sinl9
U, K,+2)Ur y7x

Thus, we see that the H-field inside the magnetized sphere is constant/uniform, whereas the

H-field outside the magnetized sphere is the linear superposition of the H-field associated with

the constant/uniform externally-applied magnetic field H,, (F)=-LB,, ()= -~B,Z and the H-

Ho

7 outside 5 Ky -1 R ’ o D) o
HOs (r2R) = +H 24+ con— | = H,| 2fcos0~Bsin0 | or:

ST units: Amps/meter

L 1

field associated with the magnetic dipole moment m = %ﬂR31\7I of the magnetized sphere!

Then: |§i”3ide(rﬁR)=,ul:|i”5ide(rSR)=( 3 j(ﬂ]B(,i:( 3Ky JBoi but note that:

K, +2 ﬂ_o K, +2
B’inside(rsR): 3K, 502:3(1+—;(f“)5 7= At B,Z SI units = Teslas
K, +2 (3+ Zn) 1+ x,/3

n.b. This is the same answer as Griffiths Problem 6.18 — it better be the same!!!

3
And:  B*®*(rxR)=uH*"*(r=R)= Boi+[ Em L j(ﬂj B, [2fcos0+ ésine]

+2 \r

m

S outside 5 Km_1 R ’ ¢ Do H
g outsid (rzR)zBoz+(Km+2](?j BO[2rcos¢9+6’sm6’} but: Km:(ﬂ—oJ:(l+zm)

3
Or: |B***(r>=R)=B,2 +(lj —An (Ej B, [2fcos6’+ fsin 9} SI units = Teslas
30\ 1+ x./3)Ur

Thus, again we see that the B-field inside the magnetized sphere is constant/uniform, whereas
the B-field outside the magnetized sphere is the linear superposition of the B-field associated

with the constant/uniform externally-applied magnetic field B, ()= B,Z and the B-field

associated with the magnetic dipole moment m = %ﬂR3I\7I of the magnetized sphere!

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 9
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Then since:
l:l’ inside (f") — L B’inside (f)—M(F) or: M(l—;) :L ginside (F)— l:l’ inside (F) and: B’inside (l—;) — luH'inside (r.)
Hy Hy
1\71(?) _ (ﬁ_lJ [ inside (f) =(Km _1) |5 inside (f) _ lmﬁinside (f)
Hy

ie. [M(r<R)=yx,H™*(r<R)|  {Notethat M(r>R)=0}

But: |[H™*(r<R)=+ < [P N BozsinceHoziBO:— Vi
K, +2 u \ K, +2 U, L

_ 1 3 R 1 3 R R .
Thus: [M(r<R)= (—] [A] B,2= (—} (Aj B,Z2=M,_Z| SI units = Amps/meter
Mo WK, +2

1.e. MozL ﬁBozL LBOZ:;L Kn—1 B,
Hy Zm+3 H, 1_'_/?m/3 Hy Km_'_2
Thus, we see that the magnetization (magnetic dipole moment per unit volume) of the

magnetized sphere is constant/uniform, and is aligned parallel (anti-parallel) with the applied
external magnetic field for y, >0 ( y,, <0) respectively.

The magnetic dipole moment of the magnetized sphere is therefore:

M=27RM=47RM,2=47R | = | —Zn__|B2=47R| L || So=l|p 5
Hy 1+Zm/3 Ho Km+2

Again, note that m = §ER3M is parallel (anti-parallel) to the applied external magnetic field
By (F)=B,2for x, >0 (x, <0) {ie. K, =(1+x,)>1 (K,=(1+,)<1) } respectively.

Let us now investigate / explicitly check out the boundary conditions that we didn’t actually use:

BC 6) (H X - HilLside)|r=R = Kfree x ﬁ

outside
BC 7): (B}

_ Rl _ V4 A
outside Binside )| r=R — /uo KTot xn surface

BC 8) (Holutside - HiJn_side )| r=R — _(MtJJ_utside _MiJr_lside)| r=R

surface

n.b. Because we had many more BC relations than # of unknown coefficients that needed to be
determined in this problem, we see / realize that this problem is in fact over-determined!!!

10  ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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BC 6) (H gutsme

H||L5|de )| r=R — Kfree X ﬁ (Tangential l:l @ r=R )
=0 f

:(Hg”t—H;”)L:R:O?? =fcosg- 49s1nl9

Normal component @ r = Rf \ tangential component @ r =R
LB bsino+| KoL /(R LB gsingl-—3 | L |B dsing
Ho Ky +2 Ha (Kn+2)\ 4
1+ 3 € Boésine
K +2 (Km +2) [\

=2+ K, -1-3([ 1 B,fsin@=011! Yes!!!
K +2 Hy

ie. H!

outside (

R)=Hie(r=R) Tangential-H is continuous across

Hy"% (r=R)=H,"®(r=R) this interface / boundary at r = R!!
f

=0

>

BC 7) ( BclJlutsme Blllmde )| /uo KTot /Jo free I’F\| r=R + ,Llo KBound x f

— (Bgutsme . B;ﬂSIde )| = U K f|r=R

r=R

0" “Bound

3
~ 3(1 ~
B, Osing+| —En_ 8 asingl+[ 20U 20) g Ging
Xn+3 Xmt+3
=1+ L + 3+37n Boésine
Im+3 Xnt+3

={—}{—\3\+}{+&+3;{m}Boésinez(;;(

—mj B, Gsin 6

Xm+3 nt+3
=| —4%n__|B Bsing =0
1+ X /3
f\
Now what is K, ? Kaoung =M XA iace A = outward normal from surface.

Now: M(r <R)= U ](1+zm/3

1
U,
And: Zxf= [rcosﬁ Osin } :—sm6(

. 12=3 L[ Kad B,Z
My J\K,+2

f):gbsinﬁ {(FxO=¢p and OxFf=—@}

e =MyZxF = Mogﬁsiné’:%(L]( at _IJBO}Siné’(?’
My WK, +2

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 11
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Then: Kgopg % F|,r =M(r=R)xF| s =M 2x =M @sind

e )
Ho )\ 1+ 2n/3 Ho )\ Ky +2
{

Then: K

Bound

xF|,_g =M, sin@ML:R

=+0

Flie =Moésin9={3[L][Em _;]Bo}g’sine
H, mT
Then: (B”

Il outside inside o
outside B|n5|de ) | r=R ( B BH ) | :uo KBound xr | r=R

o
a5 o s s e

Thus we see that BC 7) is indeed satisfied!

X

Bound

Finally, BC 8): ( H;Jtyde -H |ﬁ5|de )| r=R = _(Molutside - Milnside )| r=R Z= f cos 9, - \é sin 9,

normal tangential
component  component
@r=R @r=R

3
|| L B,fcos &+ K1 € BO(chosﬁ)—; 1 B,f cos &
M, K, +2 M, (K +2) 4,
——[O—MoCOS@]=+MOCOSQ9=|:3(L][Km_ljBo}COSH
Mo )\ K +2

=|1+2 Ko 1 3 1 B,cosf=|3 L[ Kat B, |cosé

i K, +2 (K +2) Uy Uy Km+2
[ Ke+Z+2K,-Z-3 B cosg| 3Ka =3 B cos0

i K, +2 ,uo K, +2 ,u

=3 Cl i L B,cos@ with: K = £ =l+y, or: K, -l=yg,
Ko +2 [\ 4 Hq

| S || L B, cosf = _In | L B, cos@
I +3 1\ 1o 1+ /3
Thus, we see that BC 8) is also indeed satisfied:

3n || 1 X 1
(H;[JtSIde Hlil_SIde)| (Mé_utmde MlJr_'n5|de)| =R _{Z +3:|[ JB COS@ |:m:|( JB COS@

12 ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005 - 2008. All rights reserved.
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Now let us examine and discuss these results in more detail:

e The magnetization (magnetic dipole moment per unit volume) M inside the magnetic sphere
is uniform / constant in the Z -direction (n.b. same as the externally applied magnetic field

B.. =B,2):

-~ R 1 R 1 K. —1 R .
M(r<R)=M,i=| — —An B,2=3] — | =™ B,Z| SI Units = Amps/meter
4 \ 1+ x,/3 u, LK, +2

e The corresponding magnetic dipole moment of the magnetized sphere (of radius R) is:
m=M Vepnere = (§ER3 )1\71 SI Units = Ampere-meters”  {recall “m = 1"}

M=(47R*)M =47R'M,2 =4 7R’ 1z B,? = 4zR’ L[ Kozl B,2
ﬂo 1+Zm/3 ﬂO Km+2

e The corresponding magnetic field inside the magnetized sphere (with I§eXt =B,Z)is:

B’inside(r<R): 3Km 82:3(1+Zm)82: (1+)(m) B’
- Knt2) " (B+xn) ~ (1+x./3) ™

We can rearrange / manipulate this relation to further illuminate the physics of what is going on
here, as follows:

L 1 141 2
BmSIde(rSR)I +lm 802: +3Zm+3;(m Boz\
I+ 2 /3 I+ 2 /3

. 1+1
B|n3|de(rSR): % Bozz(%j % Bof
1+3;(m 3 1+3Zm
—
=M=M,2

B’inside(rSR):Boi+(gj _Am Boizéext+(gJﬂo L _An Boi
3 1+%}(m 3 Ho 1+%Zm

This is identical with the result in Griffiths Example 6.1 pp. 266-67 (it better be!!!):

B’inside (r < R) — éext +(g] ﬂOM with M = Moz = L L gext
3 Ho )\1+5 2

SI units = Teslas

Thus we see that the magnetic field inside the sphere is the linear superposition of the externally
applied magnetic field Eext = B,Z plus the internal B -field of the magnetized sphere (alone):

Bivce (r<R)=2u,M|!!!

sphere

Outside the magnetized sphere, the magnetic field is:

3
B*“*(r>R)=B,2+ (lj —An (Ej B, [2!’ cos 6+ Osin 6’} SI Units = Teslas
3N\ 1+5x, )\r

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 13
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Again, we can rearrange / manipulate this relation further to elucidate the underlying physics:

B (r>R)=B,, + Ho A7 | L 2 B, % [2fcosa9+g’sin6’}
4r 3 M \1+3 7, r
o eSS
3 Hy \1+3 7, 3 My \1+3 70

Thus: m:|m|:§7zR3M0:(4—ﬂR3j LA g,
3 u, \1+3 7,

B*“*(r>R)=B,, +(,u0 j( 3j[2rcos¢9+0sm0}

A

Which again can be seen as the linear superposition of the external magnetic field and the
(external) magnetic field of a physical magnetic dipole, with magnetic dipole moment m :

[ dipole (r > R) Hy [Zr cos O+ Osin 9} See / compare to Griffiths 5.86 p. 246
4r & also P435 Lecture Notes 16, p. 14

ext

B’outside (r > R) B + Bdlpole (r > R)

We have also shown that B9 (r > R) can be written in coordinate-free form as:

B dipole (r > R) = (%)%[S(m-f) f— rﬁ] SI Units = Teslas
Vg

- 4 1 = . .
With: |m= (§ER3) = ( 37[ R’ j( ](%} B,.| SI Units = Ampere-meters® (“m=13a")
Ho +3Xnm

e Comments on the relative strengths of internal & external magnetic fields vs. the applied
external field - we can gain some additional physics insight on the nature of this problem by

taking ratios of ‘éingide (r< R)‘ and [B* (r > R)‘ to |B,,|=B,:

o *

ext

n.b. = constant

\é‘"ﬁ‘dE(rsR)\_B°+(§)(1+l;mzm]80_I{EJ(AJ

B B 3\ 1+4p,

Bext 0
For the outside ratio, since this is polar angle dependent, let’s simply do it for 6 =0:

5 (12 RO=0)| > +@(1+Zz j(F:) " | +(3j(z—]($j

B 3N\ 1+3 40

ext 0

Note that at r = R, the inside ratio = outside ratio (i.e. normal component of B is continuous
across an interface/boundary).

14  ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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For either linear diamagnetic ( %,, <0) or linear paramagnetic ( z,, >0) materials, the typical
values of magnetic susceptibilities associated with these materials are| ;(m| ~107-10"°. Thus

for diamagnetic & paramagnetic materials with | ;(m| < 1 we see that:

B (r <R)| Al g B (r=R,0=0) .
gext éext
ie. ‘émsme (r< R)‘ ~|B,,|| and ‘Igoumde (r=R,0= 0)‘ ~ |B,|| simply because: | 7,| <1

For ferromagnetic materials, where formally / technically speaking, the magnetization M is
history-dependent, if we imagine that we have an initially unmagnetized sphere of ferromagnetic
material and place it in our experimental apparatus and then slowly turn on the external magnetic
field, from B, =0 (initially) to B,, = B, (finally) then we trace out a curve along the M vs.

B, relation as shown below:

ext

Let’s suppose that at point a on this curve, the magnetization, M corresponds to a magnetic
susceptibility y,, =1000 (i.e. y,, >1). Then for this ferromagnetic material we see that for

X >1:

éinside r<R
M:l+(zj( A jz1+2:3 for y., >1

B 3\ 1+1x,

ext

B’outside r:R,0:0
Likewise:‘ ( )‘=1+(gj[ Zn }z1+2=3 for y,>1

B>ext 3 1+%Zm
ie. ||B™* (r <R)|=3|B,|| for z, >1
‘Ig"”tswe (r=R,0=0)=3 B,.|| (at surface) for y_ > 1

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 15
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For the uniformly-magnetized sphere of radius R, we have also seen that the magnetization

M(FSR):M02= L IL B,2=3 L M 1 B,Z can be replicated by an
Ho )\ 1+ 20 /3 Ho )\ Ky +2

equivalent, bound surface current density, Kgog (F=R)=MxA|,_, =MxF|,_, =M, sin6p

circulating in the +¢ direction on the surface of the sphere with magnitude:

1+ 2 /3
This corresponds to an equivalent bound current of: I, (r =R,8)= JC Kaoung (r=R,0)d?,

. 1 ) .
Ko (T =R,8) =M, sin = [—J [LJ B, sin & SI Units = Amperes/meter
Ho

?i _ north

‘ bound (r = Rﬂe) = J-sgﬁltﬁ K.Bound (r = R’e)dgL
\ pole
? /3\ Ibound( = und I’—Rl9)
= 1
7) % Ibound ( = (_](1+Zm/3j B Sll’l 0¢

U

!

SI Units = Amperes

Now, recall for the charged, spinning hollow conducting sphere of radius R (n.b. éext =0 there)

with surface electric charge density o (Coulombs per meter®) and angular velocity of rotation @
(radians/sec)

The corresponding free surface current density K, = K2 = [cwR]sin 8 (See Griffiths

Example 5.11 pp. 236-37; P435 Lecture Notes 19 pp. 12-13; See also Griffiths Example 6.1 p.
264). This spinning free surface current density produced internal (r <R) and external (r >R)

magnetic fields: By (r <R) = %,uo [cwR]2|and B, (r = R) = (f" j [ZF cos 0+ Bsin 0}
n

with: [m =4 7zR’ [O'a)R] which are identical to those of a permanently magnetized sphere, of

uniform magnetization M =M _2 (i.e. B,, =0 here) provided M, =[cwR]:

Béglsrlirj:ing (r S R) = %ﬂoM =§/L‘0M02 = %ﬂo [O-Q)R]z n'b' B’ex’( = O here”
Bg’é‘ﬁiﬁg (r=R)= (f;z] [2r cos9+6?sm0} with |m =§7ZR3MO Z%ER3 [cwR]

16  ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Using the principle of linear superposition the magnetic field associated with a charged, spinning
hollow conducting sphere of radius R, surface electric charge density o and angular velocity of

rotation @ that is additionally immersed in an external magnetic field B, = B, is:

o inside ] 2 v v A A

BZSH‘&L”Q (r < R) =B, +§,UOM where [ M =M, 7= [Ga)R] 3

Boute (r=R)=B,, + Lo m[2?0080+ ésinﬁ} and m:i;;R3|\/| :iﬁR3 [cwR]
o = aa )7 3R M, =5

We can investigate one more aspect of the uniformly-magnetized sphere in a uniform external

magnetic field B,, = B,2. In P435 Lecture Notes 20 p. 8, we introduced the concepts(s) of

effective bound surface and volume densities of magnetic pole strength (i.e. magnetic charge):

Bound

On

(r = R) = M.ﬁ surface

SI Units = Amperes/meter

Bound

pn" () ==V=M(r)

SI Units = Amperes/meter”

Recall here that the SI Units of magnetic charge g,, are Ampere-meters

(9, ="qv" = Coulombs * meters/sec = Ampere-meters)

These relations for o5™

Bound
o and p,

m

were / are defined in complete analogy to the bound surface

and volume electric charge densities for electrostatic dielectric materials:

Bound

(r:R)Ef)-ﬁ

surface

SI Units = Coulombs/meter”

()

SI Units = Coulombs/meter’

Since the magnetization of the sphere is uniform/constant:

M(r<R)=M,?= I g3 L) Ka=l)g;
Ho )\1+ 2 /3 Ho )\ Ky +2
we see that the effective volume density of magnetic pole strength [ po™™ (F) = VM (F)=0

On the other hand, the effective surface density of magnetic pole strength is non-zero:

Bound

Onm

(r = R)EM-ﬁ

surface

=M, 2¢f =M, cos<9=(

In
1+ 2 /3

3|

] B, cos &
My

Thus w

e see that at the north pole on the surface of the magnetized sphere(r =R,0= 0) :

1
Ho

Bound

Onm

(r=R,9=0)=+MO=+[

In
1+ 2 /3

|

e

And at the south pole on the surface of the magnetized sphere(r =R,0= 7r) :

1

Bound

Om

(r=R,9=n)=_Mo=_{

Am

Hy

1+ 2 /3

I

e

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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here, as:

1 3%
(HoLutsme Hlﬁsnde)| (Mtitsnde M|ﬁ5|de)|r:R :{ﬂ_oj|:lm+3:|8 cosf = { j|:1+Zm/3:|B cos &
(Houtside (r) - |:iinside (r)).ﬁ surface == M Side r) _Minside (r) N 1\H/Imsme (r) i surface r:ound
as: =0 here surface
=oP = (L] [L} B, cos &
Ho )| 1+ 20 /3
1.e. the point here is that this boundary condition is actually:

HL HL

outside

(

inside

)Io-e

=

ML

outside

Ml

inside

)|r:R :O-m

Bound

More explicitly, this boundary condition actually is:

m

r

( I:loutside (

)= i (7)1

surface

== (Moutside (

—

§

)M (F)

Bound

=o'm

surface

We also know that the net effective bound magnetic charge on surface of the magnetized sphere
must be =0, i.e.

Bound

NET
Qn

=, owmda = (Mefi)da=d) M- da=0

Explicit check:

Bound

QN _49 M.da = (JS M, Z.fida = QJS M [rcos@ esm@] fda=M qa cosfda

=27

=M, R

d(pr): cosHsianH:ZﬂRzMoj " cos@d cosd
0=0 TH—/

=0
¢ =du

O=m:u=cosmt=-1

=27RM, [ du=7R*Mu?|" =0
- B 0=0:

Bound U=cosO0=+1

NET
3 Qm

=0

We can also compare the equivalent bound surface magnetic charge vs. the bound surface
electric current oo™ (r =R,8) vs. Kgog (r=R,0)

o™ (r=R)=MeA| .. =M,2f =M, cos = [LJ [LJ B, cos ¢
Ho )\ 1+ /3
IZBound (r R):MXﬁ surface :MXf =R :Mo Slne@:[%}[l:j(—mﬁ)} B° Sil’l@é)

Both of these produce the exact same magnetization M and associated / corresponding magnetic
fields (internal and external)! They are simply two equivalent, but different ways / methods of
viewing the same physics problem.

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Magnetic Fields Associated with a Uniformly Magnetized Sphere

Consider a permanently magnetized sphere of radius R that has uniform magnetization:

M(F)=M,2 (r<R)

Since the magnetization )

But|B(F) = s, (H (F)+M(r))|and |V-B(F)=0| = VH (F) =—V-M(F)}, . |V+H () =0
And since |Vx H (F)=J ., (F) = 0| (here), since [V+H () =0|and |V xH (') =

Then we may write|H () =-VV, (F)

And thus |VeH (F) =V?V, =0|(i.e. Laplace’s Equation — Magnetic Scalar Potential V,, (F))

Note that this problem has azimuthal symmetry (i.e. no ¢ -dependence):

o0

Thus

V¥V, (r,8)=0

P,

Vm(r,e):Z(A(ru%] )

has a general solution of the form: (cos0)

Where P, (cos (9) = the ordinary Legendré Polynomial of order /.

Sufficient relations to
determine all
coefficients A and B, <
inside and outside the
sphere

6 -direction ~

Problem is actually
over-determined / <
over-constrained

(=0

Boundary Conditions:
(0) V, (r) = finite everywhere

) VT (r=R)=V,"(r=R)
2) By, (r=R)=B;(r=R)=B™(r=R)=B"(r=R)

out
Normal component of B is continuous at the surface of sphere
(L =¥ direction at r = R interface / boundary)

(r=R)=H!(r=R)=K,,, =K
TY (K %—i— Kbound = Kbound )
4) BclJlut(r:R)_Bil11 :'UOKTOT xfi <

) (Hia(r =R)=Hi (r=R)) = (M, (r=R)-M
(He*(r =R)=H7 (1 =R))=~(M*(r=R)-H

~

{3) H!

out

= x N x T =0

surface free surface

=0 here = Kg;

free

surface — luoKbound x f
n(r=R))
(r=R))

A

X T

surface luo KTOT surface

in
r

©Professor Steve

- (L =¥ direction at r = R interface / boundary)
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General solutions for the magnetic scalar potential inside/outside of the sphere are of the form:

0

v (ro)=3[ Ar s 2P (eos0) (r<R)

(=0

V2 (r,0) = i(A;r' +%jP€(cos<9) (r=R)

=0

Impose BC 0): V, (F) must be finite everywhere:

—forV,'(r,0): |B,=0 V/ (r<R)| = Vr:]“(r,@):iA%r[B(cosH) (r<R)

o for VU (ro):[A =0 VI (rzR)| = N (re)=

Impose BC 1): V2" (r=R)=V,"(r =R)

(i.e. V, (r =R) is continuous across the interface / boundary of sphere at r =R)

BV
= Atr = Rwe must have for each /: |AR' = RZ” or: |B/=AR*"

Impose BC2): B (r=R)=B"(r=R) (Normal component of B is continuous across
interface / boundary of sphere at r =R))
Now: H(F)=-VV,(T)
= radial component of H: H, (F)=-0V, (F)/or (in spherical polar coordinates)
But: H"(r<R)=—B"(r<R)-M(r<R)
Hy

= HA"(r<R)=—B"(r<R)-M(r <R)
Hy

where M()=M,2=M, [cos@f—sin 0@] (r <R) since 2= Ffcosf—sind
. radial component of H" (r < R) :

H (r <R)=—-B"(r<R)-M, (r <R)

:LB:”(I’ <R)-M, cos 6
H,
. radial component of B" (r<R):
B (r<R)=u,H"(r<R)+uM,cosd,but H, (F)=-0aV, (F)/or
oV, (r<R)
or

~[B(r<R)=—p, + 1M, cos

20  ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Outside the sphere(r >R):  M(r=R)=0 for r>R
Ho (r > R):Lﬁ‘m(rz R)
H,
. radial component of H** (r >R): H™(r>R) LBf“t( >R)
H,
N (r=R) 1 V" (r=R)
_YVm —_ B™(r>R - IB™(r>R)=- m
o PR L gag) o o (rzR)- o D)
Thus BC2is: |B (r=R)=B/"(r=R)
in out
with: |B(r,8)=—y aVm—(r’e)+,quocos9 and Bf“t(r,0)=—,uoavma—£r’0)
_ oV (1,0 oV, (1,6
ives: —,uo%hﬁ =— O#L’—R-FIL%MO cos@
out in
S I (2 OV (0
or R o |
(n.b. M, cos@ only contains the P, (cos@) =P (cosd)=cos@ term)
Now: Vnﬁ’“‘(r,e)=ir?jl P.(cos®) (r=R)andV,"(r.0)=> Ar'P(cosd) (r<R)
=0 (=0

Carrying out the radial differentiation on both sides of BC 2 relation, we obtain:

i £+1 B'

+z R€+2

=0

cos@
/=1

ZKA R™'P, (cos@)+M, cos &

This relation can only be satisfied term-by-term, i.e. for each ¢ -value in the infinite series, thus:

For /=0:

B, =0

(and therefore, from BC 1:

For /=1:

2B'

—A+

+M,

For ¢ >2:

But from BC 1:

(A, R or:

B(;ZI%RZ((H . Ah:O)

oo

g jAZRZH—l

/+1

l

. A R2[+1 __(
. \ =

The relation| A,

/| can only be satisfied for each /¢ (f > 2) if

/+1

o
/+1

__( j&

A =0| .

jA R2€+l A’/

B, =0

.. The only surviving term in the series expansion(s) for V (r, 9) isthe ¢ =1 term!

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Thus, the solutions for the magnetic scalar potential inside/outside the sphere, for this particular
physics problem are:

!

V' (r,0)=Arcosd| and |V, "(r,0) =%cost9

With: 1) B/ = AR’ (from BC 1)
2B/
And: 2) R—;z—A +M, (fromBC2) =  2°) |2B/=-AR’+M,R’

Simultaneously solve 1) and 2) above for A and B :
Add 1) and 2°): (i.e. eliminate A):
B/+2B/=AR’-AR’+M R’

= [3B/=M,R’| or: B{z%MOR3

) , 1 1
Plug this back into eq. 1) above: B/ = §M°R3 =AR’| = |A :EMO

Thus, the specific solutions for the magnetic scalar potential inside/outside the sphere, unique for
this particular physics problem are:

vr;”(r,e)%Morcose (r<R)

1 RY
an“‘(l’,@)ngoR(?j cosd| (r=R)

Now: H (f) = —?Vm (f) whereV = 9 f+ 195 + 1 igb (in spherical-polar coordinates)
o roé rsiné op

Thus: H"(r,0)=-VV,' (r,0)= —%Mo cos 9?+%Mo sin 66 = —%MO [cos Of —sin 9@}

ie. |H"(r,0)= —%Mo [ Peoso-Osing |- —%Moi S %M

=2

Notice that here, in this problem, that Hn (r, 6?) points in the —Z direction, opposite to the

direction of the magnetization [M (F) =M,? (r < R) m

~ . 2 (RY . 1. (RY . -
Outside the magnetic sphere, H°”t(I’,H)=—Van”t(r,t9):+§Mo(?j cos Of +§MO(?j sin 90

5 L (RYT,. 5 = . . .
ie |[H™ (r, 0) = +§M0 (?j [Zr cos @+ 0sin 9} < H -field associated with a magnetic dipole!

22  ©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Thus:

Hin(rﬁ):—%Mo[fcosé?—g?sinH}:—%Moﬁ:—éM where (M (T)=M,2 (r< R)

=7

_J out _ 1 R ’ A .
H (r,@)—+§M0(?j [2rcos¢9+95m6’}

Now: Ei”(r,e):yo(ﬁi“(r,€)+l\7[) and |B™(r,0)=p,H™ (r,0)| (outside (r > R) M = 0)

Lgin(r,g):_lMoz_,_Moz :+2M02 :+£Mo(fcosl9—g’sin9)
3 3 3

Hy

3
_— B (r,0) :%MO (%) [2fcos0+g'sin 6’}

Or gin(r,9)=+§,qu02=§,quo(fcose—ésin9)=§,uol\7I where M (F)=M,2 (r<R)

3
gout (rﬁ) = %,UOMO [?J [2;‘ cos O+ Osin 9}

Déja vu! We have seen before that the magnetic field associated with a magnetic dipole moment
m (see Griffiths Equation 5.86 and/or P435 Lecture Notes 16, pagel4) is:

BY" (r > R) = (&]Q(zfcosm bsin )

A )r
H9% (1 > R) = L B9% (> R) = (ij(zfcosmésme)
H, A r3

Thus, we see here that for a uniformly, permanently magnetized sphere of radius R that:

. \M M, 3 M, 47R?
volume 4 o5 4z R 3

m

— Compare these results with those of the previous magnetostatic boundary value problem
example above, pages 9-18.
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Note that the lines of B are continuous across the boundary / interface at r =R (i.e. closed)
whereas the lines of H are discontinuous across the boundary / interface at r = R. This is

because the lines of H originate / terminate from / on the effective bound magnetic charges gn
on the surface of the magnetized sphere:

Z

T0n [N
o™ (R,0)=M-+f|,_, =M, 2f =M cos &
(See the previous BVP example, pages 17-18 above)
North Magnetic Poles (magnetic charges) have +gn.
—0n'S South Magnetic Poles (magnetic charges) have —gm.

Lines of H and B Produced by Uniformly Magnetized Sphere (M = M,2):

The lines of H and B produced by a uniformly magnetized sphere.

Again, we wish to emphasize the fact that H" (F) =—1M,Z points in the direction opposite

to the magnetization M =M, 2 and also B" (F)=+2M,Z. The lines of H emanate/terminate
from the effective bound magnetic charge on the surface of the magnetized sphere. Note that the

lines of B close on themselves — they do not terminate/emanate from the effective bound
magnetic charges on the surface of the magnetized sphere.

Since the H™ (f) “bucks” the magnetization M, it results in a demagnetizing effect, which

occurs over over a long period of time — e.g. = centuries, for AINiCo materials at room
temperature, T = 300 K. How fast depends on the nature of the magnetic material, and on the
geometry of the magnetic material!
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The demagnetization effect of having H antiparallel to M can be quantified / characterized by
defining a quantity known as the Demagnetization Factor vy, defined as follows:

V,;"(r,@)zylé\i; rcosd

For the uniformly magnetized sphere, we found:

dr 3

Vi (I’, ‘9) = EMOr cos &| hence we see that |gpee — == M,

4
. The demagnetization factor for a uniformly magnetized sphere is | gnere = ?ﬁ ~4.19~42

Different geometries of uniformly magnetized objects will have different values of
H" (r, (9) = —[ ]Moi and hence different values of demagnetization factors y.

e.g. For a large flat thin sheet lying in the X-y plane with uniform magnetization M = M,Z,

Vet =4m =12.57 (very unstable magnetization has y — oo!!!)

For a very long, thin rod of radius R << length L with uniform magnetization M = M,z || to the

long axis of rod, y,,, =0!! (i.e. very stable magnetization has y — 0)

Let us now also explicitly verify / show that the remaining boundary conditions (i.e. the ones
we didn’t use for determining the A, and B; coefficients are indeed satisfied, i.e. that this

particular physics problem is actually over-determined:

BC 4) BclJlut(r:R)_BilL(r:R):/uoKbounde
1.€. =Bgm(r=R)—Btign(rzR)zluoKboundXf

r=R

r=R

Then: %,uOM0 sin 60 + %,uOM0 sin 00 = 1Ko X Fl,x

r=R

or: M,sinf0 =K, 4 xf

But we know that: | K, (r=R,0)= M x f

Since: —fcos@—0Osin 0 and |[fx0=¢| = @xf:_(p

2
Thus: |Kygug (F=R,0)=+M, sin6p

©Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 25
2005 - 2008. All rights reserved.



UIUC Physics 435 EM Fields & Sources I Fall Semester, 2007  Lecture Notes 20.5 Prof. Steven Errede

=M, sind(pxf ):Mosineé with rxf=¢ and Oxp=r and pxr=0

- Kbound
\_ﬂC_J
=0
" Bgm(r:R)_B;n(r:R):ﬂ Kbound r=R Yes!!!
BC 5): (H (r=R)=H/"(r=R))=—( MM{¥=R) -M/ (r =R))
l ¢ 5 = = VI
{n.b. originally derived from: ,U_o'[ B.da O:(L H-da+J-S M-da)}

Then: %M cos&+3M cosd =—(0—-M, cosf)

But: MzMoizMo(l’cosﬁ—ésinﬁ) forr<R

M, cos@=+M_ cos| Yes!!!

This boundary condition can be rewritten (with i = outward unit normal here!) as:

O_bound (r — R)

r=R = “nm

o= _(Mout.ﬁ _Min nﬁ)

Bound effective surface magnetic charge / magnetic pole density:

o™ (r=R,0)=+M, cos @ = M| (for A=radial outward normal unit vector here)
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Example 3 — Magnetic Field of Uniformly Magnetized Bar Magnet

Consider a rectangular bar magnet of dimensions X, Y, Z = a, b, ¢ with uniform magnetization
M=M,z:

Since J e =0 everywhere in space,
?xﬁzo; and since VxM =0 here,
then VxB=VxH =VxM =0

Since problem has

manifest rectangular

symmetry — use
rectangular coordinates

. We may write
VeH=-VV,_=0

%\/ re. H=-W_

So: | VWV, (x,Y,2)=0 everywhere

Then we need to solve V?V, =0 (Laplace’s Equation) for the magnetic scalar potential

V., (F) =V, (X, Y, Z) . In rectangular coordinates as in electrostatics case, try product solution of

the form: A (F) =V, (X, ¥,2)=X(x)Y(y)Z(z) i.. use separation of variables technique)

) 2 82 82
V (X’y’Z):[F—FW—}_EJVm(X,y,Z):O
o0 o 0
[W'FW'FEJX (X)Y(y)Z(Z):O
Give three separated equations:
1 d*X(x) , , ,
———% =—a’ — general solution X (X)~ cosaX+sinax
X (x) dx
1 d?Y(y) ) . .
—————~=—" — general solution Y (YY)~ cos fX+sin fX
2
ﬁddzTSZ) =y’ =a’+f* — general solution Z(z)~e””+e’* or: ~cosyX+sinyx
( 1 ) 1
Or: cosu :E(ei“ +e_i”) coshu EE(eu +e‘“)
< . _ 1 iu —iu > : — 1 u -u
smu_E(e —-e ) smhu:E(e —-e )
g i= \/—_l )
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What are the boundary conditions for this problem?

Because M =M 02 and from intrinsic geometrical symmetries associated with this problem, and
from the fact that we know that we can replace the magnetization M = M 02 with effective

bound magnetic pole strength (magnetic charge) surface charge densities o, = —M-n (ﬁ =

outward unit normal here) on the top and bottom surfaces. Thus, this problem has many
similarities to the electrostatics problem of a six-sided hollow, rectangular conducting box with 5

of its 6 sides at ground, and the top surface at potential V| (X, y,Z=c)=+V,. Recall that only
potential differences have physical significance, thus AV, =V, (X,y,z=¢)+V, (X,y,z=0) will
ultimately need to be tied in with the magnetization M = M 02 .

Thus, on each of the six sides of the rectangular bar magnet, each side (i.e. face) is a magnetic
equipotential, and from symmetry of this problem:

Dirichlet 1) V™ (%,0,2) =V, (x,b,2)=0
Boundary 2) V¥ (0,y,2)=V,"""(a,y,z)=0
Conditions 3) V" (x,y,0)=0 3°) VP (X, y,c)=+V,

BC 0) Of course, V, (X, y,z) must be finite everywhere.

BC 4) B,, =B, ateach surface

out

BC5) H! —H! =K frexn

out

@eacn = 0 (because K ree = 0 here)

surface

ie. 5) H/

out

BC6) [Hi —Hi |=—[M&, —ML] =t ousie

out — " +op,0n top(-) and bottom(+), respectively

—H/ at each surface

weacn (because Kiee =0 here)
surface

BC7) B, — B = 1, Kror N geucn = 4o Kbouna x11

surface

Inside the rectangular bar magnet:

- The Dirichlet Boundary Conditions 1): V,;™ (X,0,2) =V (x,b,z)=0o0ny require sin fy

solutions, with: sin fb=0 or: gb=nz,n=1,2,3,... (ie. An :%[, n=1,2,3,..)

n.b. n=0and m = 0 solutions not allowed because then V (X, Y, Z) =0 everywhere.
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- The Dirichlet Boundary conditions 2): V,**(0,y,z)=V,"" (a,y,z)=0 on X require sinaX

. . . . ms
solutions, with: sin¢a=0 or: ea=mz,m=1,2,3,...(G1.e. am=—_m=1,2,3,...)
a

- The Dirichlet Boundary conditions 3): V,.*" (X, y,0)=0 and 4): V,;®(X,y,c)=+V, require

2
sinh ¥z solutions, with: Yan /a s \/(mﬂ'j 4{%[}
a

m=1,2,3,...andn=1,2,3, ...

. Inside the rectangular bar magnet, the general solution for the magnetic scalar potential is of

the form:
2 2
N mz 1V/4 mz V4
x, o osin| — X [sin| — inh — |+ —| 2z
P2 LA Sm(a jsm(b yjsm Maj (bj J

At z =c we must have (BC 4)):

0 0 2 2
Vo' (X, Y,C) =+, = 2. nz; i sin(mzx]sin(m;yjsmh[\/[%j +(%[j c}

- Now, take inner products (i.e. use orthogonality properties of sin @ px and sin £qy ) to “project
out” the p,q™ term (i.e. coefficient Apg where p,g=1,2,3,...)

— Multiply both sides of above expression (BC 4) and z = C) by sin( Pz jsm (%) and then
a

. X=a y=b
integrate over I ~dx I Y dy:

_[ VIn X,Y,C )sm(ij (qbdeXdy +VJ. '[ i (pﬂxj in(qujdxdy
zAﬂ o () 5 e 22 i 22 v
R OO
du:(gjdx dv:(%jdy — dx:(%jdu dy = (;deV

When: X=0—-u=0 when: y=0—-v=0
X=a—u=mxn y=b-ov=n

Now define: u= (zj X v
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Then: J.XX__:sin(mﬂstin[ pﬂxjdx :% u::sin(mu)sin( pu)du :%(éjdmp = %§m,p

a a u=
v . (nzy) . (qry vr b A b
Iy:O sm( - jsm[ 5 jdy = — I sin(nv)sin(qv)d —7(—j5 ——5n,q
Where: 0, ; = Kroenecker 5-function = 0 fori# } ,j=1,2,3,...
I fori=

e (2 1 (s (5T (T
BF - ()

Again, let: u

T
du:(mjdx dv:(q—”jdy — dx:(ijdu dy = i]dv
a b p7 qr
When: X=0—-u=0 when: y=0—-v=0
X=a—u=pn y=b—-v=qn
Then: {q%j % Vojuujop” Ivv:Oq”sin( )sin (V) dudv
a )b
-4V | & pr ar
+V, - (qﬂ}[cosu] [cosv]|{
a
=4V, | — || — -1 -1 ith: =1,2,3,4,...
+V, - (qﬂ}[cos(pﬂ) [cos(az)-1] with: p=1,2,3,4,

q=1,2,3,4,...
when p or q = odd integer (1, 3, 5, .. .):

. 2a 2b
COS Pygq T = €0S [ 4y 7 = —1=> above expression =+V,
PodaZ )\ Uoga 7

But when p or g = even integer (2, 4, 6, . . .):
COS Pyyen = COS (., 7 =+1=> above expression vanishes for either p = even integer or ¢
= even integer!!

.. Only odd integer values of p and q give non-zero values for above expression (due to manifest
symmetry of problem in X and y directions!!)
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2 2
v 2a 2b _ Aipn . sinh ( poddﬂ-j +£qoddﬂ-j c (EJ(EJ
Poda 7 )\ Uoga @ o a b 2 )02
Or: A" =4V 4 4 ! p““:ll’; 55
Podd »Todd 0 poddﬂ'— qudﬂ. - > - > Godd =1,3,9,...
sinh \/( Podd ) n ( Ooda ) c

a b

Therefore, inside the rectangular bar magnet, the specific solution for the magnetic scalar
potential is of the form:

© © 2 2
A (X, Y, Z) = Z Z Aimr"n sin(? stin (nf y}sinh \/(%) +(%Zj 7
m=odd n=odd

integers integers
- 4\ 4 1 i
R T in _ m=1,3,5,7,...
With: A‘n,n =4V, (n:l,3,5,7,... )
mz )\ Nz

al (]3] ¢

Physically, these terms represent the 3-D spatial Fourier Harmonic Amplitudes associated with a
3-D rectangular “wave” —i.e. a 3-D rectangular box potential (here) an infinite series of such

terms is required in order to properly mathematically define the abrupt / sharp edges of this
object (in 3-D):

+V, on top

V = 0 everywhere else on remaining 5 sides
(LHS, RHS, front, back and bottom)

Outside the rectangular bar magnet, we require solutions which either vanish or constant value
(at least) when X — £ o0, y — + oo and / or when Z — + oo, i.e. when an observer is infinitely far

away from the bar magnet, because for either V™" (F) = constant or ? when I — oo, since

H™ (F) =W (F) , then H™" (F) —0 when r — o (hence B™ (F) =uH™ (F) —5 0 when

F—>o0.
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However, we also require continuity of the magnetic scalar potential at / on each of the six sides
of the rectangular bar magnet, i.e.:

Back and Front surfaces: V' (0,y,2)
LHS and RHS surfaces: Vo' (x,0,2)
Bottom and Top surfaces: V" (x,y,0)

V' (0,y,2)=
V' (x,0,2)

Vi (%, Y,0) =

0 Vt(a,y,z) =V, (a,y,z)=0
0 Vet (x,b,z) =V, (x,b,2)=0
0 Vo (%, y.€) =Vi (X ¥,¢) =?

The “natural” choice for general form solutions to V™ (F) would be e.g. e"* however we

cannot choose such exponential type solutions for all of X and y and z because of the constraint
7> =a’+ [’ -i.e. at least one solution in X or Y or Z must be oscillatory (i.e. sine or cosine),
because of this constraint.

Let us re-examine V2V (X,y,2) =0 again. We still want product-type solutions of the form
Vot (x,y,2) = XM (x)Y*" (y)Z*™ (z) with:

dzxom( ) 2y out ) o? o2 o? ot
dx> -AX () W‘FW an (Xy,) 0
A — N
2y out
de—z(y)Z—BzYom(y) > and with: C2=A*>+B? _A2_B24C2=0
y
2 out
d ZZZ(Z):+CZZOUt(Z)
_/

However, here we will define:

K =(a+ip) =a’ +diap-§' =~ =[i(a+ip)] =~(a+ip)
BY =(y+io)’ —722i75—52:>—82=[i(7+i5)] =—(y+is)
C

(y+|v) =’ +2iuv —Vv*

With: Cl=AN+B =(a’-f)+(y’ -5")= (1’ V")

And: aff+yo = v

Solutions are then of the form: X(x)~e H(axip)x _ glia=p)x
(y s i(y+is)y _ _ e(l}/ S)y
(Z) N e(y+iv) (u+iv)
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dXd)((x) i(a+ip)el il S/y) i(y+is)e oY —dzdgz):(yﬂv)e(””v)
de X i(a—ipg)x sz : i(y+i dzZ z H +iv
dxg ) —(a+p) e dy(zy):_(7+l5)ze(y o dzg )Z(ﬂ“V) el
d*X (x d?y (y d°Z (z
Or: dxg )z—AfX(x) dy(2 ):—BfY(y) dzg ):+CfZ(z)

However, most / more generally there are actually four possible acceptable relations for each of
A, B and C (simply changing + signs):

A =(a+ip) with  B? =(y+i5)’ and with C, =(u+iv)
A =(-a+ip)  with Bl=(-y+is) andwith ~ C,=(-u+iv)
A =(a-ip) with B, =(y-is) and with C,=(u-iv)
A =(-a-if)  with B, =(-y-i5) andwith ~ C,=(-u—iv)
With: C?=A’+B} CI=Al+B! CI=Al+B! CI=Al+B;
S « I g
(" =f7) (7" =5")=(w" V") (" =f7) (7" =5")=(w" V")

N af+yo=N af +yo = -/

n.b all relations the same fori=1, 2, 3, 4
Thus, the most general solution for V"' (X, y,z) will be of the form:
V out (X, Y, Z) _ Keii(aiiﬂ)xeii(yiié)yei(uiiv)z

_ Kei(iaiﬂ)xei(iyié)yeJ_r(uiiv)z K = constant
For each variable / in each direction X, y and z, we will have to match nine separate solutions, e.g.

for X-z plane, wheny < 0 (-0 <y < 0):
22O 5o

( T D Wf*q = | @ =
[ (== sas, ) o g = T y
BACR B | S X et e Ex S Ferge s;-km)
oFTHESE k --—.(‘“—h:M._hP__ 4 sd{“) "‘ha R ! RPN
NINE ' — e
el Gegn D f@eD)  EeavmD
Lsé X :
o | s (et @ (e )
2 | X » oo, 062 c) =% _ﬂ) )
N -'rez\uul\ X :Tntx HPT opE (€75 J sotutions
(venastes a,mul ["mw' ey (e +e > ?ffe"?;cjﬁ')
Yoo | sdufiona
) - I e P_ A O /\
ir @G\m-b.ni\) g 5 ”i iﬁﬂﬂ\ @
| —— > 3 ‘ixé#%&;@ ) So:;s 5 P .
. \ (.,ucw- (ﬁ* '2 ) et @+ +/u quw\ o
e we 5 o 3
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Then this also must be completed / repeated for a <y < b and completely repeated again fory >b
region. This gives a total of 27 — 1 separate solutions for V"' (X, y,z), one for each of

9x 3 =27—1=26regions each with unknown coefficients, and in general, we will again require
infinite odd-integer series solutions, once we start matching V" (x,y,z) =V, (X,y,z) at

surfaces / boundaries of rectangular bar magnet. Lots of equations / constraints to
simultaneously solve!! Doable, but with much, much work!!

Assuming we succeeded in uniquely and correctly determining the solution(s) V> (X y,Z ) in all

-« = B, at each surface

26 regions exterior to the bar magnet, we would then e.g. apply BC 4) B
and/or BC5) H

Vo' (%, Y,2).

»x = Hi, at each surface to then formally connect V"' (X, y,z) solution(s) to

Even though we do not explicitly have solution(s) for V. (X, Y, z) , we can still easily determine

the fields inside the rectangular bar magnet, because ﬁin (X, Y, Z) = —Wn:” (X, Y, z) and
V' (X,y,2) is explicitly known.

—in —

H (xy,z)=- n‘]”(x,y,z)=—(i§<+£§/+§ijvﬁ(x,y,z)

ox oy
o0 © 2 2
With: VI (x,y,2)= Y ZA::nsin(Mstm(”—”yjsmh (Mj +(”—”j z
oddm oddn a b a b
And with: A" =4V ( 4 j( 4] ! H=Hx+H,y+H,z
mz j\nz ms ? Nz 2
sinh (j +[j c
a b

-5, (2o oo 2
=3, (T Tl (2] (3
wrtonn)=-F, S (5 (i o 52 -

** Note that H™ is anti-parallel to magnetization M =Mz
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|

M

—in _i

H,

Then since: B'-M=B = M, (ﬁin +

Then:

:yOHL”;(+yoHiy”§/+yo(HZ‘”+Mo)2

0

BRI (XY Z) = s H (Y, 2) == D, D)

oddm oddn

0 0

B (1y.2)= M (1. 2) =, S >

oddm oddn

Bzin(xa y,Z):ﬂO(H;n(X, y’z)+M°)

Nz n . (M7
— —X
( . jAﬂ’nsm[ a jcos

nz

oddm oddn

With:

Lecture Notes 20.5

(Mmoo, mz . (N . m
(7j A, cos (7 stm (T yjsmh \/(

2
i mrz nz mz
in : _X : " h "
J An,nsm( " jsm( . yjcos \/( "

Prof. Steven Errede

= in{, in inJ in y 9 in vk in z
B =B /x+B,y+B, z:yo[HX +y?x/jx+,uo(Hy +}4{jy+yo(Hz +Mz)z

T

a

(o 2] 2T

2
nrz

2
Z M
J 4[5 2 e am,

Now we can use

BC 6) to connect (Hiﬂ—Hiﬁ):—(%—M;J:

to connect V, to Mg

ie. @z=0: (HM =H)| 0 =M, =+0,,
@z=c: (HM=H)|,. =-M, =0,

0 on 4 sides

+0,, on bottom surface (@ z = 0)

—o,, on top surface (@ z=0)

+o,, = bound magnetic surface

charge densities (“pole strength”

surface charge densities)

out

Obviously, we need to explicitly solve H,

However, we can also turn this around, so that:
Hout _Hm|2=0+MO

t
z |z=0 — 'z H .
From symmetry arguments, we also know that:

z

H

out

More generally: [Tha (x,y,2<0)= -H (x,y,z>c¢)
Y
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(X,y,z) first in order to carry this out . . .

_ in _
|z=c - Hz |z=c I\/lo

out
z

out
| =0 — H z |z=c

Az by same amounts
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If we go back to BC 3°):

0 © 2 2
Vn:n (X, y,Z :c) =+V, = Z A::n sin(Mstin(% yjsinh \/(M) _{%Tj
’ a a

m=odd n=odd

With: AN =1V, (ij (ij 1
mz J\ Nz nr

MG

Due to orthonormality properties of sine functions — we realize that:

e = 4 4\ . (mx . (nhx
1= — || = —x — vy |=1%1
m=zodd ngc;d(mﬂ'}(n”}snl( a jsnl( b yj

Because: 1= Z (iJ sin (% X] and 1= Z (ij sin (n_;z y]
m—odd \ M7 a n—odd \ N7 b

r—~\‘+ﬂ. S S }-rfL : ey
e, [ T el ] Jr

3 v, %o TL 26 a6

l
0 e =
' _‘i.-_J ' 4 I . _.{j_-.i

PO o
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