UIUC Physics 435 EM Fields & Sources I

Fall Semester, 2007 Lecture Notes 21 Prof. Steven Errede

LECTURE NOTES 21
Electrodynamics

Electromotive Force — Ohm’s Law

In order to make a free electrical current flow in matter, one somehow has to push (and/or
pull) on electric charges — i.e. exert a force on them. Note however, that the speed at which the
electrical charges move in a conducting medium depends on the detailed microscopic nature of
that conducting medium.

For most electrically conducting materials, the volume free current density, J ., (F) is linearly

proportional to the force per unit charge, f (

(7)/Q Note that I, (F)II f( (r)/Q.

J free (F) =0 fQ(F) = O-C(IE(F)/Q)

where the constant of proportionality | o, = electrical conductivity of the material. |

ST units of electrical conductivity o, :
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Define resistance:

= Sl units of electrical conductivity:

Define electrical resistivity of material:

F(r)

Q

C_

(%) also has SI units of: E( )

4>

1 Ampere =1 Coulomb/sec

)| 2w o
I% Alm—s

F(r )( Newtons _ Volts]

Coulomb  meter

Q

2
- = Amps/m :(Amps] .
Volts/m Volt
AV| V,-V -
RE| |:| 2 1| Volts _ Ohms /
I I Amps
o, =0hms™/m| 1Q=1V/A
1 Ohm =1Volt/ Amp
P, = L SI units of p, = Ohm-m
O-C
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In some circles (EE-types) 1 Ohm™' = “mho” (Ohm spelled backwards) |o, = Ohm%n = mh%

1 Ampere

Note also that (esp. in Europe): |1 Siemens = Volt

A :
.. Sl units of electrical conductivity: |0, = ( lel)ts J / m = Siemens/m
0

1 Siemens =1/Ohm = 1 mho

Some typical values of resistivity p, (Q - m) for various materials are listed in the table below:

Material Resistivity | Material Resistivity
Conductors: Seniconductors:

Silver 1.59 % 10~8 | Salt water (saturated) 4.4 x 1072
Copper [.68 x 1078 | Germanium 4.6 x 107!
Gold 221 x 1078 | Diamond 2ol
Aluminum 2.65 x 1078 | Silicon 2.5 x 10°
fron 9.61 x 1078 | Insulators:

Mercury 9.58 x 1077 | Water (pure) 2.5 x 10°
Nichrome 1.00 x 10~% | Wood (0% — 10"
Manganese 1.44 % 107% | Glass 100 — 1o
Graphite |4 % 1077 | Quartz (fused) ad I()'f’__

Table 7.1 Resistivities, in ohm-meters (alf values are for | atm, 20° C).
Source: Handbook of Chemistry and Physics, 78th ed.
(Boca Raton: CRC Press, Ingc., 1997).

Any force capable of driving free electrical charge will produce

jfree(F):JCl?(F)za{%] (A/m?)
Usually, in E&M this force is: Fp ()= qE(f)+ q(V(f)x é(f)) =F (F)+F.(7)

If I§(F) =0, or: I§(F) #0, but (V(F)x I§(F)) is very small, such that ‘IEE (F)‘ >
then (usually):

j.free(r):O-CE.(F’):E.(r)/pc note that: E(r)”jfr%(r)

{In plasmas, where V(T ) may not be small, F, (F)/Q = (V(F)x B, (F)) must be included...}
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Inside a conducting wire, if a steady free electric current lse flows inside the wire:
oo = J'SL J free (F)-déL = LL J tree (f)-ﬁldal =Je A (f J4 is uniform)

e.g. A =7zR’ for a wire of radius R.

E

[

free> ™ free> free> ™ free>

The electric field E inside the electrical conductor exists only when the free current e is

flowing. E, .. = 0when lgee =0 (j free = 0) (i.e. electrostatics case)
Now a steady liee can flow in an electrical conductor when an electrostatic potential difference,

AV 1is applied across the two ends of the conductor, e.g. using a battery:

< AV >
+ I rees J frees E -
p >(r cylindrical electrical conductor (wire)
with cross sectional area A, = 7R’
= L >
=

Ideal wire l

Battery
(Ideal voltage source)

Ideal wire

If the conducting wire has a uniform cross-section and material of the wire is uniform,
homogenous, isotropic and linear then the free current density will also be uniform, thus:

e = J A = (0,E) A, =0, A E

But for this same (uniform) wire, E = AV /L = constant for uniform, homogeneous, isotropic and

free free

linear conducting wire of cross-sectional area, A, . {n.b. what this last relation is actually saying
is that Laplace’s equation V?V (F)=01is operative inside the wire, not Poisson’s equation
VAV (F) = =Py (F)/ &, , .. Py (F) =0 inside the wire!!!}

- I free — O-c AL (%j

AV 1(L L
We can now define the DC resistance of the conducting wire as: |[R = ——= —(?J =P, LA_j
L L

ST units of DC resistance = Ohms = Volts/Ampere
= 1/SI units of 1/DC resistance = Siemens = Amperes/Volt

1 Ohm = 1/Siemens

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 3
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Ohm’s Law:

free — A%

Linear relationship

| (e VS. AV
y=mx+h, b=0

Ohm’s Law:

free — A%

Fall Semester, 2007
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Ifree (ﬁmp S)

slope = %Q

4

» AV (Volts)
n.b.
y-intercept ( |

)=0 y=mx+b

I :(leV +0
R

free

or: |AV =1

free

R

DC Resistance:

el yh )=z (Va)

Ohms

Griffiths Example 7.2:

Calculate the DC resistance of a conducting material of conductivity o,

sandwiched between two long, superconducting cylinders (inner radius a, outer radius, b) with
electrostatic potential difference AV =V, -V, between the two superconducting cylinders.

{n.b. the superconducting material has no DC resistance}:

Ja radial electrostatic field between superconductors:

—t

‘ «<——L>ba ——> ‘

I free = J- jfree (p)°d§J_ = O-c J-Si E (,0)'dé.l

e =2 Iz”(ljﬁ-admﬁ: Ol L=

2mey 70 \a

o AL

| e =——|Note also that AL =Q
&

0

4

2/{50

inner

A

A
E(p)= s 2| (in cylindrical coordinates)

A = electric charge/unit length on inner cylinder

p=+/X>+y* (in cylindrical coordinates)

D N
3= \

adp /

do

dad, =adpLp <« evaluated at inner radius

o AL
&

(]
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Now: AV =V, -V, = —I: E(p)-d? where d/=dpp

a A (1), , . a A (1 A ad
7E, \p)  2mE, p

[lnb—ln a]

2re,

én(p)‘ I [lna-Inb]=+

Ohm’s Law (here): AV =IR

- 2290 1n(%)= Gf::L R

Note also that (here):

Ohm’s Law: |J .. (f) =o.E (F)

Take the divergence of both sides — if the free current is steady (i.e. no time dependence), then:

_ alofree (F’t)
ot

N (F)=0 {Continuity equation: V+J, . (F.t)= =0 for steady currents.}

60
= V+E(T)=0 also
But: V.E(F)=0 = —VV (F) = p;, (F)/&, =0 (i.e. Poisson’s equation = Laplace’s equation)

= DPiree (f) =0 inside an electrical conductor carrying a steady free current, lfree.

= Any unbalanced electric charge must reside on the surface of the conductor!!!

Within the conductor (carrying steady free current liree): V+E(F)=0 or —V+VV (F)=VV (F)=0
i.e. Laplace’s Equation: V?V (f) =0

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 5
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Thus for a simple cylindrical conductor of length L and radius R (L > R) :

V(z=0)=+V, V(z=L)=0
e —AV=V(z=L)-V(z=0)=-V,— ] J, -oE,
/\ Ifcr(;:ventlonal 3 /h\
\/ —> E=+(AV/L)2 —)\/
< L >

[ g I — o
I free > ‘] free E9+Z

oV (z) d¥V(z
0o

0z dz

with the boundary conditions V (z=0)=+V,and V (z = L) =0has a solution of the form:

v(z):vo(ﬂj and[AV =V (z=L) -V (2=0)=V,

Then the solution to Laplace’s equation (in one dimension) V*V (F)—

L

. : e - dv(z), (v./\.| .
The corresponding electric field is: |E (Z) =-VV (Z) =— & 2=+ % Z|uniform (=constant)

- ~ vV, . vV, .
The free current density is thus:  |J ., (Z) =o,E (Z) =+ Ui_ e7=+ Ui_ e7

See J.D. Jackson, Am. J. Phys. Vol. 64, p. 855 (1996) for details of calculating the surface charge
distribution p ( r= R) that is associated with producing the longitudinal E -field.

< AV >
+ I free> J free> E N
p > (1 cylindrical electrical conductor (wire)
with cross sectional area A, = 7R’
Ideal wire l ‘ Ideal wire
Battery

(Ideal voltage source)

free conventional

-l
_l

NOte that: . physical

—

conventional

6 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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L
Ohm’s Law: |l =AY R= P for a straight wire of length L
w %:2 A ght w g

L

and cross sectional area A

P, = resistivity (Q-m)

=AY it P _ Lo o, :y where: |0, = conductivity (Q‘lm“)
L ()'c pc

P
A (=Siemens/m)
| = T A AV Define conductance, G = | :y
L = = /R /resistance

| =GAV SI units of conductance = Siemens = AMps

Volt

Conductance, |G = ——| for a straight wire of length L and cross sectional area A,

All the physics (at microscopic scale) is contained within resistivity p, (Q - m) (or equivalently,

conductivity, o, (Siemens/m) ).

= free electrons inside a conducting wire are accelerated by longitudinal E -field:

-
F=qg=—e€E=ma = &8 =—
me
However, electrons elastically scatter off of the atoms inside the conductor — loose kinetic energy to
the atoms (which ultimately winds up as heat) — electrons drift through conductor with an average

terminal velocity of:

: . . A
where<r>= mean/average time between successive collisions = —22
<Vthermal >
and A, = mean free path (average distance between successive collisions)
<Vthermal> = average thermal speed of electrons
1 1. 4

Thus: <VD> =—a<z'> ——a—™® _

2 2 <Vthermal >

If there are n atoms/molecules per unit volume and a fraction f of free electrons per atom/molecule

m: jfree = (nf )q <\7D> = nqq <\7D>
where n = number density of free electrons = # of free electrons/unit volume = nf

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 7
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= Conventional current density:

= _ # of free electrons # of atoms/molecules # of free electrons
Jiee =Ng0(Vp ) | N, =nf = n= f=

unit volume unit volume atom/molecule

g = charge of conventional charge carrier = +e

<\7 > = drift/terminal/average velocity = 1 a Ay
D 2 <Vthermal >
é.‘conventional = qconvE :ﬂ
m, m,
J V. 1 ﬂlmf 1 ﬂ’mf q2 =
J = = _5_ Mp _ - _ Tmfpd E
free nqq <VD> nqq > a <Vtherma|> > nq m, <Vthermal>

Macroscopic power dissipated as heat in a conductor:

; : —AV| = 2R=AV’ . _
Joule Heating Law: Power, |P=AVI =1"R= /Q (SI Units: Watts = Joules/sec)

Volt?

=1 Joule/sec
Ohm

1 Watt =1 Volt-Amp = 1 Amp* — Ohm = 1

Heat dissipated in conductor is known as Joule heat.

The electrical conductivity o, (or equivalently the resistivity p, =1/o, ) are intimately connected to
the heat capacity C, (at constant volume) of the conducting material.

Statistical mechanics (microscopic physics) C, ~ T? (T = absolute temperature)

p. ~C, ~T? also! For e.g. conducting metals (copper, etc.) (See UIUC P401 conductivity
experiment for copper)

~T?

,OC(T) X

8 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Comments on the Microscopic Aspects of
Electrical Conduction in Metals, (i.e. good conductors)

In any metal, the “free” electrons exist as a “gas” of electrically charged particles inside the
bulk material of the conductor. If the entire block of metal is in thermal equilibrium with its
surrounding local environment, then the “free” electron “gas” is also in thermal equilibrium.
The equipartition (of energy) theorem says that for each degree of freedom associated with such
particles, there is associated +k;T of thermal energy associated with it (in equilibrium), where

Boltzmann’s constant, ky=1.381 x 10> Joules/Kelvin degree.

A “free” electron in a metal has 3 kinetic degrees of freedom - one each for <VX>,<vy> and <VZ>
(the X,V and Z - components of the free electron’s mean (or average) thermal velocity, <\76>)
Then the mean (or average) kinetic energy of a free electron is: KE, =4m, <ve2 >

<v§> =(V,+V,) = <vf>+<vj>+<vf> or: KE,=1m, <vf>+§me <vj>+§me <v22>
KE, =1im, <vj>+§me <vj>+§me <vf> = KE; +K; +KE;

By the equipartition theorem:
= KEe — Ethermal _ <E)t(hermal>+<E;hermal>+<E;hermal > _ lkBT +lkBT +lkBT :ikBT

2
7, <Ve2>=%kBT

. 3k T
The average thermal speeds of “free” electrons in metals are therefore: <V§herma' > = /—B
me

Thus, for T = 300K (= room temperature) and me = 9.1 x 107 kg, typical thermal electron
speeds at room temperature are:

3x1.381x107 %300 s
~ meters ~ 5 meters
oo =117x10 S/ o~ 1.2x10° meters/

(v (T = 300K )) = \/

However, as we have discussed previously, this is not the speed at which electrons conduct
electrical power e.g. when flowing through a wire.

The “free” conduction electrons scatter off of atoms (and each other) in the metal, with a mean
free path, 4, =average distance between successive collisions / scatterings. The average time

between successive collisions / scatterings is:

A

mfp

<Tc> = <V;hermal (T )>

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 9
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Free electrons inside a conducting metal wire with a potential difference AV across the ends of
the wire are accelerated by the resulting E -field:

F=qE=—eE=md = 4 =

(]

- —eE
me

But because the electrons scatter off of the atoms (and each other) inside the conductor, they
(rapidly) lose this kinetic energy, they get re-accelerated, gaining kinetic energy again, then loose
it in another scattering, this process repeats itself over and over....

_ 1. |
Thus electrons achieve an average drift/terminal velocity of: <VD> =3 a<z'c> = Ea < i

Imagine now that we have a “co-moving” gas of free electrons drifting down a conducting wire

with mean drift velocity <\7D> . The number density of free electrons (%3) is n,. The steady,

macroscopic free current lee is due the collective flow of these free electrons moving as a gas
through the conductor.

Let’s consider a “block™ of this co-moving free electron gas as it flows along a wire. The length
L of this “block” of co-moving free electron gas is the distance the block moves as a unit in one

second. The drift velocity <VD> = VAI where At =1 second.

TITMAGINARY BOUNDARY

N
&E\&E’“E L = distance block of
OF cfess ANECAGE | co-moving electron
S::gxrﬂ;!: "y ehefvsw “i\“\k"\ gas moves in 1 second

? el P %7
i

Y Blo of

Co Ao

Llcc&w::l

Now the steady, macroscopic free current that flows in the wire lgee is defined as the amount of
free electric charge crossing an imaginary boundary (see figure above) per unit time interval:

Aereee AN . .
lee = Y —= where AN, = number of free electric charges (each with charge )
Now 1 = rate of free electrons crossing an imaginary boundary (see figure above)
AN, dN,_(t d t dN, (t dN, (t

SR RO S L L S

At dt dt dt dt

Ifree (t) qu (t) : : :

or: R, (t) = 4= a4 = # free electrons crossing imaginary boundary/second

10  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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If the number density of free electrons in the wire is n, (#/ m3) then the volume of the block of

co-moving charges that moves a distance L per second as a group / en-masse is: V = A *L

Contained within this volume are ANq free electrons. Then n, = ANq /V

Thus: ne:A—Nq:A_Nq:ne:(ANq/At): R, _ [
Vv AL A, (L/At) A¢<VD> ALQ<VD>

Now the free current density is: J ., =, /A

J, -
N,=——v or: [Je =NV
q<VD> f < D>

Let us calculate the free electron number density ne for e.g. copper:
Avogadro’s number Na = 6.022 x 10> atoms per gram-mol

Copper has an atomic weight of Ac,= 63.54
i.e. — 63.54 grams of copper = 6.022 x 10> atoms of copper

N, 6.022x10%
A, 6354

- 1 gram of copper contains 7," = =9.477x10*" copper atoms

Nominally, atomic copper has an electron valency of 1, thus in a copper metal, for every copper
atom, there is associated with it one “free” electron. Thus, in one gram of copper, there are
9.477 x 10*! free electrons.

N
Thus: 7™ =9.477x10*" free electrons / gram of copper, i.e. |77, = TA

The mass density of copper is p,, =8.95 grams / cm’

Then the number density of free electrons in copper is given by:
N =n® * p,, =9.477x10" electrony 8.95 gramy
e e cu ‘ gram * Cm3

N =8.482x10” electrons/cm’ lem=10"m—1lcm’ =10°m’
N =8.482x10* electrons/m’

Suppose we have a copper wire carrying a steady free current of lyee =1 Ampere, the copper
wire e.g. has a cross-sectional area of A, =1 mm®=10""m’.
Jiee  Thee/A
Then: <\—/—D> — free — free/ L
n.g n.qg

q=1.602 x 10"’ Coulombs

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 11
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~ 1.0/10° _ Sm/ _ lurr/
<VD>_8.482><1028*1.602x10‘19 =7.359x10 Aec_nﬁ sec

5
(vy)=73.6 ﬂ“/ M Noter Woer)  117X10 Vs =10° 1111
sec (vo) ~ 736x10°m/

In one hour (At = 60 sec/min x 60 mm/hr = 3600 sec) free electrons drifting in a copper
conductor will have traveled a distance of: AL = (VD>At =0.265 m=26.5 cm ~10.5 inches !!!!

This spectacularly slow drift velocity <VD> ~75 um/sec doesn’t square at all with our everyday
experience, e.g. of turning on a light — which is incredibly fast — essentially instantaneous, on
human-perceived time-scales (e.g. ~ a few milliseconds) (fast LEDs — light emitting diodes — can
turn on/off in a few nano-seconds (107 sec)).

Note that <VD> ~75 pum/sec <<c=3x 10® m/s (speed of light in a vacuum)

Typical electrical signals in conducting wires can easily propagate at ~ 50% speed of light C

ie. Vo =1.5x10° m/s

Thus <VD> does not correspond in any way to Vprop!!!

Now, from the continuity equation ~ V+J ., ()= _ap”jTe(r)
But: i (F)=0.E(F) T (1) o) = L)
But:  V-E(F)=—pror (F)= 8i P (F) (here)

%pme (F,t)= —ap”ejT(F’t) < 1% order linear differential equation

Solution is: Ve (f,t) = p, (F,t _ O)e—t/(so/ac)
where p, (F,t = 0) = initial free electron charge density at time t = 0.

Define charge relaxation time constant;

T, = ‘% = time free charge density py, (t)falls to 1/e = e =0.368 of its initial value at t = 0.

Jyw A’
Conductivity for copper: o =5.8x10"Q'm™" (= Siemens) = —= = -
ty pper: o, ( ) £ = V/m % .

_ -12 _C
g, =8.85x10 Farads/m—A_m

S.I. Units of z,: (‘LV):CN_m: S =sec
O, A/V—m C/S

12  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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e 8.85x107" 19 .
7" (theory) = T T 1.526x10""”sec|  Very fast charge relaxation time!!!
O X

Compare 7 to that for e.g. iron: 7 =107 sec, water (poor conductor) 7/*° ~10~ sec,

glass

c o~ 2 sec

and glass (insulator) 7
The measured value of the charge relaxation time for copper is actually z,* (meas) =4x107" sec

(still very fast), but differs by ~ 4-5 orders of magnitude from the theoretical prediction — eeek!!!
{The reality is: conductivity, o, is frequency-dependent - i.e. o, =0, ( f ) # 0, ( f=0 HZ) N

.. o, itself is a function of the charge relaxation time of material z, because frequency f = %

where 7 = period of oscillation.

Finally, let us consider the mechanical kinetic energy / second = mechanical power associated
with our “block” of co-moving drift electrons in the copper wire:

Nq
= rate of electrons

Each free electron has kinetic energy KE, = % m, <VD >2 and R, =

free

crossing imaginary boundary = # electrons crossing imaginary boundary per second =

.. Mechanical power associated with a “block™ of co-moving electrons in a copper wire of cross
sectional area A =1 mm” and carrying a steady free current lyee = 1 Ampere is:

I
PCeu — Rq * KEe :( free j%me <VE)U >2

mech q

e 1.0 1 31 -6 2 -20

P = = |9.1x107' x(73.6x10"°) =1.54x10™ Watts!!
meon 1.602x1077 (2

Thus, it is clear from this (albeit crude/simplistic) calculation that the electrical power
transported in conducting wires (Watts — 100’s Watts — Kilowatts and more) very definitely is
NOT associated with the mechanical kinetic energy of the co-moving, “glacial-speed”

( <VD > ~75 um/sec) conduction electrons!!!

Vprop = characteristic speed electrical signals propagate along a wire: v, =50% ¢ =1.5x 10°m/s
. o . ol oy 3
If we consider the energy density in the electric field: U (F) = ¢ E*(F)= EgoE ()
7 ‘] free (F) :
E(F)= i and we assume &, ~ 3¢, (typical value ??)
h in th ic E-field is: P _1 E’A e ‘]?reeA _3 N A
The power in the static E-field 1s: P, = 55 \ Vorop = Ego ? \ Vorop = 550 W \ Vorop
c c’ L

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 13
2005-2008. All Rights Reserved.



UIUC Physics 435 EM Fields & Sources I Fall Semester, 2007  Lecture Notes 21 Prof. Steven Errede

2 2
P, zigoi_vpmp =1.5%8.85x107"? ! > 1.5x10°* Watts
2 °alA (5.8><107) (10‘6)

P, ~59x10" Watts, ~3.84 x 10’ larger than P’ kinetic power, but still surprisingly very

small!! (roughly speaking, the main difference is due to v, / <VD > ).

n.b. if € > o then P,, > So what does carry the EM power in a wire??

A wire carrying a steady free current I also has a magnetic field associated with it. If we
assume (for simplicity) that the wire has a circular cross-section A, = za’, then Ampere’s

Circuital Law q.DC Bed /= 4,15 = 11 19 gives:

2
_ /uol free (Zj U P
Bin(pga)zTéz(ﬁjlfree[¥j(;} a AL=1mm2=;zaz
Y Iuol A AL
B (p>a)="—¢ =a=,/—+=0.564 mm
2rp V4
p=+/X*+Yy* in cylindrical coordinates Jiree = ! fr%L = uniform

The magnetic energy density for copper wire (assumed non-magnetic, i.€. 1, = 4, ) 1s:

in 1 1 2 :
dalpza)=gBilpsn-g L] (2]

2 2
| 1 (u |
us >a)=——2~R2 >a)=—vo/ == | I3 | —
mag (p ) 2,Ll0 out (IO ) 2/10 (272') free (p}

The power associated with the magnetic field is:  (dA, =27pd p)
P8 in P=2 out

Pmag = vpropJ.umag (p).dAL = VpropJ- umag (p).dAL +\7pr0p_|. umag (p).dAL

p=0 p=a
2
_ 1 Hy 2 ap3 = 1
_Vpropoz—luo(gj | |:J.0¥dp+.|.a ;dp

1 . o .
= 81L7lr02 I2Vprop {Z—i- In (Eﬂ «— the In (%) term is (logarithmically) singular!!
We shouldn’t be terribly surprised by this infinite-power result, since (for simplicity’s sake) we
used the magnetic field associated with a steady current flowing in an infinitely long wire, which
requires infinite energy to create/assemble. For a finite-length wire, we would get a finite result!

So let’s assume (here) (again for simplicity) that3 an effective radial cut-off distance, A such

that e.g. ln(éj = 100. Then:
a

In (Aj =100 A ' A=ae'" ~1.5x10"m i.e. A>diameter of universe!!
a

14 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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1A v, =15x10°=1c m/s

2 ' free ¥ prop free prop

luo 2 _ -7
Then Py =100 15V, =47 %10 %2 |

Then P,,, :1oox2ix107- 1x1.5x10° = 2.39x10* Watts!!
T

Then: Por =P; +P, +P., =1.54x107" +5.9x107" +2.4x10* Watts

mech
Por 2.4x10°W!! (but depends on cut-off parameter A)

P.or =240W formally, P, (calculated) is divergent (i.e. infinity) because P, is divergent!

g
Again, the formally divergent result arises simply because we used the B-field associated with a
steady free current flowing in an infinitely long wire.

Thus, B wire carries the vast bulk of electrical power for wires carrying steady/DC currents!

n.b. We have also neglected a very thin layer of static electric charge residing on the outer

surface of the wire that stabilizes the internal E = J / o, . For real, matter wires this very thin

free
(positive) electric surface charge has its own radial E -field associated with it, and thus also has

an energy density term u2 (p>a)= %o Eg (o = a) associated with it. Nominally this is a static

energy density. We shall see (next semester, in P436) that both this radial electric field and the
azimuthal magnetic field of the wire are in fact primarily responsible for the transport of
electrical power down a physical wire — both fields are needed for this!

The Electromotive Force & (aka EMF) — (aka Electromotance)

TIEAL WIS (RERS REDISANCED

s
2z
N -
'q‘_ﬁr%w \ B é‘b/'_\E- VB;:‘!“'F ;__‘)’ g

T ok

A= Vewrr :\rg“‘ \I_A
pulnE= @ | 1-pim L
TOEAC - &7 THYSICAL WIRE
BATERY = —— - — AV _= ﬁ} ~
IVTER AL - X Y/ Rugas Rusiac F\;:mr Q@—‘_\
( REStsTANCGE
o ©

A A
HEAz A:\T/L &) (i’"“h down) [ ELECTROMCS

SYMBOL Fon A RESISTR.:

V=0v
/7 = R,\ = Aw\\ oV
GROUND IOLEAL WINE ‘R
SYmBsL (B ResicArca
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3 Two forces (per unit charge) driving a free current, Iy around an electrical circuit:

1) the source of electrical power (e.g. a battery, or a power supply) 1?3 = % and:

2) the electrostatic force, f, = F. / Q = E, which serves to smooth out the flow of current

(dynamically changing via electrostatic charges in the circuit) and to communicate the
influence of the source to distant parts of the circuit.

Then using the principle of linear superposition: f, . =f _ +f. =f +E

Thus we define the electromotive force as:

= CJ.)C f .ed?
= Cﬁc f . edl= Cﬁc fedi+ {ﬁcm (CﬁC E«d ¢ = 0 for electrostatic fields)

L E= Cﬁc fl-d? = contour line integral of force/unit charge (electric field) around closed contour, C

Here, C = closed contour around electrical circuit.

For an ideal battery (i.e. one with no internal resistance) = ideal source, the net/total force on
electrical charges =0

Then: | % =0 = |E=-f,

The potential difference is AV =V, -V, = —Jf Eed/ = +J‘AB f:-d?

But f_ =0 outside of the source (i.e. here, the source = the battery), so Jf fedl= (JSC fedi=¢
B . -
LAV =g =—[ E-d?
A

Force
Sources of

source source
Coulomb

e.g. an ideal battery, connected to a simple circuit: physical electric field

=g T = /

—

o i
T-aE =5 E R
e — e _ — _ A
= '? T=3AL"cEA ‘(‘é‘)E
£g —_ rgoug E ‘—: L -qﬁ -Slb
w g ,.:.Gz R Ewn_ﬂ,, 3_"? &7 p\u):s\c, 5\ '\r )
“ B ¥ 0 Y (e ceal woive
= L Teest
e I— —
—F;_“eg_,"‘ QESMV.E, 4{ o)
5%5—'5 Fig D ’\\}Eg \]’:O-Va&‘i
PoLARTTY w,t (’7 by
D o = \ wies
C-;)lal:; ULk, E!;msab (Reve xts\dw\.u(_.)
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e=+[ E_di=AV=V,-V,

source

+ sign for sources of emf (electromotance/electromotive forces)
(e.g. arising from magnetic induction/motional induction)

For physical electric fields obeying E

—-9V: AV=-['E, di=V,-V

L]
a phys a

phys

Motional EMF’s

An “ideal” conducting rod of length L moves with uniform velocity V =V X in a uniform external

magnetic field B,, = B,2 with the axis of the conducting rod|| § axis as shown in the figure above.

Here: f oy ="f = FQ =VxB,, =V,XxB,2=V,B, (*x2)=V,B,(-§)=-V,B,J
-9
N
F\\S fodof e Now f . actsona-tve charge (Q>0) inthe -y direction
- ~
- @® Baxt=BoZ (by the right-hand rule of cross product)
k] g
— +Ve charge builds up at point B
L 2 S ATk .. —Vve charge builds up at point A
— A potential difference exists (= EMF) across the
ends of the moving rod!!
= Ha ~ .
CB EMF, |e=AV =V, -V, = Jf f g *d{ =+V,B,L|Volts

If the rod, moving with velocity V =V X slides on “ideal” conducting rails to which a resistor of

e AV vBL
=R R R
will flow in the completed electrical circuit as long as the rod continues to move, and remains in a
L B-field.

resistance R is connected (e.g. at the end of the rails), then a free current |

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 17
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The instantaneous power generated is:

V,B.LY AV> (v,B,L)
ORO j: =( oBob) Watts (Joules/sec)

P=¢l=AVI =(VOBOL)( - -

An alternative way of thinking about this to consider e.g. a rectangular-shaped loop (n.b. the
detailed shape of the loop actually doesn’t matter here!) entirely immersed in an external magnetic

field I§eXt = B,Z which again is perpendicular to the plane of the rectangular loop:

§ i 7

sy
% el w

+
S+
P
»

Cross-Sectional area of rectangular loop = Ajpop =L x W (meters?)

e ——

Magnetic flux through the loop= @ = L B.dd = L Benda = B,A
®, =B,A=BLW (Tesla-m’= Webers)
Now if one side of the rectangular loop is movable and moves such that the cross-sectional area

Ajgop = LW of the conducting loop decreases uniformly with time, e.g. the side of length W on the
LHS of the loop moves with velocity V=V, ¥y

Then the time rate of change of the area of the loop is:

d
M = i( LW ) = d—LW =-V\W  (n.b. the — sign indicates that the area decreases with time)

dt dt dt
The magnetic flux @ through the loop also decreases with time, as the area of the loop decreases:
do, d

dAOO
o —a(Bvoop) =B, — = —BVW =~V BW

@, =B.A,, thus:

o

This is the same result as we obtained in previous example with the moving rod of length L !!!
(In our present example, the moving wire has length W)

constant

18  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Thus, we see that a conducting loop whose area is changing with time, which is linked by magnetic

field lines/magnetic flux also creates an EMF ¢ :

EMF, s =32
dt

T =+B,V,W | (here)

In general, an EMF, & will be produced whenever dim =0

Note that the SI Units of ¢ = —d(;% = Volts.
Since magnetic flux ® = L Beda so either B = fcn (t) and / or: da = fen (t) can/will produce

@, (t)= fen(t)and thus:

. dB o= a
¢ =—d$m =—%( I B-da)z—[ f [%J-da+ I B(t)o?j—t}

\ \ AN —
changing magnetic field 7 changing geometry (motional effect)
(geometry is fixed / constant) (B is fixed / constant)

Another example of a motional EMF, similar to the first example, is that of a conducting metal
rod (stiff wire) of length L rotating in the horizontal x-y plane at constant angular velocity @ in an

applied external uniform magnetic field L plane of rotation, B,, = B,Z:

Best=BoZ & s &= w2 V=oxF  0<|f<<
AZ : 2
~5
: V=oxF=wixrf
A V=arixf=wrsin®¢
o 7 =cosOF —sin 06 in spherical coordinates
®=0=" here
2
cos—=0 and sin—=1
,i:.\ 7 =—0 here
V= a)r(—ex fj =rQ
EMF, e=AV = [T, -d7 = +¢ by right-hand rule
.7 s Emag I
Whatis f 72 f g = =V x Bext
Q
=0

Note that: V(r:O):O:a)ng
Notealso:  V(r=%)=folp = f  (r=%)#0=10LB, (px2)

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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But2 =-6 here and thus ¢x 2 =x—=+f by the right-hand rule. Thus T, (r =4)=1wLB f
. at a radial point r along the rod (O <r< %) N (r) = wrB,f « pushes +ve charge to the outer

ends of rod, and leaves —ve charge at the center of rod.

ek Vg = wBl Vet )

. B
“Snapshot” Top View: ~N ‘-W‘
d/=drf |
EMF, £=AV =V, -V, = [ T, «d7

My

Y

8= V=0var
g:jfa)rsof-drf Fof =1 @a! IR N
L L | ‘E
g:.[oé orB dr :a)BOJ.OA rdr
% @ T e Vi do® Vet )
g:%w&ﬁ :éw&E(Vdm 8=y L
0

If the conducting rod rotating in the external magnetic field (L plane of rotation) is connected
up to an external circuit, it becomes a power source (but n.b. mechanical power input is required to
keep it running!!) then a free current lfee flows in the circuit:

-5

BQJ’[_{- BEXI = 802

V =wr¢ (in x-y plane)

N

Cona')Nq/?

METAL RiNG
CONTACTS
RETATING RoD ¢

1
Rotationally-inducedemf : | =AV =V, -V, =V (r = %) -V (r = 0) = ga)B0 L*| Volts.

Rotationally-induced free current: —= Amps, flowing through external load

resistor, R.

Pmech = mechanical power required to keep device rotating = electrical power P flowing in circuit

g AV (0BL)
free = " free’ t T R - 64R

P=P,,=AV.l (Watts = Joules/sec)

20 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Griffiths Example 7.4: Consider a conducting metal disk of radius a rotating with
constant angular velocity, @ = wZ in a uniform externally applied magnetic field I§eXt =B,Z.

Az eeay=Vg =% 0B witr
/ﬁ_@f_o oy 1

0 =V (F)xB,, with V(F')=cwr¢ (from above)

ext

Thus: f,,, (F)=@rB,f. Thentheemf, e=AV =V, -V, =V (r=a)-V (r=0)
£=[ Ty (F)d? and d7=drf

o 1 R

(s‘:_[aa)rBodr:a)Bojardr=la)Bor2 =—wB,a’. Thus: |¢ =—wB,a’| Volts
0 0 2 2 2

0

& _AV _aBa’
free R R 2R

Again, if this device (source) is connected to an external circuit: Amps

[\
AN oum}

REISTOR |

Electrical power flowing in this circuit = mechanical power required to keep device rotating:

g AV (0B2')
free = "free' ¥ T R - 4R

P=P_ =AVel, =¢l

(Watts) (= Joules / sec)

free

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 21
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. . \_i EEX = . . .
Thus, we can (literally) view the [%j =E’' as perceived / “observed” by a moving electric

charge Q (with relative velocity V w.r.t. the rest frame in which Bex is defined) as an electric
field E' that this electric charge Q interacts with!!

. VxB = = ~
ie. |E'= XQeXt or: |F,, =QE'=QVxB

22  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Electromagnetic Induction
Faraday’s Law

In 1831 Michael Faraday reported on a series of experiments he carried out:

1) Pulled a loop of wire through a 1 B -field, causing a current to flow in an externally-
connected circuit.

R x ToRE

®7ox X

X x oy WY

X bt XX u

X

><% X x i %
xxy XK > ReEstson
B x xxx R

{a)
Move wire loop to right

2) Moved magnetic field (i.e. moved magnet) holding the loop of wire still, causing the same
current to flow in the externally-connected circuit.

X X X XX
><>><<><>( % & F
v [t ¢ X[RR 7
N KX X FX
KKK X XX )
By W K xxX | pegsten

(b)
Move magnet to left

3) Changed strength of magnetic field as a function of time keeping both wire loop and magnet
fixed. Again current flowed in externally connected circuit.

AR XA KA X
7<>><<><>< ix;‘
% % [Xx
;<><>a>( R XX D%
égé?}i K XX /T
/\—5244% X éié RESISTOR.
2
(¢

changing
magnetic field
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Faraday’s explanation for the common physics origin of these 3 experiments:

A changing magnetic field induces an electric field

Faraday’s Law in Integral Form:

L - oB (T
EMF =¢= q;c E(F)ed/ dim = —j 8(tr) da, | (if &, = constant vector)

For the electrostatic case: q.DC E (F)-dz =0| = |[EMF=g=AV =0|

- OB (f-’) {n.b. Obtained from
Faraday’s Law in Differential Form: |V xE (r) =— Faraday’s law in integral
ot form using Stoke’s theorem.}

Example:

A circular conducting loop of radius a is cut at one point (gp = 0) . Magnetic flux through this

loop is provided by B,,, = BZ as shown in the figure below:

ext

The loop is connected
to an external circuit
(e.g. a single resistor)

If B

o 1S sinusoidally

time-dependent
e.g. B, (t)=B,sinot?

The magnetic flux through the loop is: | P, = é-Aoop = a’B, sin wt| since (here): Aoop =ra’?

The {time-dependent} EMF ¢ (t) induced in the loop is:
do, () d(B(t)A,) d

e(t)= =— :——(ﬂazB0 sina)t):—fraza)Bo cos wt
dt dt dt

g(t) =-ra’wB, cos wt | Volts

2
e (1) = gét) e ;)B" cos wt | Amps

The free current flowing in circuit is:

The instantaneous power flowing in the circuit is:

2(t a’wB, ’
P(t) = g(t)- | oo (t) _¢ F\S ) =12 (t) R =¥cos2 wt (= O) Watts (= Joules/sec)

24  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Another Example:
A conducting loop of radius a rotates about the ¥ -axis at an angular frequency @ in a fixed/

constant / uniform magnetic field B,, = B,2 as shown in the figure below:

Robot

3 7

Bz S
The induced EMF in the rotating loop is:
g(t)=—m()—m(t)=—i(l§n& ) B = B_Z = constant, but A, # constant
dt dtt ° S
= _g{dA(;—t(t)J where A (t)=AnN(t)=7a’A(t)
A(t)=2cos wt — Xsin ot (for @ =-wY)
di(t) . i
Then: it =—wZsin wt — wXcos ot

Thus: &(t)=-B-A =—B,2e78’ [~wsin ot — wX cos wt] = +7a°wB, sin wt

Induced EMF in circuit: |&(t) = +7a’wB, sin wt| (Volts)

n.b. This is the same result as we obtained in the previous example - except for an arbitrary phase
shift: —coswt &= sin wt

If we cut the loop at one point and connect it up to external circuit with single load resistor (as
before), then:

t 2 i
Free current flowing in the circuit: |, (t) = glg ) _ra a)BF: sin ot (Amps)
Instantaneous power flowing in the circuit:
2(t a’wB, ’
P(t)=c(t) 14 (t)= ¢ Fg ) =l (1)R= %sin2 wt (=0)| (Watts = Joules/sec)

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 25
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Lenz’s Law: An induced free current in an electrical circuit will flow in such a direction so that
the magnetic flux this current produces (tries to) cancel the change in external magnetic flux.

e.g. If the external magnetic flux is increasing through a conducting loop, i.e. d® / dt > 0, then
the induced EMF ¢ generated causes a free current lgee to flow in the loop, which in turn whose
own magnetic flux opposes the increasing external magnetic flux, to try to keep the total
magnetic flux through the conducting loop constant. Note that normal conducting materials can
never actually achieve this, whereas superconducting loops can!

. s oA A 2
B {- h /ﬁ Bzﬂ‘!’ VWI-V\'\
1 with tine
n{t(ﬂ.aqa».\
Wit e

Swnlofz -
B L]

Lenz’s Law:
Maintain the magnetic flux status quo — do not allow a change in the magnetic flux linking an
electrical circuit (oppose any change to keep magnetic flux constant).

Griffiths Example 7.5 A long cylindrical rod magnet of length L and radius a (L > a) has

uniform magnetizationM =M 2 parallel to its symmetry axis. The rod magnet passes at constant
velocity V through a circular conducting ring of radiusa + da as shown in the figure below:

What is the induced EMF g(t) vs. time t?

26 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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The magnetic field of rod magnet = magnetic field of long solenoid of length L with effective
=M,¢ (in cylindrical coordinates) and B, = M

surface bound current K, = M X 0| e

(except near ends where it spreads out (radially)).

When the long rod magnet is infinitely far from the loop, the magnetic flux through the loop
D, = g-Aoop =0. As the rod magnet approaches the loop, the magnetic flux threading the loop

builds up to a maximum of @ = M _za’ (neglect 5a) and then drops back to zero as the

long rod magnet again becomes infinitely far from the loop:

Wax
.

Hd
-t

e, TS —

do, (t) R s
Induced EMF ¢ (t) = ——7T—+=
nduce £(t) dt )
=—Vve of slope of @ (t) k

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 27
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The Induced Electric Field

Faraday’s Law (in differential form) VxE (f,t) =—0B (f,t) / ot together with Coulomb’s Law
(in differential form) V+E (T,t) = pyo; (T,t)/&, tells us that there are two kinds of electric fields:

1) Electrostatic field E_, due to (static) electric charges (or charge distributions)

(i.e. observer with test charge Q; at rest WRT charge distributions producing E__,.)

2) Induced electric fields E, ., due to time varying magnetic fields and/or motional effects
(observer and source rest frames in motion relative to one another):

| | %E(r,t):_%g’t) @, (t)= [ B(r.t}dA, ()
Time Varying S
Magnetic Fields: .o - oD (t) 8B(t) o
t)=p E(F,t)edl=—"T-=— A
EMF |(t) g% (F,1) - Al
@, (t)=[, B(r)0A (1.1
B, Lad, (1) L BA(t
Relative Motional Effects: | EMF g(t)zcj) E(F,t)-dﬁ:—a n ( ):_Bﬁxed.aL—()
c ot ot
For time-varyi tic fields: VxE(F =—M ’
rying magnetic fields: V x (r,t) (Faraday’s Law)

But B (F,t) arises from some kind of time varying current distribution, i.e. via Ampere’s Law:
VxB(F,t) = g, Jror (T,t), along with V+B(F,t)=0 (no magnetic charges) (we need both

divergence & curl to determine/uniquely specify B(T,t))

For pure time-varying magnetic fields (no electrostatic E-field(s)), Gauss’ Law becomes
V-E(F,t)=0

All of the formalism associated with using Ampere’s Circuital Law: Cj)c B (f,t)-d_é = u 15 (t)

doy (t)
dt

also applies to Faraday’s Law in integral form: Induced EMF  |& = (]SC E (F,t)-dz =—

28  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Griffiths Example 7.7:
A uniform magnetic field Bext (

a circular region of radius R. What is the induced electric field E (F,t) associated with this

changing B(t)?

NG

ext

2
A =31z

&P

L CLOSED CONTeUR ;<
OF RAD{L{S[O: "ﬂz_‘_g-l.l

I~
x
- _ dCDenCI (t)
Faraday’s “Circuital” Law: E(F.t)dl=——T——
araday’s “Circuital” Law C_]SC (r ) dt
O (0= [, B(ra)dar =B (0) =B(1) A
dajnd = ﬁldaend =N, p'dp'dp where fi, Bext (t) z
’ encl _ 727 ! ! 2 p_ ?
[ daf _I d(pj “pdp' = 2”(210 ]0_”'0
. , 0B(t)

Prof. Steven Errede

Take contour C such that:

|nduced

Cﬁ E(F,t)d?=E(p,t)270 =-np’

d?/ where d/=d/¢

ot

2
. . aB( ) . 1 6B(t) R
E(p,t —
(PY== o 2" 2
- 1 aB(t) . 1 aB(t)
- E(pt)=—=p—t JE, (pt)=—=
Thus (p ) 2p p Define (p ) 2p p

If the magnetic field is decreasing with time, then 3

(20,

ot

If the magnetic field is increasing with time, then 3

p(ﬂmo

ot

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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ANOTHER ASPECT OF FARADAY’S LAW

o= oB(T.t)
Faraday’s Law: |VxE(F,t)=- po
But: |B(F,t)=VxA(T,t)
Thus: ﬁxlf(f,t)=—%(?xA(F,t))z_ﬁxa (a:,t) or §XE(F,t)=—§xa (a:,t)

E(F)=-VV (F)

Including electrostatics:

E(r,t)z—ﬁv(r)—éAg:’t) (VxVV (F)=0 always)

Recall that the physical SI units of the magnetic vector potential A are:
Newtons

Momentum/Coulomb = kg m/sec/Coulomb = Tesla-meters =
Ampere

. - d )
From the fundamental definition of force: F = ' = time rate of change of momentum

But [P =g=2 =R
Q Q dt L@t
From Lenz’s Law
L - OA(Ft) = 0 p =/ oo
Thus: |emf g(t)zAv(t)zgﬁcE(r,t)-déz—cﬁc " -dzz—a AT t)d !
But we have already seen that |®, (t)= cﬁc A(T,t)ed 2|11
N A o, (t)
emf &(t)=AV (t)=§ E(r,t)-dﬁz—a(cﬁc (F.t)d?)=- -

30 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Magnetic Induction

Example: A long wire carries a quasi-static, but time-dependent free current, |, (t) . From
Phys. 435 Lecture Notes 16, the magnetic vector potential A(F) associated with long straight

A () (e [ 1]} |

wire of length L is:

A
—
\4

>

T
P “Stliff’
— A(p)=("x@*~)2 (A isinthe 2 -direction and|| I, )

- 2L ). . = = =
ForL > p: A(p):(&jlfreeln(_jz Then induced |E(F,t) = - (n.b. E||A!lY)
7 p

Thus: |omf & (1) =AV ()=, E(F.tpd7 =2 (§, A(r.t)d7) =g, = hdi =20

Since E || Aonly segments (1) and (3) will contribute to line integral (d?2 and dz‘ are L A).

emf g(t)=AV ()= qsc E(F,t)d/= _g(cﬁc A(F,t).dz) _ _8®gt(t)

:(ﬁ M.d?:_(—o)al"e—e(t){ln[&]—ln(&ﬂf (for L>p)
c ot 2 dt o P>
:(&j ol free (t){ln(& :|

2z ot o)

¢ (for L>p)

Therefore:

emf z(t)=AV (t)=§_E(F.t)d?=[E(p,t)-E(p.t) [/ =AE(t)/= _(5‘_70[] al ff;i(t) 1n(&jg

P
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Volts < | closed contour, C as
drawn in above figure

ol
emf £=AE(t)(= _(&j free ln(&

emf induced around
14
2r ) ot £ j

_ ~ Ol e (1
with: AE(t)E[E(plat)_E(pzat)]:_ ij fgi( )ln(%ji Volts/m (for L> p)
1

~ al...(t
ie. E(pl,t):—(ﬂ"j e )ln[&Ji n.b. p, > p

E(pz,t)z—(—Ojélfree(t)ln(&ji ~ [E(put)>[E(put)

2z ot oR
More generally:
— ﬂ 8Ifree(t) 2'— A
E(p,t)=—| == |———~In| = |2 (for L>
(p:1) (2;;} o p ( p)

Here, think of /view the contour, C as a complete electrical circuit
(e.g. a square loop of real/physical wire).

Note also the following:

The induced emf & (Volts) associated with the closed contour, C (drawn above) can be written as
follows, using the principle of linear superposition:

s(U)=aB () + a5 (1) + a5 () + o (1) =amm (1)

=AV (1) = AV (t)+ AV<t2)_c) (t)+ Av(g (t)+ Av(f (t)= AV, (1)

Each of the four individual contributions to &, (AV,,; ) are associated with the four

corresponding portions of the line integrals SBC E (F,t)edl = —CI) M-d? .

c ot
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el =AVT =V, -V, jE(p1 «dly, =+E(p ) (E
5(2)—AVb°—V ~V, = [ E(p)d? )

o) || ) whereas (d?(l) =+d£2)
@ )

=0 because ( (p)||2) whereas (dz(z) ||+,6) ie E L dz(z) I

2)
g% =AVE =V, -V, :L E(p,)dl, =—E(p,) (E (p,)|2 ) whereas (d£(3) :—dﬁ)

5(4) AV(?;';1 =V, -V, =Ida E(p)-dﬂw =0 because ( (p) || ) whereas (dz(4) ||—,6)i.e. E L dzm !

Thus, only portions (1) (%) and (a) contribute to &,; (AVy,; ) and in fact we see that the

contribution from (3) (a) actually partially cancels the contribution from (1) (%) (because the

contour integral is going in the opposite direction on (3).

Indeed if p, = p,, then &;; = AV;; =0 i.e. the contribution from (3) (a) would exactly cancel

with that from (1) (%) . = this physically corresponds to an area of the loop A, =0, and of

course, these two induced voltages would then have to cancel each other.
Then: &y (1) = 6;‘;( +ast) + e gf) f) =aB(t) +&3(1)
Or: AV, (1) = AV ng@p AVO) g‘) f) = AV (1) +AVS (t)
free 0 ol free (t)
Thus: &1 (1) = AV (1) =— — |- ) In| == |¢ (for L> p)

o (1) = AV, (1) == (Mja'”jTe()[m(%lﬂz (for L p)

This result may seem somewhat disturbing — how can a conducting wire loop (connected to
itself) have a potential difference across it ?7?

Point 0: The conducting wire loop is a source of emf :

nb. f,  =f

) =0

(4)

Point 1: The material of which the loop is made does have finite resistance associated with it.

Point 2: The time varying A(t) -field of the wire, driven by the time-varying current in the wire

induces an electric field at p, which is stronger than that at p,, because p, > p,.
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_ ol Ol (t
Note that E(p)=- (2”j%()l (%OLJZ which for fr(f;[( )>0 (i.e. |, (t) increasing with

time) means that E points in the —2 direction along both segments of wire - segment (1) (%)

and segment (3) (ﬁ)

At p = p,, the force per unit charge f = o) ) Z acts on free electrons in (1)

my m
—~
x
N—
Il
|
m
—_

At p = p, , the force per unit charge f, = E(p,)=—E(p,)Z acts on free electrons in (3)

But 1?( and f(3) point in the same direction, however, because p, > p, then 1?(1) >l? and the

force imbalance is Af = f, — f, >0 since f,(p,)> f; (p,) so f,, “winsout” over f, ,and

308

thus a net current, |,

|free(t)=%(t): (hja'”jT‘f()[ln(%lﬂ%mp (for L> p)

(oop

(t) will flow around the loop, (abcda):

Another Example: (Magneto-Motional Effect )
A rectangular loop of dimensions L x W = Area, A is immersed in a L uniform and constant

external magnetic field, B,, = B 2 of infinite extent. The rectangular loop lies in the horizontal

(z-y) plane:
B, = B,2

ext 0

: I

N>

Closed contour, C

At time t = 0 the entirety of the rectangular loop suddenly moves to the right (+Y direction) with
constant velocity V =V §. Show that no net emf & ; is induced in the rectangular loop.

o, (t)
ot

The total induced emf &7 (1) = AVi; (1) = E, (F.t)d] =§(<ﬁc EE(F,t)-dék,op)}
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First, we examine next-to right-most term in the above equation:

_g(cj)c Ig(f,t)-dagoop) B =B,Z = constant, # fcn(time,t)

ot
and dé,oop da,oop
Neither da,,,, nor fi are fcns(time,t)
0 N oD, (1)
—a(cﬁ B(r,t)-da) = T 0 (here).

i.e. 3 no change in the (net) amount of magnetic flux, @ (t) enclosed by the conducting

rectangular loop, i.e. ®_ (t)=B,A=B LW = constant.

However, let us now examine (in detail) the term(s) on the left-hand side of this equation:

Eror (1) = AVigr (1) = E,, (7, t)d 7

>
e}
=
=
o
=4
—~
—
\_/
AN
Z o
—~
—

)+ () + e () + el () =en (1)

I
>
§.<
—~
~—+
N—
I
>
<
=g
—~
~—+
N—
_I_
>
<
> g
~~
~+
+
>
<
—
~+
N
+
>
<
s
~~
~—+
N—
|
=
g
g
~~
~—+
N—

Top View:
CLASED
2 >4
vt =
e ¥
x
@ Beg=B
(o of e l
—_—
: \YoBb?ﬁ ‘ L l
The Lorentz Force/unit charge = F% —E,_=VxB,, < common to all four sides of
rectangular conducting loop. = E —field in rest frame of charge (which is moving in lab frame)

=v,§, B,, =B,2  E_ =VxB,, =V,B, yx2=+v,B,R

m
Vo
+X

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 35
2005-2008. All Rights Reserved.



UIUC Physics 435 EM Fields & Sources I Fall Semester, 2007  Lecture Notes 21 Prof. Steven Errede

E,=E&X=vBZ& E_ pointsin +R& direction with magnitude E, = v, B x

{+ ve charge is pushed to +X, —ve charge is pushed to —X }
Then:

el =AVT =V, —Va:I:Em-d2 .f E,+(dyy) '[v B (yy()dyzo

X =AVE =V, -V, :ICE I (—dxK) J. —V, B, (&R )dx = —v,B,w
e85 = AV =V, -V, IE % :jE ¥9) = -v,B, (39 Jay =0
ef =AVE =V, -V, I J‘ +(dxX) J.VOB0 ReX)dx = +v, B w
Thus:
e
i
=

q\gﬁw L}J G

—-O
ab _
(1) =AVy =V, -V, =0

X =AVE =V, -V, =-v,Bw

g5 =AVS =V, -V, =0

da da_
£y =AVy =V, =V, =+v,Bw

59— o § e €
“ T‘ B7 A
2 e Ca=AV; = Va-\i=O—> R T
S e’ I | 3 i LS Skt
ﬁ -y \J\) \r’@ @ — = - o
tﬂ*-u'x%u* = \J =N 4
<Gef l{ e =N = V- Vo = |
pore @ - © \ & > ==
sign potharcy !, | < L \
=\ -V.=0
<« E@ AV; Ve V.

Thus we see that 3 a potential difference AV, =+v B w in the +X direction and no potential

difference AV, =0 in the ¥ direction. This is because E =EX=vB,x&
(n.b. AV is the same for both sides (2)(&:) and (4) (%)).
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Ebm = +§Vm :>Vm - (lJVO (VO =V, BOW - EOW)

L Because this is a source (like a battery!)

Thus we see there can be no net current flow here, because 5( ., completely cancels 6‘(2)

da bc
(AVW completely cancelsAV ;) )
Eror =&y T Eo) HEm T E4 =0-V,Bw-0+v,Bw=0

= AV = AV +AVE + AVEAVE = 0-v,Bw—0+v,Bw=0

Yet Another Example: (Magnetic Induction)

Let’s consider the same rectangular conducting loop (again in the horizontal (x-y) plane), this
time it is fixed in space, but is immersed in a time-varying magnetic field (of infinite spatial
extent). The rectangular loop has dimensions LxXW and cross-sectional area, Ajoop = LW.

o

By (+)=B(+)2 (points in Z direction in space). i
Vector area of loop y
Ao, = A, A2 T R
Aoy = LW2 By (1)=B(t)2
Closed contour
d C c
/ d?,, = dxk ﬁT (3) di ., —dyy
W Jf4)------------------ ,' -------------------- {2)/d/
/ /(1) dig, =dyy

0B, (t) B(t), . . e
P = p Z # 0 the magnitude of Bey changes with time, but always points in Z direction.

‘9ToT() AVToT() chE( :__gs eXt :J’SigB%(t).dal:_ ot

_ L BY _
Now B, (t)[| Area, A, = %ll Area, A, | 2
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2] B B (t
( ) Aoop a eétt( )AOOD iOaIl(l'AﬁOOp = LW io

. OB, (t) - X
Since #0 and A100p =LWZ %0 then:
ot

8Bext( )

Eror = AVToT =
ab abcda 8Bext( )
e ()=60 (1) + el () +&0(t) + el (t)=el™ (1) =~ Aop
+ AV da (t) AVTezkt)cda (t) — aBext (t) Ak;op

=AVy, (t)= AV<?)b (t)+ AV(% (t)+ AV(?; () 4)

In cylindrical coordinates: B, (t)=VxA(t)=
D pLop
2, 2 1] 0 0
P=~X+Y or: ;{%(pAw (t))} =B(t) = {—(pA{p (t))} = pB(t)

Integrating both sides: .[6 ( PA, (t

A(t)=A, (1) = PB(1)

() oA (t) . 1 B(t) .
Th Y
. a v 2’0 a
. = oA(t) _ OA(t). 1 2B(t).
- E(t)= N )
Finally: |E(t)=-— =9
aB(t)>0)

Here the origin of coordinates is taken to be at the center of the rectangular loop — assuming that
only the magnetic flux enclosed by the loop matters — the sum total of the contributions from
magnetic flux outside the loop (everywhere else) actually must cancel (tough to prove...)

38 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005-2008. All Rights Reserved.



UIUC Physics 435 EM Fields & Sources I Fall Semester, 2007  Lecture Notes 21 Prof. Steven Errede

B pee R I
¥ E Ty,

le—4 ——!

oB(t) . . - .
%a—g(pj-dyy where dé(l)zdyy

Now: p=4X+y> = (W/2)2+y2 and @ =—sinpX+cospy

Where: singp = - =——=——— and cos@=

y
P w/(w/2)2 +y?

b . - & +L 6I§ t n N
Then: L E(t)-d Loy =& (t)= AV(I;) (t)= I L 2{_§—()¢7J’dyy

@ =—sin @& +cos @y with sin(p:l and COS¢=12—2 where p = /X’ +y? =/(W/2) +y’
P PP
- b - +L OB (t
hen: 5, (0 =2V ()= (0, 0V, ()= [ £ [ 2 -2 0 cosay
( Wi =Vg (t) :VA(t)
o aB(t) |\ 2 1B t)(wj - woB(t)L  waB(t)L
tY=| 72 _E_ gy = dy=———/= A=
g“)()j%(zat}xyzat 2L% 4 6t 2 4 ot 2
& 1 0B (t 1 0B (t 1 OB (t 1 0B (t 1 oB(t
g(l)(t):AV(l)t)(t) —§¥(G)L)—§#(WL)I—§% foop_g# foop:_z# Voop
=V (t) =Va(t) Vg (t) =Va(t) =AVE () = g4)(t)
o ﬁ\g@ 1 0B(t)
B ey LA 0 (D= AV () =Y, ()-V () = -3 = A
- " A\g’c’ — ] (1) a 4 a-t foop
AA -
(85!
Bt @

Pa\\/3
)
VaC"‘ +i<§ EWA Lep ]
3
VoA
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From symmetry considerations: |& (t) = AVg (t)=¢,(t)= Av(f (t)= A Ao

But we know (from the principle of linear superposition) that:

&ror (1) = &y (t)+ &2 (t)+ &) (t)+ E4) (t)= TTa Avoop

And again from symmetry considerations: |&,, (t)= &) (t)=-

This can also be explicitly obtained by doing the remaining integrals:
J: E (t)-dz(z),jd E(t)d ?(3), La E (t)-dz“) obtaining the same result for each of the four sides!!

n.b. This also implies that the EMF induced across the ends of a conducting rod of length L.
But for a conducting (filamentary) rod, Ajpop= 0 !!! The EMF in the (filamentary) rod is induced

by E (t)=-0A(t)/ot 11!

,Iam?a T

A P &

% \Tﬁ 7 fl;—’
A - ' *

Now the total EMF, &4 (t) = 4><(——— A/oop] ==

od_(t
TA/,oop == (;]t( )

If the loop closes on itself, how do we get &, #0? Again, the answer is that E = source field

oB(t) oD, (1)

and &, (t)= ot Aoy =~ (Volts) is only directly observable if the loop is cut,

oB(t)

e.g. at point a. Then a potential difference &; (t) = AV, (t) = —7 A, is directly

Yoop
observable, e.g. using a voltmeter.
OA(t) 1 oB(t)

The situation here with E (t) = ot =3 pT(f) as the source field is very similar to the

following one(s):
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Induced EMF - Version # 1:

!

”T @W_QFALL‘
A
.C. Esowt, 1161
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Induced EMF - Version # 2:
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