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Physics Phun with Motional Effects
and the Magnetic Vector Potential 4, Eh!!!

E&M Physics in Different Reference Frames

: - OB(7,1) ==
We have seen/learned, using Faraday’s Law: |V x E(7,1) = — 5 and |B(7,1)=Vx A(F,1)
That: ﬁXE(FJ):—M=—g§x2(?,z):_§xa (l’,l‘)
ot ot o
Or: ?xE(F,z):ﬁx(_M] Or: ?x{E(f,r)ﬁA(”)J:o
ot ot
But: ?x(—ﬁV(F,t))=0 Hence: E(F,t)+aAg’t)=—ﬁV(;7,t)
0 B B =
always Or: E(F,f)Z—VV(F,z)—a gl;,t)

In some E&M physics situations, e.g. either V( r, t) = constant or is = 0 altogether, and hence

—?V(F,t) =0 (i.e. vanishes), then only E(7,t)= —8;1(17,t)/6t remains.

Consider an inertial (i.e. non-accelerating) rest frame with a test charge O, in it.

If V(l7 , t) = constant or is = 0 altogether, then the test charge will experience a force:

FR(f,t):QTER(;,t)z-QT% N

Ty

R(F’t):_

If a time-varying magnetic vector potential A(7,¢) with 84(F,¢) / Ot # 0 exists in this reference

frame, (the rest frame of the test charge, O, ) the test charge will “see” an electric field as a
consequence of the time-varying A-field, and hence will experience a net force acting on it!

We now wish to consider a situation where the test charge O, is moving with constant

velocity v, =V, X, (|17,ab| < c) in the lab reference frame, where a static (i.e. time-independent)

magnetic field is present {produced by a permanent magnet, or a coil of wire carrying a steady
current I}, but has spatial variations from place-to-place, i.e. B,, = B,,, (F) # fen(t) as shown in

the figure below:

lab
reference Vi, =v,X, (withy, <c)
frame
lgLab
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Keeping in mind that —@V(? , t) =0 here (i.e. 3 no electrostatic charges/fields are present
anywhere — purely for simplicity!) the moving test charge Q7 will experience a Lorentz force
F(F)=0, (ﬁlab x B, (¥ )) . Since the field/observation point is at the location of the moving test

charge in the lab frame, we see that the position vector |7 =7 (1) =7, +V,,t =7, +v,%, | is explicitly

time-dependent, thus:

Foy, (7(2) = Op [ Wi (7) % By, (7 (1)) ]| with |, =, %,

Since |17]ab| < ¢ we do not need to consider relativistic effects; hence Galilean transformations

from the lab frame to/from the rest frame of the test charge Q, suffice for our purposes, here.

In the rest frame of the test charge O, , the test charge “sees” a time-varying electric field

Ey (7(t)) =V, x By, (7 (1)) | due to spatial variations in the static B,,, (7 (¢)) encountered by the

test charge moving in the lab frame, with corresponding force:

Fo(7 (1)) = QrEy (7 (1)) = Op [ By (F) % B, (7 (2)) | = o (7 (1)) | with |, = v, 5,

Note that if Elab (77 ( t)) = B z, =constant/uniform magnetic field, then in the rest frame of the test

charge E, (F(t)) =7, xB,, (F(t)) =v % xBz2 =-v,B

o

corresponding force F (7 (t))= 0, £, (7(t))=—0,v,B,, and this would be the end of the story,

o o

$, = constant # fen () with

i.e. just a very simple, static-only problem...

We’re interested in the situation where the static, time-independent B, , (7) # constant/uniform

magnetic field, one which has spatial variations — i.e. it has spatial gradients. We’re also wanting
to understand this problem from the perspective of using the magnetic vector potential, via its

relation to the magnetic field, i.e. B, (¥)=Vx4,, (7). Since B,, () is static/time-independent

in the lab frame, then we see that 4, (7) is also static/time-independent in the lab frame.

In the rest frame of the test charge Q,, as the particle moves in the lab frame, passing through

spatial variations in the static magnetic field B,, (17 (t)) , viewed from the test charge’s

erspective, the electric field will have explicit time-dependence because of this:

Ey(7(1))="¥,, xB,, (7 (t))| but we can also view this as explicit variations in the time-

dependence of the magnetic vector potential, viewed in the rest frame of the test charge:

—

E, (7,t)=—04, (F,t)/0t| Thus we see that |E, (7 (¢)) =V, x B, (7 (1)) = =04, (¥.t) /ot
i.e. that |V, x B, (7 (¢)) =—04, (7.t)/0t |and that
Fo(7(0))= QrEy (7 (1)) = Op [ B (F) % B, (7 (1)) | = —0r 04, (7.1) fot

2 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005-2008. All Rights Reserved.




UIUC Physics 435 Fall Semester, 2007 Supp. Handout 7 Prof. Steven Errede

But: B,ab(f(z)):?x?l,ab(f(t)),thus Vi ¥ By (7 (1 )):ﬁlabx?xﬁlab(F(z)):—aﬁR(F,t)/at

And|E, (7()) =y x By (F (1)) =y xVx Ay (7 (¢)) = — 04, (7,2) /02 | and

Fo(F(1)) = OBy (F (1)) = Or [ Bus (F) % By (F(1)) | = 1 [ B (F) <V x Ay (F (1)) | = =0y 04 (7.1) fox

Now let us use the vector identity (Griffiths product rule #4):

— — — — —-\ —

v(Azab .vlab) =4, X<V XViap ) + Vi (V X Alab) (‘;ilab ‘V)vlab +<‘71abv)A
N —

Or: |V, % (v X ;ilab ) =V (Alab Viab ) - ;ilab X (v XVigy ) - (;ilab .v)vlab - (vlab 'v) ‘alab

Then, suppressing the (17 (t)) arguments and using the suffix L =/ab:

v, xB, =, x(@XZL)zﬁ(ZL-ﬁL)—ZL x(@xﬁL)—(ZLﬁ)ﬁL —(VLﬁ);IL

H_/
M (2) (3) 4

Thus, we see that there are four (!!) different possible mechanisms whereby the moving test
charge (in the lab frame) can experience a Lorentz type force due to motional effects in the

presence of an A -field, or the gradient of an A -field:

Fo=F"+F?+FY + FY = 0,5, x B, = 0,3, x(Vx 4,
F =0 ( LV, )= 0p Ay X (Vx5 )= 0 (4,2V)5, = 0, (7,4 4,
N S T A N T A
&) 3) )
e The first Lorentz force term, =0, { ( LV, )} = QTﬁ(ALvL oS @) where ® = opening

angle between 4, and ¥, (O <© < 7). Note that the nature of A, +V, = Av, cos ® must be

such that a non-zero spatial gradient of (;l v, )must exist, in order for F, L(l) # 0.

e The second Lorentz force term, F =-0, {A X (V XV, )} must be such that the velocity

field, v, (77 ) has non-zero curl (e.g. a rotational vector field) and (? XV, ) must also be non-

parallel to A4, , in order for F, @ 2 0.

e The third Lorentz force term, F =-0, ( -V)VL must be such that the velocity field,

v, (7)has non-zero spatial gradient, and A, must have a component parallel to the gradient

of v, , in order for ﬁ'f) # 0.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 3
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e The fourth Lorentz force term, £ = —-Q, (vL -V)A must be such that the A-field, 4, ()
has has non-zero spatial gradient, and v, must have a component parallel to the gradient of

A, , in order for ﬁL(4) #0.

4
The (total) Lorentz force acting on the test charge moving in the lab frame is F, = ZF L(l) is the
i=1

force acting on the test charge. The B, -field, 4, -field and ¥, are quantities all defined in the lab

frame, and hence all Vx 4,, VA4,, Vx¥,, V¥, etc. quantities are also defined in the lab frame.

As stated earlier, here the EL -field, and hence the ;1L -field, are static (i.e. time-independent)

quantities in the lab frame (merely to keep it simple). An observer in the lab frame will ascribe
the force F ;. acting on the test charge O, moving in the lab frame with velocity v, (17 (t)) as

being due to:

4

Fy =3 R =0, (%, %B,)= 0, {5, x(V x4, )|

{ A, (Vo3 )= (4,49 )5, =(,2V ) 4,

(2) (3 4

Whereas an observer in the rest frame of the charged particle will ascribe the (same) force
(for v, <c), F, » acting on the test charge as being due to a time-varying ;IR -field,

FR (t):QTER (t):_QT%

Since F L= F = (1.e. the force acting on the test charge is the same in the lab as in the rest frame),

we see that: —8AR(t) = ﬁ(ZLoﬁL)—ZLx(ﬁ.ﬁL)—(;IL.ﬁ)ﬁL—(ﬁLﬁ);lL

rest frame

lab frame quantities

In the rest frame of the charged particle, moving with velocity v, in the lab, the ;IR -field, as
seen in the rest frame varies in time because the charged particle is passing through/going over
e.g. spatial gradients in the lab ZL -field (which is static in the lab frame).

4 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Let’s now explore the physics of this further with a specific example/application/use of this
four-term formula for F ;. Let’s consider a long straight wire of length 2L carrying a steady

(line) current, / in the +Z direction (see P435 lecture notes 15, p. 7-8) where we found (in
cylindrical coordinates):

z=-L I z=0 I Z:|+L

(I_) — ¢ — Caai

=
—>

P
L v
P( p) observation field point

I . for a long wire of
Ay, (p)=| 22 |In|| = |31+ [1+] £ 2| <4 |I=f | lengthL carryinga
long 2 L long
a P wire steady current /.

ST ]

If L> p, then these expressions simplify to:

ASH

2L ).
Ao (9 ):[5_;}“11(7}

for L> p
- y7; I .
Blopg (p) = (ﬁj (; ¢J

n.b. This is the exact same B -field result we obtained using Ampere’s Law for the - long

straight wire carrying steady current [ = £ {see P435 lecture notes 14, pp4-5}.

Again, this is the magnetic vector potential ,ZIL and corresponding EL -field, EL =V x ZL in the
lab frame, where the long steady current current-carrying wire is stationary/not moving/at rest.

Now let us consider a test charge, Qr moving with constant/uniform velocity, v, =v x (J_ Z,ongj

wire

in the lab frame, again with v, < c.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 5
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Then because ZL 1 ¥, , the 1*" term in the 4-term lab-frame force equation vanishes (here),

because (ZIL -\7L) =0, hence 171(1) = QTﬁ(ZlL -\7L) =0|.

Then because v, =v,x = constant/uniform velocity, the 2" term in the lab-frame force equation

also vanishes (here), because V x v, = V x v x=0. Hence ﬁL(z) = —QT;lL X (@ X \7L) =0|

Similarily, because ¥, = v, % = constant/uniform velocity, the 3" term in the lab-frame forc

€

equation also vanishes (here), because Vx, =V x v x=0. Hence F“L(” =-0, (;IL -@)ﬁL =0|

Thus (here), only the 4™ term in the 4-term lab-frame force equation is non-zero, i.e.

F=F=—0,(7,%) 4]

- 2L
Now, if we use (for simplicity’s sake) the L > p approximation |4, ( p) [ He j[ In ( J
P

2p

wire

Then: 6}1}:{ 0 p+li¢+£z}( j]l (21’] — n.b. AL(p)haswexplicit
pop & L P @ or z dependence

A5

&)=l

s S CHEREGepesil
ooy

<7 {( U, j 1 A} . n.b. p is associated with the gradient, V and
" =—3| == |—p;Z .
z is associated with 4. IMPORTANT!!!

FL = F'L(4) ==0r (‘_;L .ﬁ)EL =-0; (Vg)e'ﬁ){(gl—;Jlln (%J 2} =+0, [VO)AC{ ;;]éﬁ

Then:
ILlO V()I 2. A\ 2 st L=
=+0;| == —(X',D)Z < | n.b. must 1™ take dot product (vL-V)here!!!

5
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Now: p =cos@x+sing@y (in cylindrical coordinates)

=1
- I, A AN A 1 2, . AN | A
" FL=F£4)=+QT ;—7"[ Yo (x-[cosgox+s1ngoy])z+QT[;—;)L[cosgo[xox]+sm¢j/\4)}z

P P

= = [ . : .
W F, = FL(4) =40, ;—7‘; v;) cos@z| <« n.b. the lab-frame force acting on moving test charge,

that has constant/uniform velocity v, =v,x (L I = ) in proximity ( p <K L) of long wire

carrying uniform/steady current I = % is in the 2 -direction, parallel to direction of current flow!
= IS THIS RESULT ACTUALLY CORRECT ?7?? «

As an explicit check that this result is indeed correct, we calculate the Lorentz force (in the lab

reference frame) acting on the test charge, O, from F, = Q, [ﬁL X B}U”g

wire

j with test charge moving

in the lab frame with constant/uniform velocity, v, =v,% (v, <¢):

I,
Bit:;:g (p) = [5_;};(0, for P < L

I s 2] 2 Iuo [ 2 luo
= (VLXB@?;:.%(")]ZQT(V‘)xx(znj?”j:QT(zn

But: ¢ =—singx+cos@y (in cylindrical coordinates)

-0 s
F, =QT('u"]%(J?x[—sin(p)%vtcosqo)?])=QT(§—;[]E(sin¢) ExK +cos¢)(fc><j/)]

[ i)

Yo,

2 Yo

= 1
ie. |F, =0, (&jVLCOS 104
27 ) p

.. This result is identical to that obtained from |F, = FL(4) =-0, (VLoﬁ) A4 M

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 7
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Now let us look at an end view of this physics problem, in the lab reference frame:

> &>

A
. }\I{::'\'ﬁa?{

f

TRANSUERSE T
TMPACT -~
PARAMETE(

b

The expression for the force on the test charge, Qr (as seen from the lab reference frame) is:

= = ~\ = 1 i - A .
F, =0V, xB,,, =-0; (VL-V)AL =0, (;—;j%cos @z with v, =v x, indep’t of time, v, < c.

wire

The above force acting on Orwants to bend it in the +Z direction (i.e. out of the page, in the
above figure). As soon as this happens, the test charge is no longer maintaining its initial

direction. Since we know that for v, =v x, that F = F% , then we can imagine carrying out a

quasi-realistic experiment using e.g. a Millikan oil drop apparatus consisting of a pair of parallel
plates with an applied potential with associated electric field which exactly cancels out the
Lorentz force acting on the test charge Or, i.e.

FToT = FLorentz + F:zpplied = QTVL X BL - QTEapplied

L - s (=g L .

= Eapplied - _VL X B[(;ng - +(VL .V) Jong _(2_ —COS ¢Z
wire wire ) p

We can accomplish this e.g. using a Millikan oil drop apparatus, that moves with the test
charge. The test charge Oy is e.g. attached to an oil-drop of independently known mass. A light
source and a video camera are used to monitor the position of the test charge between the
electrodes of the Millikan apparatus and a fast laptop pc is used to read in/frame grab the video

camera data and analyze it to determine the oil drop’s position (e.g. at = 1/ 30" second intervals

(NTSC standard is 30 video frames/sec), kinematic software is used to apply a correction to the
potential difference A} across the electrodes of the Millikan oil drop apparatus in order to keep
the test charge centered (i.e. motionless) in the gap of the Millikan oil drop apparatus. In this

8 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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manner, we can maintain v, = v x =constant independent of position of Oy in the lab frame and
in time. <= n.b. This is nothing more than a software-controlled feedback loop.

e e = o e e e e, A
1 ROTRTED 11 PIX 902 €L O/CMES VIDED ’]\ Y
Fol yizeaRbeagry)  canmAg | - _
R (nemat - { e T w
HiasSCopes 7 VI I chssse. Zews o‘F+l'M(:,
. v Ny F ‘

TILL KA a1l
LIGHT :\61. BROP APPARATIS So £20 is whew Q1<

Lacated hexe,

'r
|
l .
! SOMRLE A /',t.l' QT a'\r & ’
1 . H
: e A R [ = ' =
| ) ‘ T
. ! |
! ) & “TRANSUERSE
i
| e ‘N? .
1 b
| ———ef ‘j’ >x
I e R B W
| | / -. -~
s N ) Z—-LiNEs of B
“THE LOBOLE MUWLIKAN OIL DRop EXPERIMENT o S )2 surer R oM\ A
APPARATIS TOVES (0w RAWLS) Lorry Consmanl/  ~ A7AZ Togqe B (SJ)FP
(ANIFORY VELOCITY Ny =", & | Tubepenpe for long wive,
OF posimal~~ TIME  “THE APPARATUS ABNTROLS { o<te L)
THE NY POWER SufPLY To KEEP (v MOTIEPESS \}o ’

™ THE REST FRAME of THE MiLLlAR AL Dok
APPARATUS,

As an added benefit of using the pc-controlled Millikan oil drop apparatus, we can also
simultaneously use the pc to record the x-position of the Millikan apparatus as a function of time

as it moves in the lab frame with constant velocity, v, =v x. We choose the zero of time to
occur when the test charge is at x = 0, i.e. when Qr (¢ = 0) is located at (x, y, z)|,., =(0,5,0).

Then this setup will record: Fap plicd

Fpea (%58) = OpE i (x,,8) = =0, [AVapphed (xL,t)/d] Z| where d = plate separation distance.

(x,.1), lab position x, (¢)and time, ¢, where

If the pc-controlled feedback loop works perfectly, then the test charge O, remains
motionless/centered/at rest in the gap of the Millikan oil drop apparatus and F, opiiea (X11)

=0V, x E,(mg =-0, (\7L -ﬁ) 4, . With v, =v ¥ = constant, independent of

wire wire

exactly cancels F

Lorentz

position and time!

Because this apparatus is such that the total force acting on the test charge, Oris continuously
nulled out, i.e. Frp (x,,6)=Fy, . (%,.8)+ F, s (x,,6)=0 V x and ¢ then

Foppiea (xuf ) = —F e (X151 ) V x and ¢

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 9
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Also, because the pc-controlled Millikan oil-drop apparatus is in the rest frame of the test charge

. . . = 6A (xLa )
Or, the applied electric field is |E, ., (x,,¢) = T :
Since: Fm = F +F,, s = 0|in the rest frame of the test charge (and in the lab frame)
= = - 8;1R (xL , t)

Then:

Ezpplied = _FR g: Q Eapplted (x t) = +QT at

. AV, y
But: |E, . (x,.1)=— [M}Q_JFGAR(JCL’Z)

applied d -

How does Jllung change with time, for |\7L| = |v0)%| < ¢ 1in this experimental setup??

wire
@ LockTEDd
s GRE@ £=0,
@ wewk I /
> v / — AN

TRARSVERSR
b TMEAT
FAppETER

LocAL of\qIiy,

é’\} 1=IZ (IL)E\L’%\.J CO)O 0-}
~ R =AS TN LAB FRAME
n.b. drawn for <0, x, = vt <0:
M
!
{

F '\l?c,_ @+b*

96" + (p-a6f) =110° £
o= L 80°~ 2 oud
of &= = ?? f;-)‘le{ LocAL BR\G1N, =4

(XL 3]_)%1'\ (QOD\
I LAB FRAME

The x, - lab position of the test charge, O, as a function of time is:

x, (1)=0+v,r=vt (x,(t=0)=0)  (forv, <c)
—X; (t) r—:’L =9 .
And: ———~=cos(a)=cos(7 —¢)=coszcosp+ sifiz sinp =—cosg
P

10  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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X (t ) _ vt This expression works correctly
cosp(x,,t)= = =
p(x,,1) 22 4 p? for ¢(x,,t) fortr<Oandz>0.
with: | p xL, \/xL +b2 —\/ jtz +b*
-~ 2L
if: A Iln f L
1 ,;V,;i(p) (27[) (,Dj or pk

)=+ (1

+b* = v2t2 +b?

H,
27

jnn 2_Lj ﬂojnn 2L
p(x,5) 27 X2 (1) + 1

for px L

wire

xL,
A (500) :(
Zlong (xL’ t) = (

H,
27

for

jun _2n
NS

p<L

6A’x::%(xpt)_(ﬂojlg ml 2L 5
6t 272' 6t ’Vjt2+b2

Jesr o

SIS

2L
In =
{ {«/vftz b H 2L

2L
NS

- | g T
25*(21\2 )w/vt +b * [v2t2+b2} %

-y +b2}

o

(vgt [v £’ +b’ ] [
-V (vt t+ ] =-v,

o o

!

vt

COS(p(t) with:

1 _ Y%
+b2 +b2
—+cosqo ()
8;110” (x,.7)
s (), cow(z)é
ot 2z p(t)
Ggllon (xL,t)
By (1) = ——2 :{“ojzvo coso(t)
ot 27 p(1)
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With: cosg(t) = % (1) _ vt

g
Mi FR (t):QLER (t):_QT aV;lre :+QT(

J;(’Ti)cosgo(t)é

H,
27

Thus we see that: Fy(¢)=F,, . (t)!!! All three expressions agree with each other!!

= * Loretnz

: S Loy 04
ie. V, xB, :—(vL-V)AL :_a_tR for v, < ¢

T rest frame of Oy

Experiment #2: Moving Metal Rod

Instead of using a single test charge Or moving with velocity v, =v x (vL < c) in the lab frame
in proximity to a long wire carrying a steady current I = 2 (at rest in the lab frame), let us
consider a conducting, non-magnetic (electrically neutral) uncharged metal rod (e.g. made of
copper) of length ¢ and radius a (with volume V' = za’( and mass m = p,V = p, wa’( ) moving

with constant / uniform velocity v, =v x (vo < c) in the lab frame, again in proximity to this

same long wire carrying steady current [ = % .

Here (again), suppose e.g. that the center of mass of the conducting metal rod is mechanically
constrained so that the center of mass of the metal rod maintains its initial velocity vector

v, =v,x atall time, independent of its position in the lab frame (?cL (t)= votﬁ) with time.

However, the design of the mechanical fixture that imposes this constraint is such that it allows
the conducting non-magnetic metal rod to rotate / orient itself freely (i.e. without any friction) at

any arbitrary angle (9, (o) about its center of mass. The metal fixture also electrically isolates

(i.e. insulates) the rod from everything else.

When the metal rod is far away from the current carrying wire, the initial orientation of the metal
rod is such that the long axis of the rod e.g. lies in the x-z plane, making an initial angle 6 with
respect to the Z -axis:

12  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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~ L A .8 -~
) AZ, T=12+4 A=A
LoNg _
ASES OF menING LOMG WiRE CARRYING
WETAL ROD €7 STEADY CURRENT T2
— FAN
Ve = No X A
- [ > X
RN T
2 e PAGE
PiveT
EELECTQRNL
TISLATED

Due to the conducting metal rod’s motion relative to the long wire carrying steady current
[ =IZ, an EMF, &(x,,t) will be induced in the metal rod moving with ¥, =v,% (v, <¢):

B — -
EMF,&(x,.1)=AV =V, =V, =[ fdi

= &?llong (xL,t)
Where: fA(xL,t)z%;’t):ER(xL,t)z—W”ea—t=(§;J#it)cosq)(xpt)2
And p(xL,t):\/xi (1)+b° —\/vzt2+b2
cosp(x,,t)= aul Wl
p(xL’t) «/v§t2+b2
And where d7 is || to the long axis of the metal rod.
2-;5 =cosd R ; §:+J/1 _ Li:mu of
nb. Foedl=E,2edEE gsm.i\m e
:ERd§(2-$)¢O >R, T ="BR

. A («c)
Implies & must have some Sk fong ,_m;f
non-zero component || Z. f“yz_ "‘j A{‘ﬁé\ . i a¢ ?

Now, for simplicity’s sake, let us assume that the dimensions of the conducting metal rod are
such that:

Rod radius @ < rod length / < transverse impact parameter b (in y direction) < p (x 15l )
X, (t)
2 (1)+0°
vt

NEE

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 13
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Then F(x,,t)=QE,(x,,t) and hence E,(x,,t) will be = constant over the spatial extent /

dimensions of the conducting rod, for a given location x, (t) =v t in the lab frame. (This simply
makes the line integral Jf fA-d / easy to carry out):

.
EMF|e(x,.1) = AV =V, =V, =~[ " E (x,.t)ed 7 =~E, (xL,r)cosefi_ng
2

__ER (XL,l)fCOSH(xL,t):(’u" ]VO—M

27 ) p(e0) cos&(x,,t)cosp(x,,1)
V, (5 = ——,(XLJ)) = —%ER (xL,t)Ecos G(xL,t)

Vi (5 = +§,(xut)j = +%ER (x,,¢)Lcos&(x,,t)

EMF |&(x,,t)

~

\S]

= (—) charge builds up at point A (f = _%)

= (+) charge builds up at point B (5 =+ % )

Once an EMF,, g(xL,t) is induced in the conducting metal rod (—) charge at one end, (+) charge

at the opposite end (see above figure), then the conducting metal rod then has an electric dipole
moment p,, (x,,7) associated with it:

(=1E| = |p. =0l

1

The magnitude of the charge O induced at the ends of the conducting metal rod can be obtained
from energy considerations:

1 1 ;1 . '
Urod - EQV = EQS = ‘[Z,élace udr' = EjgégceDrud oE.oadT
Where E‘m g~ G]E is the EMF-induced electric field in the conducting metal rod

and D =& E

is the electric displacement associated with this E -Field and

3¢, e\ , e, (€ ’ 2
.4 =3¢, for e.g. copper metal, ... U, , = 5 L}d(?j dr' = 5 (zj (ﬁa K) EQe
ra’ e, wa’
=|0=3¢ = —rod
0 =3¢, 7 7

14  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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2
But: 0=C V=C_ ¢l = |C =5

rod rod rod f

(= “self-capacitance”, analogous to self-inductance @, = LI !!!)

The long rod with L ‘ s
induced charges Q Cé\/‘\A -
@ ends behaves = ¢ )
like parallel plate —_ O C= 4 _éena
capacitor: T 14 l
~ 2 ~ ~
Then: Pros =Q£=Qeé=%%/emf§=emd7razemf§

More explicitly: | p,,, (xL,t) = emdﬁazemf(xut);g(xwt)

The conducting metal rod thus has an induced electric dipole moment p,, (x, ) associated with

aZ,ong (xL,t) (

it. The external E -field: ER (xL,t) = _Wea—t —

exerts a torque on the induced electric dipole moment of the conducting metal rod:

X, ,t

/“lo vol >
—Cos@|(Xx,,t)z

f(xL,t):ﬁmd (xL,t)xER (xL,t)

= &,,,7a’ gmf(xL,t)éx( Ho ]Lcosgo(xut)é
— (

2 ) p xL,t)
o\ v Il
emf (x,,t)= o mcos@(xut)cosgo(x“t)
L

27 ) p(x,,1)

‘f(xL,t) = ewd;zazé{( H, jp(Lcosgo(xL,t)} cos e(xL,t)(gxf)

Now: & =cosfZ+sinbx, 5x2:cos€}%+sin9§cx2:—sin€)§

==Yy

IXyp=2z Zxx=p etc.

N>
Il
=>

X

<>

27

2
1
7(x, ,t)=— 2| [ Ho | Yol t O(x, ,t)sinO(x,,t) 7
7(x,,t)=-¢,,ma H Jp(xut)cosgo(xL )} cos@(x,,t)sinO(x,,t)

With: p(x,.t)=4/x, (t)2 +b° = VP + b’ v, =vx with v <c.

cosp(x,,t)= = 0 for x, (t)=v,t

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005-2008. All Rights Reserved.
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This torque on the conducting rod is in the —y direction, which acts to try to align the induced
- 0A(x N o
electric dipole moment p, , (x,,¢) with the electric field E, (x,,t)= —% (pointing in the

+Zz direction). Thus, the conducting metal rod will rotate due to this torque. The rotational
motion will be = fairly complex because:

Torque, 7 (x,,t)=1,,a(x,,t)

rod :ém(ﬁz +3a2)

—

I,,, = moment of inertia of rod about pivot axis (center of mass)

¢ (x,,t)| = angular acceleration, |&(x,,?)|= angular velocity

O(x,,t)= gfi +Z)/t+%a(xpt)t2 =0, +%a(xL,t)t2 = angular position
@i1=0

use above expression for 7 (x,,t)

Note that we could have instead accomplished the same results

e.g. using a real electric dipole (with electric dipole moment p = Qz ) o—®
(e.g. a permanently polarized, thin electret-type dielectric rod, or a real electric dipole)

One could also use an initially unpolarized thin dielectric rod, which would then become
polarized in the presence of the external electric field

Ep(x,,t)= —wwg = (gl—;j#it)cos ¢(x,,t) with polarization P(x,,¢) and total

electric dipole moment |p,,, (x,,1) =P (x,,t)AV, , =P(x,,t)za’(

(assuming uniform polarization i.e. uniform E, (x,,))

16 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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One could instead simply directly measure the electric field £, (x,,t) —a variety of devices /

techniques exist to do this / accomplish this. A very simple method is to use a JFET (junction
FET) to measure the E -field (A JFET has extremely high input impedance)

Ve =+5V
EEX[
R
Electrode V ﬁm
L Gate Source
ey
L el Y
Drain
JFET
Rp
—Vyp, =0v

These “tools” could be used to have fun exploring situations associated with the other “force”
terms are involved

E, :M-Z(Z@)—(ﬁﬁ)@ —@

%,_J
M (2) (3) (4)

We have examined just this one term,
here in these lecture notes...

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 17
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Appendix A

Let us imagine a region of space where a static gradient of the magnetic vector potential ;1(17)

exists, i.e.

In Cartesian Coordinates: ~ V A(7)= (ifc +£j/ +£2j(Axfc +A4,7+ Azé)

For example, consider a simple one-dimensional case where 4,(x) increases linearly with x
(only):

Ax(x) 4

= a
Slope, m = +—=*= constant

dx

on = y'lw

v
=

Here then: A (x):(a;xj_x_’_on
x

“y=m-x+b”

In general, 4, and 4. could also similarly depend on x (as well as y and z) and also, 4, could also
similarly depend on y and z.

Now this magnetic vector potential ;lL (77 ) is defined in e.g. the lab frame of reference (where A

is at rest) i.e. it is a static vector field in this non-inertial reference frame, which varies spatially
from one place to the next, as defined by the above formula.

Now imagine an electric test charge Or moving at constant relative velocity v, in the lab frame

(|VL| < c) moving through this spatially varying A -field. In the rest frame of the electric charge,

the IZIQ -field seen by the electric charge will appear to be varying in time!!!

In our simple one-dimensional example, with v, =v, % and X, (1) =V, =v, % or simply:

X, (t) =v,t

18  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005-2008. All Rights Reserved.



UIUC Physics 435

Fall Semester, 2007

Supp. Handout 7

2 slope = d4
P dx

X

Prof. Steven Errede

= constant

The charged particle sees (in its rest frame):

Then here:

Generalizing these 2 equations:

If the charged particle is also accelerating:

Then the electric field

A

X

0,

dA,
dx

A
x, (8)+4, = (
jlab L( ) “ d

d

X

v t+ A4

ox

jlab

X

0A,
Ot

dA,
dx

0 lab

(forv, <)

—

(t) = (VJ'V) ;Ilab (’7) +4,,

0
A

o)

(1)

The induced EMF,

A, ()= ((votfc—i-%aot jﬁ Ay (),
04, (t N

2} ) =((v0x+a t)-V)A,ab (7)
in the rest frame of the electric charge:
. :_GZQ(t):q _F, 1,

© a Q0 0 ot

B — . B@ZIQ(I) -
e=NV =V, =V, =| Jfpdi=] «di| (Volts)

ot

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Let us consider a conducting metal rod of length | moving with constant velocity v, =v, X in

: . . T . (dA . o
a one-dimensional magnetic vector potential | 4, (r) =4, (x) X= ( y = j xx+ 4, x|in the lab
’ X Jlab ’

frame. Note that (here), the long-axis of the conducting rod is || to ¥, =v_X.

Then in the rest frame of the metal rod, the free charges in the metal rod see an A -field:

v . (d4 an . dA . A
4, (t) =th-( “‘) Xx+A, xzvoxt( "j X+A4, x
dx b lab dx b lab

04, (1) o4 (¢
And: Q(): X()’%:Vax(dAxJ 3
ot ot ax ),
. - F 3] o4 dA .
Then: EREfA:_A:d_p:__Q:_Vox xj %
O d ot ax ),

Moving metal rod A (x)= (dAx J x+ A, inlab frame
Ax Jiay
@ ;;;:&9,_\3:
B le A
) —l \/ Slope (d

A
a s ] = constant
lab

Acx dx
/ %
i
. N o4 dA. ) .
Here, the force acting on each free charge Q is: |F =QF = _QE =—Qv, = X
X

If (dij > (), then F' =( )(—%) direction, for charge O > 0.
lab

dx

ie. +ve charges pushed to —x end of rod.
-ve charges pulled toward +x end of rod.

B - dA, - .
EMF 5=AV:VB—VA:LfA-d£=—va( j jdf where d7=—dx% (here)

dA =t
EMF ¢ = +vox[ 7 '*j ?| Volts (here) \_\C» j / a’xx =—/(x (here)
X

We see that the axis of moving metal rod must be parallel to the gradient of the magnetic vector
potential in order to obtain a (maximally) non-zero EMF!!

. A moving metal rod can be used to detect spatial gradients in A4 !!!

20 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Again, if one connect the ends of the moving metal rod to an external electrical circuit (e.g. a

resistor), an induced current will flow:

/A
Currentlzﬁzﬂzvox a4, 1
R R dx ),
AVZ {vox (61;/4)( J g}
x
Power |P= = lab
R R

Amps (here)

Watts (here)

<k

2

j<i'—~——~—-£ _—
« 9 —!

Note that the power P, induced current / , induced EMF ¢ all vanish when v, — 0.
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