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LECTURE NOTES 5
ELECTROMAGNETIC WAVES IN VACUUM

THE WAVE EQUATION(S) FOR E AND B

In regions of free space (i.e. the vacuum), where no electric charges, no electric currents and
no matter of any kind are present, Maxwell’s equations (in differential form) are:

——— e Set of coupled

1) |V-E(7,t)=0 2) |VeB(7,t)=0 e P €
(7 (= o= partial

3) ?xE(F,t):—M 4) |VxB(7,t)=we, O (r1) iza (71) differential
ot \, ot c ot eauations

Ux(VxE)=x| -2 Ux(VxB)=Vx| - L
ot ¢ ot
9 (54F) -ViE=-L(9xB) | =9(54B)-v:E=L 2 (9xE)
ot ¢’ ot
__vip-_9 iza_E :_vzgzizﬁ _9B
ot\ ¢ ot c ot\ ot
2 1 82E 2—’ 1 azB
C2 6I2 c2 atz

These are three-dimensional de-coupled wave equations for £ and B - note that they have
exactly the same structure — both are linear, homogeneous, 2™ order differential equations.

Remember that each of the above equations is explicitly dependent on space and time,
e E= E(F,t) and B = B(7#,t):

L 1 O°E(F,t Lo 1 &*B(F,t
VZE(r,t)zc—z 852 ) sz(r,r)zc—2 552 )
or.:
- 1 0E(F1) . 1 0°B(F1)
VIE(7,t)- = V2B(7,t)- -
(V,t) C2 atZ 0 (I’,Z) c atZ 0

Thus, Maxwell’s equations implies that empty space — the vacuum {which is not empty, at
the microscopic scale} — supports the propagation of {macroscopic} electromagnetic waves,

which propagate at the speed of light {in vacuum}: |c = 1/ JE 4, =3x10° m/s|,
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EM waves have associated with them a frequency fand wavelength A, related to each other
via ¢ = f 1. At the microscopic level, EM waves consist of large numbers of {massless} real

photons, each carrying energy

angular momentum

L,

=1n

E=hf =hc/A

where 4= Planck’s constant = 6.626x107* Joule-sec and

, linear momentum |p|=h/A =hf /c=E/c and

h=h/2r)|

EM waves can have any frequency/any wavelength — the continuum of EM waves over the
frequency region 0 < f <o (c.p.s. or Hertz {aka Hz}), or equivalently, over the wavelength
region 0 < A <o (m) is known as the electromagnetic spectrum, which has been divided up
(for convenience) into eight bands as shown in the figure below (kindly provided by Prof. Louis
E. Keiner, of Coastal Carolina University, Conway, SC):

N <
< 5
§ o
:
g =
w
Gamma-rays [~ 0-1A
1019
o 1A
0.1 nm
— 1018
Q X-rays L am
C 1017 400 nm
(@)] 7
® c —10n
S > 10 Ultraviol
traviolet — 500 nm
e = 100 nm
5
D9 10" Visibie
o o {1000 nm
0] (%_ - 1\um — 600 nm
Infra-red = 10 um
1012 |
700 nm
— 100 um
1012 |
_{ 1000 um
1000 MHz — 101 1 mm
il Microwaves [~ 1cm
500 MHz - 1012_|
1 — 10cm
) 10°
VHF —1m
713 10° _JRadio, TV
100 MHz — FM 10m
VHF 107 _
1 26
50 MHz - - [~ 100m
— 1000 m
Long-waves

Louis E. Keiner - Coastal Carolina University
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Monochromatic EM Plane Waves:

Monochromatic EM plane waves propagating in free space/the vacuum are sinusoidal EM
plane waves consisting of a single frequency /', wavelength A =c¢/ 1, angular frequency

o =2x f and wavenumber k =27z/A . They propagate with speed ¢ = f1=aw/k .

In the visible region of the EM spectrum {~380 nm (violet) < 4 < ~ 780 nm (red)}, EM light
waves (consisting of real photons) of a given frequency / wavelength are perceived by the human
eye as having a specific, single color. Hence we call such single-frequency, sinusoidal EM

waves mono-chromatic.

EM waves that propagate e.g. in the+Z direction but which additionally have no explicit x- or
y-dependence are known as plane waves, because for a given time, ¢ the wave front(s) of the EM
wave lie in a plane which is L to the Z -axis, as shown in the figure below:

The planar wavefront
x associated with a plane
<« | EM wave propagating in

the k =+2 direction lies
in the x-y plane.

v
N>

constant everywhere in

/ (x,y) on this plane.

Note that there also exist spherical EM waves — e.g. emitted from a point source, such as an
atom, a small antenna or a pinhole aperture — the wavefronts associated with these EM waves are

spherical, and thus do not lie in a plane 1 to the direction of propagation of the EM wave:

N
{\

=1 Portion of a spherical wavefront

‘/_7/ associated with a spherical wave

Po(NT
sSoufce
of gt
RADLRT SN

n.b. If the point source is infinitely far away from observer, then a spherical wave — plane wave.
In this limit, the radius of curvature Rc — ). i.e. a spherical surface becomes planar as Rc — .

A criterion for a {good} approximation of spherical wave as a plane wave is: |4 < R,

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 3
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Monochromatic traveling EM plane waves can be represented by complex E and B fields:
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BK(z,t) = Bze

i(kz—wt)
N

Propagating in the
k =+Z direction

n.b. complex vectors:

o pa_lplise— i5 4
eg. |E =Ex=|E|e'x=E¢"x

"\

Propagating in the
k =+Z direction

n.b. complex vectors:

e.g. éo =B = ‘Eo‘ei‘sj/ =B’

n.b. The real, physical instantaneous time-domain EM fields are related to their corresponding

complex time-domain fields via:

E(7.r)=Re(E£(7.1))

B(7.1)=Re(B(7.1))

Note that Maxwell’s equations for free space impose additional constraints on Ea and éo .

— Not just any Eg and/or ZED is acceptable / allowed !!!

and:

In Cartesian coordinates: V= gfc + 9 y+ 32
ox oy oz
Thus: (@ol??) =0 and (@oé) =0 become:

!

Now suppose we do allow: £, = (oni +E,p+ Eozé)ei5 =Ee°
polarization in 2-$—£ (3-D)
7 - - A\ i B s
B,=(B,%+B,5+B,.2)e" =Be

polarization in 2- -2 (3-D)

Then: i)2+£j/+£2 o(on)%+E0 j/+E022)ei‘5ei("z’“”) =0
ox oy oz 4
ij&{.ij}_{_ié .(Box)’e+Bo))’;,_l_Bozé)eib‘ei(kz—wt) -0
ox oy oz
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Or i)%+£)‘;+£2 -(Em)2+EU j;+E022)e"("z“"’)e"‘S =0
ox oy~ Oz : i
044 95,9 (B, %+B,5+B,2)e"" e’ =0
ox oy~ Oz g
Now: Eox, Eoy, Eoz = Amplitudes (constants) of the electric field components in x, y, z
directions respectively.
Box, Boy, Boz = Amplitudes (constants) of the magnetic field components in x, y, z
directions respectively.
a A A ilkz—-wt) iS5 . .
We see that: xXeE  xe (=@ = 0| « has no explicit x-dependence
ox
6 A A ilkz—o i . .
And: ™ »E, (=g — 0| «— has no explicit y-dependence
Y
%oB, % e =0| « has no explicit x-dependence
ox
8 ~ A i(kz—ot) i . e
And: ™ VB, ye (=g = 0|« has no explicit y-dependence
Y
0
However: —(e"z) =ae”
0z
Thus: 5 20E 26 = ikE_ e =0| « trueiff |E, =0[!N
Z
2eB 2" = ikE, " ™e” = 0| < trueiff B, =011
z

e Thus, Maxwell’s equations additionally tell us/impose the restriction that an
electromagnetic plane wave cannot have any component of £ or B || to (or anti-|| to)

the propagation direction (in this case here, the k=+2 -direction)

e Another way of stating this is that an EM plane wave cannot have any longitudinal

components of £ and B (i.e. components of E and B lying along the propagation
direction).

e Thus, Maxwell’s equations additionally tell us that an EM plane wave is a purely
transverse wave (at least while it is propagating in free space) — i.e. the components of

E and B must be L to propagation direction.

e The plane of polarization of an EM plane wave is defined (by convention) to be parallel to E .

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 5
2005-2015. All Rights Reserved.



6

Thus:

UIUC Physics 436 EM Fields & Sources 11

Furthermore:

E and B for an EM wave:
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ﬁxﬁz—a—B and/or: §x§=iza—E
ot c” Ot
=Re(§x§)=Re _8_B =Re(§xl§)=Re Lz@_
ot ¢ ot
~ N ~ ~ N ~
Can only be satisfied V (7,¢) iff:
§x§=—a—B and/or: ﬁxf?:iza—E
ot c” ot

Prof. Steven Errede

Maxwell’s equations impose yet another restriction on the allowed form of

With:

Thus:

Can only be satisfied /
can only be true iff the
X and y relations are
separately / independently
satisfied V (7,¢)!

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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— =z GE . B . 8E é
ie. VxE: |- yx=—a x| = r_ 9B = |ikE, =—iwB,, (1)
Oz Ot 0z Ot i
oE oB oE. OB
t—ry=—"t)| = [ E=-—2 = |ikE, =+ioB 2
oz > o oz ot - t @
. . | oB ) 0B
VxB: |- y)%:iza Lx| = |-— =i2—aE" = |-ikB, =—i2ia)on 3)
0z ¢ Ot 0z ¢ Ot T ¢
oB 1 OF 0B, 10 1
+—=j=5—")| = | =F=5—| = |ikB, =-—iwE,| (4
aZ y CZ at aZ CZ 62‘ ox Cz oy ( )
o ; w k
From (1): IkE,, =—i®B,, = |E, = —(—] B | or: |B = —(—j E,
k 0]
From (2): ikE, = +iwB . = |E = +(QJB or: |B = _{_jE
ox o ox k oy oy W ox
. B — 1. (e
From (3): —ikB,, = _c_zla)E“ = |B,, = +C_2 " E_
From @)  |ikB, ———iwE | = |B.———(2]|E
. ox c2 oy ox cz k oy

Now: c=fﬁ=(2”f)(%j:(%j

- = 1
VxE: (1) |B,=—-E,
c
1 :
(2) B, =+—E, Maxwell’s equations also
< have some redundancy
VxB (3) B, = +l E,_ encrypted into them!
c
1
(4) Box = __Eoy
c
. ) 1
So we really / actually only have two independent relations: (B, =——FE
rul C v
But: Ixp=—X
XXp=z PXX=-Z
Very Useful Table: | yxz=x ZXP=—X
ZXX=p XXzZ==yp

. We can write the above two relations succinctly/compactly with one relation: | 5,

2

1
and |B, =+—FE,
yul [ 4
IXX=+y

U

(>
Il

Q=
=
X
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Physically, the mathematical relation

wave propagating in free space, E and B

a.) in phase with each other.

Fall Semester, 2015 Lect. Notes 5

c

arc:

b.) mutually perpendicular to each other .and. each is perpendicular to the
propagation direction: (E 1 E) Lk (k=+2 =propagation direction)

Prof. Steven Errede

L x 1:1 tells us that for a monochromatic £M plane

The E and B fields associated with this monochromatic plane EM wave are purely transverse

{ n.b. this is as also required by relativity at the microscopic level — for the extreme relativistic
particles — the (massless) real photons traveling at the speed of light ¢ that make up the

macroscopic monochromatic plane EM wave.}

The purely real/physical amplitudes of E and B are {also} related to each other by:

and |E, =

JB + B

with |B, =

JEL + E.

Griffiths Example 9.2:

A monochromatic (single-frequency) plane EM wave that is plane polarized/linearly polarized in

the +x direction, propagating in the k =

+Z direction in free space, has:

E=E%
B=1(kxE)=L(2xEt)=LE(x%)=LEp
=y
With: (B=1kxE| |B=LE| and: |B =1E
Then: |E (z,t)=E, "5 = E et = E &%

E ei(sza)t)j} - B ei(szwt)

o

(1)

eib‘j} — Boei(l’cz—a)tﬂs))/;Y

e =cos@+isin@

< definition of linearly polarized EM wave, polarized in the +x direction.

The physical instantaneous electric and magnetic fields are given by the following expressions:

real imaginary

E

(z,t):Re(lfj(z,t)):Re E, cos(kz—wt+6)%+iE, sin(kz—wt+6) %

E(z,t)=E, cos(kz—wt+5)%

<\

real imaginary

E(Z,t)=Re(B(z,t))=Re B, cos(kz—wt+8)p+iB,sin(kz—awt+5)y

B(z,t)=B, cos(kz—wt+5)$=LE, cos(kz—wt+3)p

A

8

The physical
instantaneous
E and B fields
are in-phase
with each other
for a linearly
polarized EM
plane wave

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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o~
+2Z=
% =_ A DIRECTION OF PROMIGATISN oF BV
POLARIZATION Ese — = “‘——‘E*-:-—-m%_—-u—_.ﬂ. - e e PLAME E?E) @\TP'@? =CZ
DiRecripN -
[ / ,",”, K T . 4 —,‘.'; p - < _l_‘a
/r/’///{// N t‘L‘ ’/,L//:/!)f 7 _"'" EJ/S‘CEEXB
. LA ' . 4 . / \/
4 LL/’/ /fy/ g l / /
BQ:EE,Q ey : ¥ 3
R R NS i LADEDR. N

Note that: (E 1 E) 1l2=El% BLl:? (z = direction of propagation of EM wave)

Instantaneous Poynting’s vector for a linearly polarized EM plane wave propagating in free space:

$(2.0) =L E(z0)x B(2.1) =2 Re| E (z.0)| xRe  B(z.1)]
S(z,t) =—-E,B, cos’ (kz—wt+5)(%x )
\_Y_J

=z

g(Z,t)=!+uEaBocosz(kz—a)t+5)2 (Wattsj

2
m

= EM power flows in the direction of propagation of the EM plane wave (here, k=+2 direction)

Generalization for Propagation of Monochromatic
Plane EM Waves in an Arbitrary Direction

Obviously, there is nothing special / profound with regard to plane EM waves propagating in
a specific direction in free space / the vacuum. They can propagate in any direction. We can
easily generalize the mathematical description for monochromatic plane EM waves traveling in
an arbitrary direction as follows:

Introduce the notion / concept of a wave vector (or propagation vector) k which points in the

direction of propagation, whose magnitude ‘l; ‘ =k . Then the scalar product ko7 is the

appropriate 3-D generalization of Az:

I-D: If: k=K with [£]=Fk and: 7 =xk+yp+z2 with [F|=r=x"+ 3+ 2’
Then: (

=1

-;7) = kf-(xfﬁr yp+z2)=kz

3-D: If k=kg+kpkz with k| =k} +& +k and: 7 =xi+ yj+ 22

Then: (k+7)=kax+ky+k.z with [F|=x*+)?+2°

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 9
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Now: k. =kcos®
k,=kcos®,
k.=kcos®,

where cos® , cos® , cos®,_ = direction cosines w.r.t.

(with respect to) the x, y, Z -axes respectively

cos® =kex=sinfcos¢p

Direction .
Cosines: cos® =key=sin@sing (" in spherical-polar coordinates
cos®, =kez=cosd £
/\_
Note: \/cosz ©, +cos’ O, +cos’ O, Y
= \/sin2 O cos’ @ +sin” @sin® ¢ +cos” O @ @3
=+/sin’ @ +cos’ O =1 'g
©x
.—-"/'
AL
X

If eg. k||7 then: keF = kr . We explicitly demonstrate this in spherical polar coordinates:

k. =kcos® =ksinfcosq x=rcos®_ =rsinfcose
For /€||17: ky:kcos®y:ksin95in(o and: y=rcos®y=rsin0singp
k., =kcos®, =kcosf z=rcos®, =rcosf

Then: (lgf) =kx+k,y+k.z=kxcos®, +kycos® +kzcos®,
=krcos’ © +krcos’ ©, +krcos’ O,
= krsin® @ cos’ @ + krsin® @sin® ¢ + kr cos” 0
=kr {sin2 0 cos” p+sin’ @sin’ g+ cos’ 9} =kr {sin2 H(COS2 @ +sin’ go) +cos’ 0}

= kr{sin2 6+ cos’ 9} =kr

Thus, most generally, we can write the E (7,t) and B (7,t)-fields as:

E(7,t)= ~Oei(k'7_m)ﬁ where: A =polarization vector | L k
= ~  (keF-ot) (1 A AT = .
B(F,t)= ,,e( L (kxn) ie. |ick =0|because E is transverse

)J_;?(F,t)J_k ie. E-l§=0 and E-IQ=O and §-l€=0

We must have: E(F,t

10  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005-2015. All Rights Reserved.
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The Direction of Propagation of a Monochromatic Plane EM Wave: k

g‘ The Real/Physical (Instantaneous) EM Fields are:

A A
Axn,
.S =

/-@z E(F,t):Re(E(F,t)):EO cos(EoF—wt+5)ﬁ

where: 7 = polarization vector (|| E)

B(F,t) = Re(g(F,t)) =B, cos(E-f—wt+5)(/€xﬁ)

(5.~

o

Q=

E ) in free space

o

Instantaneous Enerqgy, Linear & Angular Momentum in EM Plane Waves (Free Space)

Instantaneous Enerqy Density Associated with an EM Plane Wave (Free Space):

uEM(F,t)=%(£0E2(?,t)+LB2(F,t)j=uelect(17,t)+umag(17,t)
/LIO
where: [t (7o) == 2,E7 (7,0)| and [t (7o) = —— B (7.1) = =6, E° (7.)
. elect H 2 o H mag H 2/10 2 o
1
But: B’ :c_2E2 and C—zzé‘oﬂo for EM waves propagating in vacuum/free space

Thus: u,, (F.t)= l{goEz (7,t) +ﬁE2 (F,t)j = %(goEz (F.t)+&,E° (F.t))=¢,E (F.1)

> #

or:  |ug, (F.t)=6,E°(F.t)=¢,E, COSz(lg-F—a)t+5) (Joulesj

m3

n.b. for EM plane waves propagating in the vacuum:

umag (?’t) = uelect (?’t) and/or: umag (F’ t)/uelec't (?’t) = l

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 11
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Instantaneous Poynting’s Vector Associated with an EM Plane Wave (Free Space):

S Watts

5(7,,):E(;,t)xﬁ(fjt):!%E(f,t)xé(f,z):tRe{b:“(z,t)}xRe{é(z,l)} ( 2 j

m

For a linearly polarized monochromatic plane £M plane wave propagating in the vacuum, e.g.:

E(7,t)=E,cos(kz—at+05)%| and: |B(F,t)=B,cos(kz—at+35)7

Then: |S(7.t)= L E,B,cos’ (kz—wt+5)z| but: |B,=1E,| for EM plane waves in vacuum.
Thus: [S(7.1)= = £’ cos’ (k= — ot + ) 2|  multiply RHS by 1:@
. c
=/ 1 2 2 A 1
Hence: [S(7,t)=c| — |E, cos’ (kz—wt +5) 2| but: |5 =¢,u,
He c

%1}
—~
~|
~
SN—"
1l

Thus: C(EOK}EOZ cos’ (kz—awt+68)Z=ce,E. cos’ (kz—wt +5) 2

P4

But: |uy, (F.t)=¢,E*(F,t)=¢,E. cos’ (kz— wt +5)

—
— A

. |S(7.t) = cuy,, (7,t) 2| Here, the propagation velocity of EM field eneray: |V, = ¢Z

—> Poynting’s Vector = Energy Density * (Energy) Propagation Velocity: |S (7 N ) =Upy (7 )l )‘75

Instantaneous Linear Momentum Density Associated with an EM Plane Wave (Free Space):

Pras (7o1) = £,00,8 (7,1) = S (1) ( ke j

m’-sec

For linearly polarized monochromatic plane £M waves propagating in the vacuum:

P e =LZ,A90EO2 cos’ (kz—a)t+5)2=lguEu2 cos’ (kz—awt+6)z
c c

SUpym

But: |uy, (F,t)=¢,E*(F,t)=¢,E, cos’ (kz—wt+5)

- S/ S (= 1 NN
goEM(r,t):gmuoS(r,t): 2S(r,t):—uEM(r,t)z ( 2kg j
4 C m°-sec

12 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Instantaneous Angular Momentum Density Associated with an EM Plane Wave (Free Space):

Do (Fo1) = Fx iy (1) (mksgecj

m’-sec

L S/ 1 5, 1 NN
But: SOEM(r,l‘)=€0y0S(r,t):c—2S(r,t):ZuEM(r,t)z( ke j

.. for an EM plane wave propagating in the+Zz direction:

P (P =i §(F0) = tu (R (x| (K
£EM(r,l):c_zl’xS(r,t):;”EM(’”st)(rxz) (m—sgec]

T— n.b. depends on the choice of origin

The instantaneous EM power flowing into/out of volume v with bounding surface S enclosing
volume v (containing EM fields in the volume v) is:

P, (t) _ aU,g\Z (t) _ J’V 5MEM657,1) dr = —SBSE(f,l)'dﬁ (Watts)

T— n.b. closed surface S enclosing volume v.

The instantaneous EM power crossing an (imaginary) surface (e.g. a 2-D plane — a window!) is:

Py (t)=—[ S(F.t)dd,

The instantaneous total EM energy contained in volume v is: Uy, (l ) = .[quM (77 N ) dt | (Joules)

The instantaneous total EM linear momentum contained in the volume v is:

e (=[P ()e] (X2

S€C

The instantaneous total EM angular momentum contained in the volume v is:

B (0= T (721) d (kg'sz

S€C

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 13
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3-D Vector Impedance Associated with an EM Plane Wave (Free Space):

Z(7,1)

E(F.t)x(1/H (7.t))

(Ohms) = Ohm’s law for EM fields! (n.b. a vector quantity)

Analog of: Ohm’s law for AC circuits:

Complex form of Ohm’s Law: Z

(n.b. a scalar quantity)

)=V (0)/1(1)=V (e)- T (0) )| (o)

—~
~

What {precisely} is the mathematical meaning of a “generic” reciprocal vector 1/ ;1( r ,t) 7?

The magnitude of the reciprocal vector ‘l/;l(?,t)‘ = 1/‘;1(17,1)‘ is invariant (i.e. cannot

change) for arbitrary rotations & translations of the coordinate system. The direction that the
reciprocal vector 1/ ;1(17 ,t) points in space {at time ¢} is also invariant for arbitrary rotations &

translations of the coordinate system.

Note further that inverse unit vectors {such as 1/x, 1/y, 1/ } are meaningless!

For a purely real “generic” vector A(7,t)= A, (¥,t)%+A4, (F,t)p+A.(7,t)Z {eg. expressed

in rectangular/Cartesian coordinates}, the mathematical definition of a purely real reciprocal

vector 1/ 2[(17 ,t) , satisfying all of the above requirements is:

1 1 ~

where:

Using
rectangular

‘Z(?,t)‘ ‘A(f, l‘)‘ / Cartesian

coordinates

Using
rectangular

/ Cartesian
coordinates

where:

2*(?,t) _ Zj(f,t) _ ;1:(r,t))%+2;~(F,t)j/+zzlj(;7,t)2 rectﬁgam
A(71) A7) Lo
(I”,Z‘)x-i- y(r,t)g/—f-Az (F,t)z recgsrigglar
T / Cartesi
() oo

14  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Thus, e.g. for a linearly polarized monochromatic EM plane wave propagating in the vacuum in

the k =+Z direction, with instantaneous/physical purely real time-domain EM fields of

E(F,t)=E, cos(kz—wt+6)%

and: |B(7,t)=B, cos(kz—wt+5)3| with: |B,=—E,
c
ﬂLE( t)= ﬂLuBOcos(kz—a)t+5))7=$Eocos(kz—a)t+5)j/

The vector impedance Z (r,t) associated with a monochromatic plane EM plane wave
propagating in the k =+2 direction in free space is

and: H(?,t) =

|
o
o
(@)
o |
7]
>

_ 2 A Note the cancellations!!!
C &, z= H,C C .(gol’lo ) z Here, Z has no gpatial
(4) /Eff/ cos ) and/or temporal
#ot dependence — for a
1 1 monochromatic EM
~ ~ ~ M, ~ ~ plane wave propagating
= H,C et ) 2= U CZ=Hy———Z = z= Zo z in free space!
ol o 8()1"[() g()
. —~ (= A M, A
Thus, in free space: |Z(7,t)=Z, 2 =% 2| (Ohms)

— ]
where: |Z, =4/3"

is known as the {scalar!} characteristic impedance of free space

The vector impedance Z (r,t) associated with an EM field is a physical property of the
medium that the EM field is propagating

which in this case {here} — is the vacuum.
Microscopically, the quantum numbers of the {QED} vacuum — free space {which, at the

microscopic level is not empty!} — must all be associated with scalar-type quantities — spin = 0

even parity (+) for both space inversion operation P and charge conjugation C, i.e. the quantum

numbers of the {QED} vacuum are .

Note further that all of the physical macroscopic (mean-field) parameters of the vacuum must

be invariant {i.e. unchanged} under arbitrary rotations, translations and Lorentz boosts - from
one reference frame to any other. This means that all macroscopic physical parameters of the
vacuum intrinsically must have no spatial and/or temporal dependence — they are constants

g, =8.85x10"" Farads/m = electric permittivity of free space

u, = 47 x10"" Henrys/m = magnetic permeablity of free space

¢ =1/e,u,=3x10°m/s = speed of EM waves propagating in in free space
= [

Z \/7 376.82 Q = characteristic impedance of EM waves propagating in free space

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 15
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The vectorial nature of Z (F , t) is simply associated with the direction of propagation of the

EM wave — here, in this case {i.e. the vacuum} the k = +2 direction, so: Z (?,t) =7 z= \/fgz z.

o

For EM waves propagating in the vacuum, it can’t physically matter which direction they are

propagating in — any direction £ will give Z (7,t)=Z,k = \/’;: k!

Note also from the above derivations, that we also have a relation between the vector
impedance Z(7,t) and Poynting’s vector S (7,) associated with a propagating EM wave:

For the complex time-domain representation of EM fields — at least those associated with
monochromatic (i.e. single-frequency) EM waves, then in general we have:

E(F,t;w)=E(F;0)-e™ and: H(F,t;0)=H (F;®)-e™, and thus the complex vector
impedance is:

2(7.:0)= E(7. )1 1 (7.1:0)) = 2 i) E(RLo)H (FE0) (o

where S(7,w) and Z(7;w) are the complex frequency-domain Poynting’s vector and vector

impedance, respectively. Note that — at least for monochromatic/single-frequency EM waves —
that: Z (F.t;0) = Z (7;@), i.e. the complex vector impedance associated with monochromatic
EM waves has no time dependence! It is a manifestly frequency-domain quantity!

For monochromatic EM plane waves propagating in free space/the vacuum in the k=+2
direction, the complex vector impedance is a purely real quantity:

Z(r.t0)=Z(Fw)=2,2= [ 23768202

Physically, the real part of the complex vector impedance SRe{Z (17 ; a))} 1s associated with

propagating EM waves/propagating EM wave energy, whereas the imaginary part of the

complex vector impedance Im {Z (17 ; a))} is associated with non-propagating £M wave energy

—i.e. EM wave energy that simply sloshes back and forth locally, 2x per cycle of oscillation!

16 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Time-Averaged Quantities Associated with EM Waves:

Frequently, we are not interested in knowing the instantaneous power P(¢), energy / energy density,
Poynting’s vector, linear and angular momentum, etc.- e.g. simply because experimental measurements
of these quantities are very often only averages over many extremely fast cycles of oscillation...

1

10" cps

(e.g. period of oscillation of a light wave: 7, =1/ 1., = =107" sec/cycle =1 femto-sec)

. = We want/need time-averaged expressions for each of these quantities (e.g. in order to
compare directly with experimental data) e.g. for monochromatic plane £M light waves:

If we have e.g. a “generic” instantaneous physical quantity of the form: Q(l ) =Q, cos’ (COf )

The time-average of Q(¢) is defined as: < E J.t O(t)dt = 9 r Tcos (oot)dt
O(f) = Qocos*(awt) 4

The time average of the cos’ (wr) function:
. t=t1 . .
ljrcosz(wt)dt:l{iJrsza)t} 1 {( _0)+ [sta)z'_Oﬂ:L[TJrstwr}
770 T2 40 |, 27 20 2t 20
But: and: |f=1/7| . |or=27(z/7)=2x| .. |sin(wr)=sin(27)=0
lJ.Tcos2 (o) dt = L[/J 1. (0(1))=(0) ZlQ
0 2/ 2 27"

T

The time-averaged quantities associated with an EM plane wave propagating in free space are:

EM Energy Density: gy (F,t

<uEM (F,t)> Total EM Energy:  |U,,, (¢

=
Poynting’s Vector: S(7,t)= <5’EM (7,t)> EM Power: P, (¢

Linear Momentum Density: |, (7,1)= <§)EM (F,t)> Linear Momentum: |py,, (£)= <13EM (t)>
Angular Momentum Density: _KZEM (*,t) = <?EM (F, t)> Angular Momentum: EEM (t) = <EEM (t)>

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 17
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For a monochromatic EM plane wave propagating in free space / vacuum in the k =+2 direction:

’

Time — <uEM (F,t)>:%goEj (Jonliesj

averaged ;
quantities for <§(;7,t)> - EcgoEjf - C<MEM (?,t)>2 (Wa‘;ts}

EM plane < m

ave - ~ 1 . 1 /=, 1 B -

propagating | | [(Fo (70) =502 = {850 = o 7202 )

n the+z

direction <£EM (F,t)> = (;7 x<@EM (?,t)>) = 0—12(17 X <§(F,t)>) = é<uEM (?,t)>(79>< 2) (mlfsgecj

\

We define the intensity 7 associated with an EM wave as the time average of the magnitude of
Poynting’s vector:

Intensity of an EM wave: |1 (7)= <S(’7J)> = <‘§(F,t)‘> = C<”EM (’7’1» = %C“%Eaz (Wa‘;tsj

m

The intensity of an EM wave is also known as the irradiance of the EM wave — it is the so-called
radiant power incident per unit area on a surface.

When working with time-averaged quantities such as <uEM (?,t)> , <§(F,t)> , <<§5EM (?,t)> ,

<? Eu (F,t)> , efc. 1t is convenient/useful to define the so-called root-mean-square (= RMS)

values of the E and B electric and magnetic field amplitudes (using the mathematical definition
of RMS from probability and statistics):

For a monochromatic (i.e. single frequency, sinusoidally-varying) EM wave (only):

o

y
=
Il

Erms

E, =0.707E,

oo}

U
=)
1l

B, =0.707B,

si-[6i-

rms

llllll

Where: Eo = peak (i.e. max) value of the E -field = mplitude of the E -field.
Bo = peak (i.e. max) value of the B -field = mplitude of the B -field.

‘E(z,t)‘ A
E
1 E/'

o

E

oV ms

=
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Thus we see that;

o (L) Taa s s (L) s) s
Erms.E”ms =|—=E | =E|=7EFE d Brms.Brms =|—=B||—=B|==B-B
e e 5757

1 1 1 1 1 1
Le. that; E,.= SE 2 EE;eak =|E,, = EEz and |B,,, = 532 = EB,ZWIC =B, = EBj
[ 1 111 1 1
rms RMS Joul
e ([0 T Y] T L] e
S L/s 1 . ms (2| [ RMS Watt
For mono- < rms(t)>:§<S(t)>:50<uEM (t)>z:c<uEM (t)>z (#j
chromatic 1 1 1 1 m
EM 1ane —rms _ R _ 5 < _ rms A RMS kg
war\)/es < <‘§0EM (Z)> B 7<S(t)> B 2_C<MEM (t)>Z - c_2<Srms (t)> = Z<uEM (t)>z (stec
(only): <

m-S€C

RMS kgj

P (B (1)) = (50 (0) = {Fx(8 0 () = Mz (0) )|

( RMS Watts j

m2

O
5
—~
~
~
Sy
Il
N | —
N~
Il
0o |
/\
9%
—
~
~
\/
|
9
—
<
23
—~
~
N—
~~—
Il
I
Q
QM
=,

\ rms

Real world example: Here in the U.S., 120 Vac/60 Hz “wall power” refers to the RMS AC voltage!

The peak voltage (i.e. the voltage amplitude) is: V. = NEY4

=+/2-120=169.7 =170.0 Volts.

rms

n.b. For EM waves # sinusoidal waves, the root-mean-square (RMS) must be defined properly /
mathematically — e.g. the RMS value of square _I'LI'L or triangle AN\ wave
amplitudes (from Fourier analysis these consist of linear combinations of infinite # of harmonics)

rms

1

A~ 1

EM «—E™ E #—E"™ (See/refer to probability & statistics reference books!!)

V2 "2

The Relationship(s) Between the Complex Time-Domain Poynting’s VVector
and the Complex Vector Impedance/Admittance of an EM Plane Wave:

Complex Time-Domain Poynting’s Vector:

[%TH}

(F.t;0) = Z??(F,t; a))xl-:[(?,t; ) (Watts/mz)

Complex Vector Impedance of an EM Plane Wave:

Z:(F,t;a))zé(?,t;a))xﬁ[’l(?,t;a)):{E(F,t;a))xl-:[*(F,t;a))}/‘}:l(F,t;a))

2

(Ohms)

Complex Vector Admittance = Reciprocal of Complex Vector Impedance:

I?(F,t;a)) _ 7 (F.;0)= £ (7.1; w)xﬁ(?,t;w) = {1::“ (F,t;a))xﬁ(?,t;w)}/‘g(F,t;w)

2
(Siemens)

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 19

2005-2015. All Rights Reserved.



UIUC Physics 436 EM Fields & Sources 11 Fall Semester, 2015  Lect. Notes 5 Prof. Steven Errede

If we start with Poynting’s vector, we show that it is linearly related to vector admittance and/or
reciprocal vector impedance {we suppress (here) the argument (F .t a)) for notation clarity}:

:(E.:E)XI_:I :(E"é)g‘ilxﬁl :(E‘.E‘)f :(E‘.E:')E*I (Watts/mz)
E

Ml
i
T

S

X

Note that the units of £ (Volts/m), hence: (L%olf?)Z:’1 ((Volts/m)2 /Ohms = Watts/m’ !!!)

We can also obtain the alternate relations:

ﬁ[.]f[ fa et fad

(H- )=(H-H) xH™

ﬁ =
=Z

1l

i
T
v
i

S=ExH-=

X

Note that the units of (Amps/m), hence: (1-:1-1-:1)2: ((Amp/m)2 -Ohms = Watts/m” !!!)

Note that the above complex relations are the vector analogs of the complex scalar power and
Ohm’s law relations associated with AC circuits {suppressing the arguments (t; a)) for

notational clarity}:

Complex time-domain AC power:

P=V-I (Volts - Amps = Watts)

Complex Ohm’s Law:

Z= 17/1~ = (Vf*)/mz (Volts/AmpS = Ohms)

Complex Scalar Admittance = Reciprocal of Complex Scalar Impedance:

Y=1/Z=1/V=1I- 17/‘17‘2 (Amps/VoltS = Siemens = Ohms_l)

Starting with complex time-domain AC power, we show that it is linearly related to scalar
admittance and/or reciprocal scalar impedance:

135V.j:@.j:(ﬁ.m;:(17.17)?:(17-17)/2 (Watts)

Note that the units of ¥ (Volts), hence: (V-¥)/Z (Volts2 /Ohms = Watts!!!)

We can also obtain the alternate relations:

V-Z:V-([TLI:(I”J)

P

>\4z| <

=(I-DZ=-D]Y (Watts)

Note that the units of 7 (Amps), hence: (I-1)Z (Amp2 -Ohms = Watts!!!)

20 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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m2

Radiation Pressure: P, , (RMS NeWtonsJ

When an EM wave impinges (i.e. is incident) on a perfect absorber (e.g. a totally black object
with absorbance {aka absorption coefficient} A4 =1, as “seen” at the frequency of the EM wave),
all of the EM energy (by definition) is absorbed {ultimately winding up as heat...}.

By conservation of energy, linear momentum & angular momentum the object being
irradiated by the incident EM wave acquires energy, linear momentum & angular momentum
from the incident EM wave.

The EM Radiation Pressure acting on a perfect absorber for a normally incident EM wave is
defined as:

B Time-Averaged|F0rce| 3 <‘ﬁ Ear (t )D (RMS Newtonsj

PRad perfect (A:]) —
EM {absorber } _L Unlt Area AL m2

However, the time-averaged EM force is defined as:

d <]3EM (t)> <A]3EM (t)> time rate of change of the time-

<F£"e4t (t)> = dt Y - averaged linear momentum
Ay (1)) 1
~. the EM Radiation Pressure at normal incidence is: |Piy {5 (4-1)} = <‘ EAMt( )D R (RMS NiwtonsJ
L m

In a time interval A¢z> 7 =1/, the time-averaged magnitude of the EM linear momentum

transfer <‘ApEM (t)D at normal incidence to a perfect absorber of EM radiation is:

<‘AﬁEM (t)‘> - <‘855M (f)‘> AV
7

7
EM Linear momentum density Volume of EM wave associated with time interval At

The volume associated with an EM wave propagating in free space over a time interval At is:

AV = A, -(cAt)| where cAr= distance traveled by the EM wave in the time interval At .

(870 D) 1o OhAr 1 (P () el

Al A%_ Al 4, A (@ (1))

Rad ( perfect _
PEM {absorber (A=1)} -

Thus, we see that for a monochromatic EM plane wave propagating in free space normally
incident on a perfect absorber (4 = 1):

PR (1 (aci} = ([P (1)) = %e(,Ef =(up)= Y, (RMS I;fwmnsj

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 21
2005-2015. All Rights Reserved.



UIUC Physics 436 EM Fields & Sources 11 Fall Semester, 2015  Lect. Notes 5 Prof. Steven Errede

For a perfect reflector (e.g. a perfect mirror, with reflection coefficient R = 1{4 = 0}), note that:

perfect perfect

>reﬂector —2x <‘ Al_jEM ( t) >absarber

(|ABe (1)

—initial — final

Since Ap,,, = prr — pli and plit =—pri for an EM wave reflecting off of a perfect
—initial — final __ —initial —initial — 2—-initial

reflector, then Ap,,, = Puy — Prvi = Py + Py Pev

i.e. an EM wave that reflects off of (i.e. “bounces” off of) a perfect reflector delivers twice
(2x) the momentum kick (i.e. impulse) to the perfect reflector than the same EM wave that is
absorbed by a perfect absorber! Thus at normal incidence:

[Pt e} = 2P e} =2( 1) [RMS wa“’ns)

m

Note that for a partially reflecting surface, with reflection coefficient R <1, since R+ 4 =1,
the radiation pressure associated with an EM wave propagating in free space and reflecting off of
a _partially reflecting surface at normal incidence is given by:

szj {Pamal (R+A:1)} — A Pg‘lj {perfec& (A:l)} + 2R szj {’perfecl‘ (R:l)} — (A + 2R)(%) (RMS NeWtonSj

reflector absorber absorber 2

m

Since 4 =1 — R, we can equivalently re-write this relation as:

Pl {1 (s} = (44 2R) (L) = (1= R+2R) (1) = (1+R)(//)) (RMS watonSj

m

If the EM wave is not at normal incidence on the absorbing/reflecting surface, but instead
makes a finite angle @ with respect to the unit normal of the surface, these relations need to be

modified, due to the cosine & factor <§ >~ﬁ = <‘§ ‘> cos@ =1 cos@ associated with the flux of EM

g(t)DcosH :L%<

energy/momentum <@EM (t)>-ﬁ = <L§5EM (t)D cosf=¢,u, < S (t)‘>cos 0 =-1cosb

crossing the surface area 4, at a finite angle 0:

Pl i) = Jeose] (KMERgons |
m

P (s (rei} =2( 1/ )cos 0 ( RMS wa“’nsj
m

P {2 (ract} = (4+2R)( 1/ )cos 0 = (1+ R)( 1/ ) cos 0 (RMS Ngwtonsj

m
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Maxwell’s equations (and relativity) for the macroscopic E and B fields associated with an
EM plane wave propagating in free space mandate / require that £ 1 B | propagation direction

(here, k=+2) {\7 rop = cﬁ} , as shown in the figure below:

A -
x, E
—3 Compare this
}\ N —é\ 7 . Cé\ microscopic picture
f/ 8 S, Npe to that of a classical
/ macroscopic EM
N
= é (= iy plane wave,
8 = Y S
C polarized in the
Vi f/\—eﬂl sloow-l»» x-hat direction:

Macroscopic EM plane waves propagating in free space are purely transverse waves, i.e.
E L B, andboth of the E and B fields are also L to the propagation direction of the EM plane

wave, e.g. v, =cz.Thus: E LV —=cZand: BLlv,  =cZ.

The behavior of the macroscopic E and B fields associated with e.g. a monochromatic EM
plane wave propagating in free space, at the microscopic scale is simply the sum over (i.e. linear

superposition of) the £ and B -field contributions from {large numbers of} individual real
photons making up the EM field.

Each real photon has associated with it, its own £ and B field — e.g. a linearly polarized real

photon, polarized in +x direction:

1 Ey =E, cos(kz—wt+5)x|(+% = polarization direction)

Photon Real Photon Momentum:
L E p, =1z
—//Photon Poynting’s vector: S = L(Ey X éy) || +2

B =B, cos(kz—wt+5)P

<>

~oo . S . 1 .
k x E,| where the unit wavevector |k = +Z| {here} and |B,, =—E, |in vacuum.

B, =

a |~

=0
Real photon energy: E, =hf = p c= ‘ ﬁy‘c (Total Relativistic Energy® = E; = p’c’ + yﬁé )
Real photon momentum (deBroglie relation): myc2 =0 for real photon

p,= /1 and c= A ¢ = speed of light (in vacuum) = 3 x 10® m/sec
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Question: How many real visible-light photons per second are emitted e.g. from a EM power =
10 mW laser? (mW = milli-Watt = 10~ Watt)

Answer: The rate at which visible-light photons from a 10 mW laser depends on the color
(i.e. the wavelength 4, frequency f, and/or photon energy E)) of the laser beam! E, = hf = hc/A.

When we say a 10 mW power laser, what precisely does this mean/refer to?

It refers to the time-averaged EM power:

(P

(t)> =10 mW (RMS)=10x 10~ Watts (RMS)=0.010 Watts (RMS)
Let’s assume that the laser beam points in the+Z direction.

Also assume that the diameter of the laser beam is D = 1 mm = 0.001 m (typical).
Further assume (for simplicity’s sake): Power flux density = intensity profile /(x,y) is uniform in
x and y over the diameter of the laser beam (not true in real life — laser beams have ~ Gaussian

intensity profiles in x and y (i.e. [ ( p) = Ioe‘ﬂz/ 267 ); note that there also exist e.g. diffraction

{beam-spreading} effects that should/need to be taken into account...)

I(x,y) = <‘§(x, y,t)‘>

In At =1 second, the time-averaged energy associated with the 10 (RMS) mW laser beam is:

(AE,., (1)) =(Pu, (1)) At

(AE,, (t))=0.010 (RMS)Watts*1 sec
(AE,, (1))=0.010 (RMS)loules |-
sec
<AE lasor (t)> =0.010 (RMS) Joules = Time-averaged energy of laser beam
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The {instantaneous} energy of the laser beam crosses an imaginary planar surface thatis L to
the laser beam.

If the laser has red light, e.g. Ared = 750 nm (n.5. 1 nm = 1 nano-meter = 10~° meters)
or if the laser has blue light, e.g. Abie = 400 nm

Since f'= c/A the corresponding photon frequencies associated with red and blue laser light are:

8
7 = i _ 3x10 m_gs =4.0x10" cycles/sec (= Hertz, or Hz)
27 750x10°m
8
fr = /; = :OXOI 01 81_9{ > =7.5%x10" cycles/sec (= Hertz, or Hz)
X107 m

blue

The energy associated with a single, real photon is: |E, = hf” = hc/ A’ |, where h = Planck’s

constant: & = 6.626 x 10~>* Joule-sec and ¢ = 3 x 10% m/sec (speed of light in vacuum).
Thus, the corresponding photon energies associated with red and blue laser light are:

E =hfl, =hc/A,|and: |EM =hf,, =hc/A,.| since f=cli

E* =hf!, =6.626x107Joule/sec x 4.0x10"/sec =2.6504x10"" Joules| (red light)
E}" = hf;),, =6.626x107 Joule/sec x 7.5x10"/sec =4.9695x10™" Joules | (blue light)

In a time interval of Az =1 sec, the time-averaged energy <AE,[M (t)> = <AN , (t)>Ey where

<AN , (t)> is the {time-averaged} number of photons crossing a | area in the time interval Az.

Thus, the number of red (blue) photons emitted from a red (blue) laser in a Af =1sec time interval is:

re <AElaser (t)> 0010 Joules
# red photons: (AN (1)) = E" 2.6504x10 " Joules/photon 37730107
AE, (t
# blue phOtOl’lS: <AN}I:IW (t)> — < laser ( )> 0.010 Joules _ 20123)(1016

B T 4.9695x10 ") oules/photon

Thus, the {time-averaged} rate of emission of red (blue) photons from a red (blue) laser is:

ANred t
<Ry’ed (t)> = <7A—t()> =3.7730x10'°|red photons/sec
ANblue ¢
<Rbl”e (t)> = <7—()> =2.0123x10'| blue photons/sec
! At

Note: Ina time interval of Az=1 sec, photons (of any color/ A"/ f”/E ) will travel a distance

of d =cAt = 3x10°m/s x 1s = 3x10®meters
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If the flux of photons is assumed (for simplicity) to be uniform across the D = 1 mm diameter
laser beam, then the time-averaged flux of photons (#/m?/sec) is:

R (4 3.7730><1016(7 )
<Zred (t)> :< 71 ( )> _ éec — 4.8039x]0% (rede )
Afser (10_31’11} m-/sec
T
2

blue 2.0123x10' (7 )
<R7 (t)> Kec =2.562 % 1022 (blue %nz /Sec)

<Zblu€ (f)> = Afser = [103m

2

If each photon has £, Joules of energy, then power associated with red (blue) laser beam:

<Pyred (t%wr =‘<§;ed (t)>‘ =E7red.<;;red (t)> =2.6504x10"" Joules x 4.8039x10* (red%z/sec)

=1.2732x10* Watts/m*

<Pyblue(t%ser =[(81 (1)) = B2 77 (1)) = 4.9695 %10 Joules x 2.5621x10% (blue%n ; /Sec)

=1.2732x10* Watts/m?

Thus we see that:

(B (t%'z, (5" (’%Sw = (87 (1)) =|( 2= (1)) =1.2732x10° Watts/m?| 10 mW Laser

n.b. This is precisely why you shouldn’t look into a laser beam {with your one remaining eye}!!!

Time-averaged linear momentum density:
- re are 1
(@ () =2 |[(S ()| ==

C
(@0 ()| = 2.,

<§;€d (t)>‘ :l<u”d (t)>2 =1.4147x10 " kg/m’-sec
c

e

4

(S ()| = L |(5 (t)>‘=%<ubl"e (1))2=1.414710 " kg/m’-sec

c

=1.4147x107" kg /m? -sec Momentum density, Poyntings vector, energy density are
independent of frequency / wavelength / photon energy

Thus: ||(@;")|=[()

The time-averaged linear momentum contained in Az =1 second’s worth of laser beam:
Time averaged linear momentum: <‘Af77 (t)‘> = momentum density <‘557 (I)D X volume AV

Volume [AV = A1 #(cAt)| (m’)
L Distance light travels in At sec.
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(ap (1)) = (@ (¢) ‘>cAtAl=1.4147><10‘13><3><108><1><7r><(

o.omj2

=3.3333x10"" kg-m/sec

Blue light momentum:

<‘Aﬁflue ‘> <‘5Oblue ‘>CAIA =1.4147x10" 13x3x108x1x7r><(0.(;01j2

=3.3333x107"" kg-m/sec

Thus:

<‘A*’ed ‘> <‘A”b’”e )‘>:3.3333x10’“kg-m/sec

{*TRICK"}:

For an EM plane wave, the time-averaged energy density <u En (t)> = time-averaged momentum

density <‘56EM (t)‘> *c (Since photon energy, E, = p ¢ ). Thus:

re = re — kg =
(w (1)) = (| (1)) )e =1.4147x10™" (mjx3x108(m/s):4.2441x10 * (Joules/m’
ue — blue - kg _
(' (1)) = (| (1)) e =1.4147%107" (mjx?)xlos(m/s) =4.2441x10” (Joules/m" )
kg-m’ Joule kg
Joule = = = s

The time-averaged energy contained in Atz = 1 second’s worth of laser beam is:

The time-averaged energy <U . (t)> = time-averaged energy density <u7 (t)> *volume AV

AV = A" *(cAt)

/4

. <Ured

(1)) = () (1)) * A,cAt =4.2441x10° (

Joules
3 R X
m

[

0.001Y

T) *3><108*1(m3)

1=0.010Joules = 10mlJ]|

<U}}/’lue (t)> = <”;lue (t)> * A cAt =4.2441x 10°° (

Joules

2
- j*ﬂX[MJ +3x10° *1(m’)
m 2

1=0.010Joules = 10m)J]|

The time-averaged power in the laser beam:

<

P red

laser

At

Ulaser (t)> — lOmW

<>>=<

laser

<Pblue

(1))

Time-averaged Power (Watts) = W(JOUIG%GC)
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Note: Puser (laser power) is measured by the total time-averaged energy <U (t)> deposited in
(a very accurately) known time interval Az using an absolutely calibrated photodiode (e.g. by NIST).

A typical time interval Az= 10 secs — At > 7 (oscillation period) = 1/ !!

T = %, =2.500x10"" sec = 2.500 femto-sec = 2.500 fs
red

T, = %, =1.333x10"" sec =1.333 femto-sec =1.333 fs
blue

P

laser

(1)

— The laser power measured is time-averaged power, i.e.

1

B "2

. 2 —_—
Now: g E, =

And because:

We showed that:

e

_1
2

1 ea,
(P (1)) = Epzfmk
Consider (the time-averaged) energy density associated with this 10 mW laser:
(i1, (1)) = 4.2441x10° (Joulfsj
m
1 ed
<uEM (t)> <uelect (t)> + <umag (t)> Eung (t)
‘E (t)‘ = l‘E (t)‘ for EM plane waves propagating in free space / vacuum (L2 =&, u,)
¢ c
<uelecl (t)> = <umag (t)>
11
<1/lel€ct (t)> = E{EE EZ}
11, & W,
=—{—RB E
<umag (t)> {2,% 0 } { % 0
Now: FE, = amplitude of the macroscopic electric field:

2

|

B, = amplitude of the macroscopic magnetic field:

E(z,t)=E, cos(kz—wt+5)%
B(z,t)=B, cos(kz—wt+5) P

Define the RMS (Root-Mean-Square) amplitudes of the £ and B fields:

E, ELEU = |E; =1Eo2
Tms 2 ms 2
1 2 1, 1 _,.
B, =—=B,| = |B, =—B, =—FE,|in free space / vacuum
Tms 2 ms 2 2c
11 2 1 ) 3
Then: <uelm (t)> =3 EgoEo = EgoEum (Joules/m”)
1] 1 1 1
<u (t)> =— B = B} =—¢E. | in free space / vacuum
mag 2 2/[10 o 2,U0 [ 2 0" "o,
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So if: <uEM (t)> = <uelm (t)> + <umag (t)> = 2<uelw (t)> in free space / vacuum
=2¢,E; =4.2441x107 | Joules/m’

1
Then: (E = —<u . (t)> where g, =8.85x107" Farads/m = electric permittivity of free space
£

1
4.2441x107° Joules/ %
x outes m} (Volts/m)

8.85x 10 ?Farads/m
E™“ ~3.0970x10° =3097 RMS Volts/m (n.b. same for red vs. blue laser light!)

0 Tms

s (E2 = [0 ()|

o

Then: |E™ = E™ =/2 E™“ = 4380 Volts/m

peak

Then: |B“* = lEj;m =10.3232x10°RMS Tesla (=10.3232x10”RMS Gauss)
rms c rms

Note: 1 Tesla {SI/MKS units} = 10* Gauss {CGS units}

Thus: |B“” =1E;““’ =2 B/" =14.5970x10"° Tesla (=14.5970x10” Gauss)
c ms

Now earlier (above) we calculated the (time-averaged) number of photons present in the
{red and blue} laser beams that were emitted in a time interval of Az =1 sec.

#red photons emitted in Az = 1 sec: <AN red (t)> =3.7730x10"| red photons

v

# blue photons emitted in Az = 1 sec: <AN e (t)> =2.0123x10"| blue photons

The volume associated with a D = 1 mm diameter laser beam turned on for Ar =1 sec is:

2 2
AV = A cAt = ﬁ(%j cAt = ﬂ(%} 3x10%1=235.6194 m’

(av, (1)

The (time-averaged) number density <ny (t)> = T of {red and blue} photons in the laser beam is:
ANred t 16
(% (0)) = (AN (1)) _3.7730x10° 1.6009x10%| red photons/m’
’ AV 2.3562x10°
ANblue ¢ 16
< z;zue( )> _ < LV( )> - 22(;526:;)( 11(())2 =8.5405%10" | blue photons/m3
. X

Then the (time-averaged) energy density <u v (t)> of the {red and blue} laser beam is:

Red photon energy: |E“ =hf* =2.6504x107" Joules
Blue photon energy: Eybh‘e = hfybl“e =4.9695x10"" Joules

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 29
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(ugss (1)) =(n

7

() E = 1.6009x10'+2.6504x10™" = 4.2442x10~* (Joules/m” )

(i (1)

:<n

14

" (1)) EJe =8.5405x10+4.9695x 107" = 4.2442x10” (Joules/m’ )

The (time-averaged) energy <U . (t)> = <u . (t)> #* AV of the {red and blue} laser beams is:

(Ui (1)) =(

ugsy (1)) £ AV =4.2442x107° %2.3562x10° =0.010 Joules = 10 mJoules

(U (1)) =(

up (1)) %AV =4.2442x107 ¥2.3562x10° =0.010 Joules = 10 mJoules

Now here is something quite interesting: Given that |E, =E, / 2| for a monochromatic EM

plane wave propagating in free space/the vacuum, with time-averaged EM energy density:

<uEM (t)> = 80E§ _goEj (JougesJ
m
Joules _ . 3
But: <uEM (t)> = <n7 (t)> E, 3 <ny (t)>— photon number density (#/m”) in laser beam
m

Or: | E;

_— gm\S

E, = hf, = he/ A, = energy/photon (Joules)

This formula explicitly connects the amplitudes of the
macroscopic £ and B fields (since B, = E, /c ) with the

microscopic constituents of the E and B fields (i.e. the photons)!!!

n.b. This formula physically says that the number of {real} photons in the EM wave (each of
photon energy £ ) is proportional to E’ = the square of the macroscopic electric field amplitude!

We can write this as:

{m, (

> &,E, /E and note also that: |E, = MEy m
&

Thus, we can now see that the {time-averaged} EM energy density:

<uEM(F,t)>=goEfm=<n7(F,t)>E7 with: L<uEM(F,t)>dr:UEM

plays a role analogous to that of the probability density in quantum mechanics:

Since:

Then:

P

r,t

) <l//(7‘ t)]l// r,t > ‘y/ r t ‘ with: J.VP(?,t)dT:I

<ny (F,t)> = <uEM (7,t)>/Ey = 280E02m (7)/E7 and: J.V<n7 (F,t)> dr = <ANy> i

<ny(17,t)>/<AN> <l//y(l’ t)|l//y rt> ‘l//}, rt‘ m

Thus, we also see that the macroscopic electric field £ (F , t) plays a role analogous to that of the

probability density amplitude y (7,7) in quantum mechanics!!!

30 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois

2005-2015. All Rights Reserved.




UIUC Physics 436 EM Fields & Sources 11

The (real) photon number density in the laser beam is:

Then:

g,E; AcAt=(AN,(1))E

4

Fall Semester, 2015

Lect. Notes 5

Prof. Steven Errede

W),

g AleAt

(J oulesj
m3

But: |(R,(1))= <ANAyt(t)> = the time averaged rate of photons in laser beam (#/sec)
E, = i <R2l(2)> E,| and
(7)) = <A]\Zt(f ) / 4 = (R,(1)) f (mf_sj = flux of photons in the laser beam
£ = O)E and ffusy (0) =0, = (Z () E, ={n, (F0)E,
#

Thus, we see that the {real} photon flux:

(7 (1))=c(n, (7.1))

Thus, the intensity {aka irradiance} of the laser beam is:

/=

<s(¢)>./€ =c(up, (1)) =&,E2

=(7(1))E,

= c<ny (t)>Ey

( Watts j
mZ

The {time-averaged} <longitudinal separation distance> between photons is defined as:

For Ar=1 sec:

Recall that:
Thus:

cAt

<Ad|| (t)> Em

(m)

3x10°m

(8 1)

T 377310, 's

=7.85x10"m~ 8x10°m= 8 nm

(1 nm= 10" m)

(s (0)

3x10°m

T 2.012x10% '

=1.49x10°m ~15x10"m =15 nm

A =750 nm and 4™ =400 nm

A, > <Ad” (t)>

for either red or blue laser light.

The {time-averaged} <transverse separation distance> between photons is defined as:

(Ad, (1))

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois

2005-2015. All Rights Reserved.

31



UIUC Physics 436 EM Fields & Sources 11

d

Fall Semester, 2015 Lect. Notes 5

Thus:

0.001
2

;

<Adi€d (f)> = W =2.35x% 10720m
. X
(0.001)2
2
<Adilue (t)> = m =4.40x 10_201'11
. X

Prof. Steven Errede

We showed above that the time-averaged/mean number density of photons in the laser beam is:

<ny (F,t)> :<uEM (F,t)>/E7 = EgoEf/Ey (photons/mS).

The instantaneous number density of photons in the laser beam is:

n,(7.t) = uy, (7.t)/E, = &,E. cos’ (kz—at)/E, (photons/nf)

We can normalize the instantaneous photon number density to obtain an instantaneous 3-D

photon probability density, 2

uniform/constant in the cross-sectlonal area A, of the laser beam.

The 3-D photon probability density, 2’ (7,¢) is:

( )(1/ m ) Recall that the laser beam intensity is

2P (F.t)=n, (7.1) /N, =u,, (7.t) [(N,-E,) = &,E, cos’ (ke — at)/(N, - E, ) (1/m’)
But note that: (Ny -Ey) :<AU EM> (Joules) in time interval of Af secs .
Then also note that: |(AU,,, ) = <uEM (F,t)>-Vol = (%SOES)-AL = <<ny (17,t)>-Ey)-Al Al
Thus: ?j'D (F,t)= n, (7.1) tp (7.1) %E{ cos’ (kz—at) = 2 cos’ (kz—at) (1/m3)
N, <AUEM (lé‘o 0)-Al L Lt
with:
.[ P;‘D( ,t)dz'—ﬁj; r ::CAtcos2 (kz—a)t dz da = /A/ r - CAtcos kz—a)t)dz
gl LU
= -ljzgé_CAtcos (kz—ot)dz =1

We thus see that the instantaneous normalized photon number density P; P (7,t)
lays a role analogous to that of the probabilitv density in guantum mechanics

P(F,t)=<t//(r t)|w (7.t > ‘ J.VP(F,t)dz':l.

, with:

n, (R[N,

Hence, we also see that the
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E,=\Lt(n,(7.0))E,

probability density amplitude in quantum mechanics!

plays a role analogous to the

We can calculate the time rate of change of the normalized 3-D photon probability density, 2’ (7,¢):

We can define a normalized 3-D photon probability current density as:

B (F.1)

2

Ot

T4

Ot

2cos2 (kz - a)t) =+

s

@ sin(kz — a)t) . cos(kz — a)t)

57 (R =c 2" (70)2)

We calculate the divergence of the normalized 3-D photon probability current density:

=C-

A

L — D/ N\~ 2
V-ﬂ;D(r,t)=V-(c~Py3D(r,t)z):c-A

2 (a s
—COS
AN 4

|

(kz-wz)j -

; 6'(0052 (kz - a)t) 2)

|

sin (kz — wt) - cos (kz — ot)

We thus show that the photons in this laser beam obey the continuity equation for photons:

ot

#(70) +Veg> P (7,1)=0
V4 9

From above:

7 (71) 4w

ot

L

sin (kz —wt)-cos (kz — wt ) | and: Veg>?

V4

(F,t)=—c- 4k

sin (kz -t ) - cos (kz — ot)

However, in free space, we have: (= ck|.

3-D (=
Hence: % at(r,t) = dck sin(kz—a)t)-cos(kz—a)t)=—§-ﬁ;'D (F,t)
K
B(Ft) = =ip
Thus: %r)-i-V-ﬂf'D(r,t):O

i.e. microscopically, photons neither disappear, nor are they created in propagating as this laser beam!
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