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LECTURE NOTES 6

ELECTROMAGNETIC WAVES IN MATTER

Electromagnetic Wave Propagation in Linear Media

We now consider EM wave propagation inside linear matter, but only in regions where there

are NO free charges (Gfm = 0) and/or free currents (IZ free = O) (i.e. the linear medium is an
insulator / a non-conductor).

For this situation, Maxwell’s equations (in differential form) become:

1) |VeD(7,t)=0 2) |VeB(7,t)=0

4) WH(?,r):M
ot ot

The medium in which the EM waves propagate is assumed to be linear, homogeneous and
isotropic, thus the following relations are valid in this medium:

3) ﬁxE(?,t):—

D(F,t)=¢E(7,t)| and |H(7,t)=

B(#,t)

L
]

Where:

e = electric permittivity of the medium.
4 = magnetic permeability of the medium.

e=¢,(1+2,), x = electric susceptibility of the medium.
M= (1 + X, ) , X, =magnetic susceptibility of the medium.
¢,= electric permittivity of free space = 8.85 x 107'? Farads/m.
4, = magnetic permeability of free space = 4n x 10”7 Henrys/m.

Thus, Maxwell’s equations for the E and B fields inside this linear, homogeneous and isotropic
non-conducting medium become:

1) |VeE(7,t)=0 2) |VeB(7,t)=0

3) |VxE(F,t)=-

. E (7
> 4) VxB(?,t)=u€¥

Note that the above four relations are (almost) identical to those for EM waves in free space
{cf with eqns. 1) - 4) on page 1 of P436 Lect. Notes 5}.

We simply replace the macroscopic EM parameters associated with the vacuum {50 , ,uu}

with those associated with the linear, homogeneous and isotropic medium {g, ,u} .
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e In free space/vacuum, the speed of propagation of EM waves is:

c= 1/ VE M, | =3x10°m/s, the E and B fields in vacuum obey the wave equation:

L O*E(F,t) 1 &°E(F.t
VPE(F,t)=¢,u, agz ):c_2 agz )

0B(7,t) 1 &°B(F.t)
ot c or

¢ In a linear/homogeneous/isotropic medium, the speed of propagation of EM waves is:
V= 1/ J&u | and the E and B fields in the medium obey the following wave equation:

i, O’E(F,t) 1 O°E(F.t) . OB(F,t) 1 0°B(F.t)
2 —- _ H _ H 2 = — > — >
\Y% E(r,t)—g,u W o \Y% B(r,t) 8,u—at a0

For linear / homogeneous / isotropic media:

e=Ke,=(1+7,)¢, K== (1+ g, ) =relative electric permittivity
80

u=K u, = (1 + 7, ) U, K, = . (1 + ;(m) = relative magnetic permeability
H,

1 1 1 1 1 o
v B ’\/a B ’\/KEgOKmﬂU B \/KeKm \/go/’lo B ’\/KEKWI c l.e. v B KeKm

Now if:

&

o

o

Ke:[iJ:(l_‘_Ze)Zl me:[ﬁj:(l_l—Zm)Zl Llf KeKmZI

{true for a wide variety of common/everyday materials — gases, liquids & solids}

Then: |\/K K, >1| thus: KlK <l = v= KlK c<c

e e m

: : . . 1
and |K, = £ | are dimensionless quantities, then so is

M, K K

e m

Note also that since | K =

e

&
4

We can now define the index of refraction {n.b. a dimensionless quantity} of the linear /
homogeneous / isotropic medium as:

n=JKK, = |-+
80#0

Thus, for linear / homogeneous / isotropic media: |v=c/n (< ¢

because {usually}.

N—"
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n.b. We will find out {soon!} that & and x are in fact not constants, instead they are

{very often} frequency-dependent quantities, i.e. |& = 8(60) and |1 = ,u(a)) A .
N P o)
us: K,=K,(0)= =1+ 2, (®)| and K, =K, (0)=—-2=1+y, (®)
gO ILlO
H : 1 1
ence =K e K, . ,Uo \/ +Ze +Zm (a))) V(“))

Prof. Steven Errede

For now, we will ignore/neglect any/all frequency-dependent effects, for simplicity, i.e.

c
Vv =—|= constant
n

Now for many (but not all) linear/homogeneous/isotropic materials:

(e.g. true for many paramagnetic and diamagnetic-type materials) =

n=,KK,6 =

= \/(1+;(e)(1+;(m) = constant

Km :i

o

Thus:

=(1+x,)=1

n= K.

=

and:

u=p,(1+7,)=H,

|;(m|~19(10*8)~0

The instantaneous EM energy density associated with a linear/homogeneous/isotropic material:

gy (Fot) =1y (Fot) 4, (F.t) =3 E(Fot)D(7ot)+ B(F.0)H (7.1)) = 4 (2 E* (F.t) + L B* (7.1)) (J"“ESJ
m
with: D(F,t):gE(F,t) and: FI(F,) ( ) But: B( t)= %IQ E( t)|and: v’ =%
hence: |u,,, (F,t)z%(é‘Ez(r t ) % Fot)+2E* (7, )) E*(7,t)
= lu,, (F,t)=u, (F,1)] ie. uM(F, )/uE( 1| for linear media.

L(E(F.t)xB(F.1))

[

Watts

2
m

H(7,t)=LB(7,1)

j with:

The instantaneous Poynting’s vector associated with a linear/homogeneous/isotropic material:

S(7.t)=(E(F.t)xH(F.t))=

and:

B(F,t)=LkxE(7,

t)

=

-

S(7.t)

jEz(F,t)IQ: B (7, t)k veE* (7, t)k veug, (7, t)k

The vector impedance associated with a linear/homogeneous/isotropic material:

Z

(Fot)=E(F.t)xH ' (7,0)=(E(F.t)x H (F,1))

linear/homogeneous/isotropic medium, £ and B satisfy/obey the wave equation:

O’E (7,

1 2E(F,

t)

V?E(F,t) = eu

ot’

z):

\%

2 atZ

1 &B(F,t

6§(F,t) ~ )
AP

ot
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E and B-field solutions of wave eqn. for linearly polarized plane EM wave with polarization

vector A Lk propagating in this linear/homogeneous/isotropic medium are of the form:

Where |E, =-—E,| The RMS intensity of the EM wave is:

ie.

)=B cos(l;-F—a)t+§)(l€xﬁ)

~

E(F,t)=E cos(E-F—wt—i—é)ﬁ and E(F,

EO(F,:)

; -1
ie. |B = E,

>

. |v=f4=w/k|with angular frequency and wavenumber |k = 27/A |

The intensity of an EM wave propagating in a linear/homogeneous/isotropic medium is:

)=l () = 190 (F) =)o ()= ()2 )|

E

2

RMS Watts
m

>=V<uEM (F,z)>:ingjm (F)=4(¢)eE2 (7)
F)=31(7)}, < > <‘S (7,1) >, <uEM (7,t)>:%<uEM(7,t)>,etc.

The instantaneous linear momentum density associated with an EM wave propagating in
a linear/homogeneous/isotropic medium is:

grms (I” t

() =B B 1

m -S€C

The instantaneous angular momentum density associated with an EM wave propagating
in a linear/homogeneous/isotropic medium is:

Ty (Fut) =P x g, (Fo1) = 6 Fx(E(F.0) < B(7.1) ( . j

m-S€C

And of course, an EM wave propagating in this medium has, in volume v:

Total instantaneous EM energy: Upy (1) = J‘V gy (F,t)dr| (Joules)

. . ~ ~ = kg-
Total instantaneous linear momentum: | py,, (l ) = j [ (r,t) dr ( £ mj
v sec

oU -
Instantaneous EM Power in volume v: |7, (1) = %0 = —9SS S(7,t)da| (Watts)
AN

n.b. through surface S enclosing v

S€C

Total instantaneous angular momentum: |£;,, (¢)= j Lo (Fot)dr (kg m j

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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QUESTION:

What happens when an EM wave passes from one linear/homogeneous/isotropic medium into
another (e.g. vacuum — gas; air — water; water — oil; glass — plastic; etc...?

As we saw in the case of mechanical transverse traveling waves propagating on the taught
string which had two different mass-per-unit-lengths ( 4, and yz) , we anticipate that EM wave

reflection and wave transmission phenomena will also occur at the interface/boundary between
two different linear/homogeneous/isotropic media.

However, in the EM wave situation, what actually happens at the boundary/interface between
two linear/homogeneous/isotropic media depends on the electro-dynamic versions of the

boundary conditions on the £ and B -fields at that interface {as we derived last semester in P435
from the integral form of Maxwell’s equations}:

BC 1) The NORMAL component of D is continuous across the interface @ z = 0
(true only when there are N0 free surface charges present @ the interface - o, =0):

(]SS D (7, t)oﬁda = 0| (Shrink Gaussian pillbox surface S down to € above/below interface)

=¢&,E; (F.t)

D (7.

= |gE; (F.t)

m_tf=D2l(7,f) since: D(?,Z)=5E(F,t)

intf intf intf

BC 2) The TANGENTIAL component of E is {always} continuous across interface @ z = 0:

. - d o
ISVxE(r,t)-nda=ICE(r,t)-d€:—EW=O

E!(F,1)

(Shrink contour C down to € above/below interface)

= E}(F,1)

intf

BC 3) The NORMAL component of B is {always} continuous across the interface @ z = 0:

Cj)sfi (F , t)-fzda = 0| (Shrink Gaussian pillbox surface S down to € above/below interface)

=B (7)

BC 4) The TANGENTIAL component of H is continuous across the interface @ z =0
(true only when there are no free surface currents flowing @ the interface - K

intf

=0):

free

s N A [ f= - d B (% e _ (Shrink contour C down to
ISVXH(F’Z).nda_J.CH(r’t).dg_ﬂ%{jLEW_o € above/below interface)

o =H, (7,1) o =ﬂL2B§(F,t)

H! (7.1)

since: | H (F,t) =i§(77,t)

1 pll(=
intf = H Bl (l",l‘) intf
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Reflection & Transmission of Linear Polarized Plane EM Waves at Normal Incidence
at a Boundary Between Two Linear / Homogeneous / Isotropic Media

As shown in the figure below, a boundary between two linear / homogeneous / isotropic
media lies in x-y plane, with a monochromatic plane EM wave of frequency @ propagating in the
+Z -direction, which is linearly polarized in +x -direction. Thus this EM wave approaches the
boundary from the left and is at normal incidence to the boundary:

Hediuw @
€,, }M,
/ é‘:fa\.&‘i
‘\r?-
_g'tmns

L—‘ IM‘TI:’RB*CE/WMN\[
T X TPLANE

Here, we write down the complex amplitudes for the £ and B -fields:

Incident EM plane wave (in medium 1):

A

Propagates in the +Z -direction (i.e. &k, = +k +2), with polarization |7, = +X

2= ] it fo ] ~[E|-214 ol
= 1 ~ = 1 ~ i(kyz—awt) ~ . r A A A A
B, (z.t)=—k, xE, (z2,t)=—F, e t)y since: |k, X7, =+IxX=+)
v v
Reflected EM plane wave (in medium 1):
Propagates in the —Z -direction (i.e. k,, = —k, =~Z), with polarization |7,,, =+
~mﬂ (z,1)= E mﬂe'(fk‘szt))? with: |k, = Ereﬂ =27/, = o)y,

5 L~ = | R U F A A -
Brefl ( ) = kreﬂ refl (Z’t) = _V_Eo,.qf,e I Y S1nce: kreﬂ X nreﬂ =TZXX==Y
1 1

Transmitted EM plane wave (in medium 2):

Propagates in the +Z -direction (i.e. k,,, =+k, =+Z), with polarization |7,,,, =+X
Etrans (Z’t) = Eo,mm ei(kzz_M))’e Wlth ktrans = ktrans = k2 = kz = 27[/1’2 = w/vz
5, 1 - =, 1 - i(kyz—oot) . r A A A ~
Btrans (Z’ Z) = _ktrans X trans (Z’ t) = _Eo e y w: ktrans X n[rans =+zZXXx= +y
vz vz trans
6 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Note that {here, in this situation} the E -field / polarization vectors are all oriented in the
same direction, i.e. |A,, =7, =1,,, =+X| or equivalently: |E, (7.¢) Il E,; (7,t) || E,,,, (7.t)|

= "Mrans

At the interface / boundary between the two linear / homogeneous / isotropic media,
i.e. at z =0 {in the x-y plane} the boundary conditions 1) — 4) must be satisfied for the total

E and B -fields immediately present on either side of the interface between the two media:

BC 1) Normal D continuous @ z=0:  |gE; (2=0,1)=6,E; (z=0,1)
(n.b. L refers to the x-y boundary, i.e. in the +Z direction)

BC 2) Tangential E continuous @ z=0: |E! (z=0,)=E, (z=0,t)
(n.b. || refers to the x-y boundary, i.e. in the x-y plane)

BC 3) Normal B continuous @ z = 0: Bli, (z=0,1)= Bjm (z=0,1)
(L to x-y boundary, i.e. in the +Z direction)
BC 4) Tangential H continuous @ z=0: | =B/ (z=0,1)=-LB) (z=0,)

(|| to x-y boundary, i.e. in x-y plane)

For plane EM waves at normal incidence on the boundary at z = 0 lying in the x-y plane, note
that no components of E or B (incident, reflected or transmitted waves) are allowed to be along

the +2 propagation direction(s) because of the E and B -field transversality requirement(s) on
the propagation of EM waves {arising from the constraints imposed by Maxwell’s equations}.

Thus, because of this, we see that BC 1) and BC 3) impose no restrictions {here} on such EM
waves since: { £, =E; =0; E; =E;, =0}and: {B =B =0;B, =B; =0}@z=0.

= The only restrictions on plane EM waves propagating with normal incidence on the boundary
at z = 0 {lying in the x-y plane} are imposed by BC 2) and BC 4).

. In medium 1) (i.e. z<0):

;71”“ (z,t)= ]Em (z,1)+ :re/ (z,)| and:
L3 1 = z

T Z,t :_Bmc Z,t)+ Bre z,t

/Lll o ( ) lLll ( ) 1 ﬂ( )

These relations also hold/are valid on the boundary, i.e. @ z = 0.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 7
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Then BC 2) (Tangential E is continuous on the boundary @ z = 0) requires that:

— —

or:

E, (2=0,t)+E,,(z=0,t)=E,,, (z=0,¢)|

Lﬁl"r =0 = Lé'z'r | or: iéim (z=0,1) +i§wﬂ (z=0,1)= 1 :mms (-=0.)
1 ! 2 ! H H ’ 5
Inserting the explicit expressions for the complex E and B fields
Ei”“’ (Z’ t) = Eo- i(kIZﬂw) X ﬁj}zc (Z') t) = i Alnc x :inc (Z') t) = _E‘o ei(k12*Wt))’>
" ) Fo
= = i(—kz-wt) A ~ 1~ = 12 iheon ~
Ergﬂ (Z’t) = EU,-eﬂ - ) Breﬂ (Z,t) - V_kreﬂ X refl (Zi't) = V_EOI'C?fI - )
1 1
Etrans (Z’ t) = Eo ei(kﬂﬁw))% gtrans (Z’t) = _kAtrans x :trans (Z’t) = Eo i(kZZ—Wf) y
e v2 vz trans

into the above boundary condition relations, these equations become:
E, & +E, & =F

—E, T E, =
v, HV

HV,

BC 2) (Tangential E continuous @ z = 0):

—ieot

E
Otrans

BC 4) (Tangential H continuous @ z = 0):

refl

We see from the common e " factors that these relations are satisfied for any time ¢ provided that:

BC 2) (Tangential E continuous @ z = 0): Eo,-,,c + E%ﬂ = Eo
— . 1 = | 1 =~
BC 4) (Tangential H continuous @ z=0): |—£E, ———E, = E,
ﬂl v] e ﬂl v] rej ﬂz vz rans

Assuming that {x1 and u2} and {vi and v2} are known / given for the two media, we have two
equations {from BC 2) and BC 4)} and three unknowns {Eo,-m , Egmﬂ JE

— Solve above equations simultaneously for { £, , and EO[_ ) in terms of / scaled to E, .

: . VA
First (for convenience) let us define: |f = A% Note: Z =uv, Z,=,yv, so:|f= Ll BT
HV, v, 2,
Then BC 4) (Tangential H continuous @ z = 0) relation becomes: Eom - Eomﬂ =0 Eom
BC 2) (Tangential E continuous @ z = 0): Eom + ~0Ml = Eom
- . _m. |l 7 _ar . _ MV Z,
BC 4) (Tangential H continuous @ z=0): |E, . B E | with |f= A
inc refl trans /«lz Vz 5

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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_ ~ N 2 )~
Add BC 2) and BC 4) relations: 2E, =(1+B)E, | = |E, = (ﬁj E | (2+4)
ne trans trans + inc

— — 1-8) ~
Subtract (BC 2) — BC 4)) relations: |2E, = (1 -p )Eo = Eo,(,,, = (Tﬂj E, |24

13

£ ~ 1-
Insert the result of eqn. (2+4) into eqn. (2—4): = —’B A E, ﬂ
Z 8) \ix8)"
I 1- I 2 - Eu ans 2
E, 'B and |E, =|——IE, | or: (—ﬂj and: | =" = (—)
refl 1+ﬂ trans 1+ﬂ inc o 1+ﬂ
VA
Now: = 20— 2] an: i == v, == where: n = S84 | and: n, = e
w24, n ) &1, &,
MM lul(c/nl) _ A M E 1 [, 1, _H NG 1 ’gzﬂl
v, i (c/ny)  pon, ﬂz\/glﬂl/goﬂo H, \/51,“1 :uz 1 &,
Now if the two media are both paramagnetic and/or diamagnetic, such that Ty | 1

ie |y =,uo(1+;(ml)z,uo and: ,uzz,uo(1+;(mz)z,uo

{very common for many (but not all) non-conducting linear/homogeneous/isotropic media}

Then: B E&:(ij =(EJ for |4, = u, = p,| or

HV, V) n

<1

l’”l.z

3

E 1— 1—(v,/v Vo —p n.b. these relations are identical to
Then: | =2 = ( ﬂ} = ( Il 2) =2 the those we obtained for traveling
e 1+ 1+ (V1 /v, ) v, TV, . transverse waves on a taught string
with g4 =m, /L, and g1, =m, /L,
0 2 2 2v . _
irans = 2 with a {massless} knot at z=0
1+ 1+(v1/v2) v, +V, {see p. 16, P436 Lect. Notes 4}!!!

We can alternatively express these relations in terms of the indices of refraction n, & n, :
I n—n j and Elo,mm ~ [ 2m, j
N n +n, EOW n, +n,

Now since: .. =E, e n.b. plane waves have constant phase on (x,)) wavefront @ z =0

0,

13

Oine

J

1}

=K, ¢’| & =phase angle (in radians) defined at the zero of time, 1 =0

E =E, Se"‘s phase factor ¢ common to all 3 electric field amplitudes @ z =0

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 9
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Thus, for the above ratios of electric field amplitudes @ z = 0, these relations become:

g [ for | =4, = 44,
Monochromatic plane E, -8 Vi b —n 1y 7
EM wave at normal "”—( J:( 2 1}: L2 ﬂz(_”j:_l
incidence on a { E, \1+p V2tV n+n, wy, ) 2,
bpundary between two E, ) 2v, 2n,
linear / homogeneous / 7 |1 F; = vl il e
isotropic media Lo AWM h i

two linear / homogeneous / isotropic media, with

ie.

For a monochromatic plane EM wave at normal incidence on a boundary @ z = 0 between

M= = H,

, note the following points:

Ifv,>v, (i.e. Z,>Z, ,or: n,<n)) {e.g. medium 1) = glass = medium 2) = air}:

E"reﬂ: 1_13 — Zz_Zl ~ V, =V ~ n—n,
E, 1+ 4 Z,+7, v, +V, n +n,

inc

If v, <v, (i.e. Z,<Z,,or: n,>n;) {e.g. medium 1) = air

E%ﬂ= 1- _[24,-2 v _[mmm
E, 1+ /4 Z,+Z, v, +v, n,+n,

E%ﬂ =_|1_ﬂ|=_|zz_Z1|:_|V2_V1|:_|”1_n2|
E, 1+pl |2,+7)]

‘v2+v1‘ n1+n2‘

Eotmm'

[ 2v, | [ 2n
v+ n +n,

EOII‘WYS —_— 2 —_— 222
E% 1+ Z+7Z,

E, = isprecisely in-phase with

E, because (v,—1)>0.

= medium 2) = glass}:

E

Oreﬂ

is 180° out-of-phase with

E, because (v,-1,)<0.

The minus sign indicates a 180"
phase shift occurs upon reflection
for v, <v, (i.e. n,>n ) !

is always in-phase with E, for all possible v, &v, (n, &n,) because:

What fraction of the incident EM wave enerqy is reflected back from the interface @ z = 0?

What fraction of the incident EM wave energy is transmitted through the interface @ z = 0?

In

a given linear/homogeneous/isotropic medium with:

The time-averaged energy density in the EM wave is:

( Joules j
m3

The time-averaged Poynting’s vector is:

10  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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The time-averaged EM field power flowing through/crossing an imaginary/conceptual surface S
P, (2=0)= js<§(7,z)>.ﬁda (Watts)

where 7 is the unit normal of the imaginary/conceptual surface S, 7 is oriented on the surface S

e.g. at/on the boundary/interface @ z =0 is:

=

in the direction that EM energy is flowing such that <S (F , t)>-ﬁ is always a positive quantity.

Thus here, n =+z direction. We can define the intensity (aka irradiance) of the EM wave as:

Watts
m2

The 3 Poynting’s vectors associated with this problem have: S, || (+2), S a1(=2)

0)=(5(z=0.1) i

I(z

and: S_ || (+2).

trans

Then, for this problem {here}, each of the 3 intensities is of the form:

Watts

1(=0)=(

S

(z - (),;)>.ﬁ = V<”EM (z = 0,t)> = v(%gEoz) =1levE? = 8VE02W

[

m

2

J

For a monochromatic plane EM wave at normal incidence on a boundary between two linear /
M=y = 1| @z =0:

homogeneous / isotropic media, with

Eoy (1=8)_(2:=Z)_(m—n)_(m—n p=| |4
E, 1+ Z,+7, v, +V, n +n, wv, | Z,
E (2 (2Z, ) [ 2v, | [ 2n
E, 1+ 4 Z+Z, v, +v, n +n,

E

Opeft

JZ

Then square each of these relations:
r l_ﬂ 2 2 N 2 B 2
E, 1+ 4
EO/‘HJ’IS 2 2 2 2 2 2
E, 1+ p - -
Define the reflection coefficient as the ratio of reflected to incident intensities @ z = 0:

Ly (O) 3 <Sreﬂ (O’t)>°(_2) VY <“§\f47 (O,t)>

L) (S (R)ls v(ug (00))  hemE]

Define the transmission coefficient as the ratio of transmitted to incident intensities @ z = 0:

ZZ_Zl
Z,+7,

_ _ Y, ™V n—-n,

and:

v, +V, n +n,

27,
Z,+7Z,

2v,
v, +V,

2n,
n, +n,

2

Orefl

1 2
2 glleu,(,ﬂ

R

7o I (0) _ <§tmns (O’t)>'2 _ V) <”ZZH (O’t)> _ %gzszaz,,m _ 52"2E§m
1,,(0) (S, (0.0))2  w(up (0.0))  emE,  emE,

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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For a linearly-polarized monochromatic plane EM wave at normal incidence on a boundary

M= = )

@ z = 0 between two linear / homogeneous / isotropic media, with
2

. . Ly (0) [E,,

Reflection coefficient @ z = 0: R= I ( 0) = EOW
2

.. . I trans (0) gzvz Eomms

Transmission coefficient (@ z = 0: T= =
]inc (0) glvl Eo,-m,

But:

2
V2+V1

2
Eoreﬂ _ 1_/3 ’ _ Zz _Zl
EOW 1+ 4 Z,+Z7,

2
_| M
n, +I’12

-n
2 and;

T

_ 222
Z+7Z,

2
Eomms — 2 ’ ’ —_~ 2v2
Eo,-m, 1+ v, +v,

2n,

2
} Lnl"'nz

;

Thus, the reflection and transmission coefficients for EM plane wave at normal incidence are:

2 2 2 2
R= 1-p — Z,~- 2, ~ TV (kT B = Yy
1+ Z,+7, v, +V, n +n, H,V,
2 2 2 2
7| &% 2 _[ &Y 27, _ &Y 2v, _&V 2n,
v, \1+ ey \Z,+2, eV \ v, ty A8\ +n,
//
Now: _ MV AN EE L Hé ﬁﬁ:ﬁﬁﬁzv_zg_z:gzvz(zéJ
KV, VY, §&,  HhE, V, & V12 V, & V& &V Z,
/\for H =~ U,
T_(gzvzl( 2 Jz _ﬂ( 2 )2 4B vy i,
ev, )\1+p 1+ 4 (1+ﬂ)2 (v2+v1)2 (n1+n2)2
Thus:
rar UB) 4B _(1-B) 448 12+ +4p 1428+ _(146)
- 2 2 2 - 2 - 2 2
(1+8) (1+5) (1+5) (1+5) (1+5) (1+ )

= EM energy is conserved at the interface/boundary between two
linear / homogeneous / isotropic media in this process !!!

12  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois

2005-2015. All Rights Reserved.




UIUC Physics 436 EM Fields & Sources I1 Fall Semester, 2015  Lect. Notes 6 Prof. Steven Errede

EXAMPLE:

A monochromatic plane EM wave is incident on an air-glass interface (@ z = 0) at normal incidence:

n=n, = l.OJ

n,=n, =1.5

— "alass

Indices of refraction for air and glass (n.h. both are non-magnetic materials) [

2 2 2 2
- 1.0-1.5 —0.5 1 1
Reflection coefficient:  |R =| 22 =(—j =(—j :(——) =—=0.04=4%
n +n, 1.0+1.5 2.5 5 25

4nn, _ 4-10-15 60 _ 6.0
(m+n) (1.0+15) (25) 625
[R+T =0.04+0.96 =1.00]

Transmission coefficient: |7 = =0.96 =96%

QUESTION: Is EM linear momentum conserved in this process?

The time-averaged linear momentum densities associated with the 3 EM waves are:

(Pl (7)) =+t (F.0)2 =+ (362 (7))2

| Vi
(P24 (7)) = {ugt (7)) =—-(4eiE, (7))
1

1
(O () = ()= el (7):

In order that EM linear momentum be conserved at the interface, we must have the time-
averaged initial EM linear momentum at the interface = the time-averaged final EM linear

2:0:<]3££[a1 (’7’ t)>

{n.b. we (again) use time-averages here, in order to make direct comparisons with experimental
measurements of these quantities}.

Now: <13(F,t)> = _Hg%(?,t» dr =<@(F,t)> * Volume, AV | where the volume associated with

momentum at the interface, i.e. < P (7, t)> o

the EM wave over the time interval At is|AV =/(-A, =vAt- A4,

«— (=vAt >

Incident / cross-sectional area, 4,
plane EM wave = 7t

© Professor Steven Errede, Department of Physics, University of [llinois at Urbana-Champaign, Illinois 13
2005-2015. All Rights Reserved.



UIUC Physics 436 EM Fields & Sources 11

Fall Semester, 2015

Lect. Notes 6

Prof. Steven Errede

Thus: (55 (7.0)) = (@ (7.0)) AV, ={@5, (F.0))wAA,
(B (7.0)) =(05 (F.0) AV, = (@ (Fo))mAtA,
<ﬁgﬂls (]_/:9t >:<5_O.2;;S( ’t)>A trans :<8Ot£’?:/’;s (F’t)>V2AtAL
m: < Pont” ’7 > <ﬁ£\’/’[al (F’t)> z=0 = <ﬁg\; (V,t)> z=0 :<ﬁl’;\ﬂ/[ (I" t)> z= 0+<ﬁZj‘\Zw (F’t)> z=0
M: < 1;’;[ F )> inc | z=0 <<@2‘e]\ffll( )>AI/;/‘Z z=0 <<€‘)ZZ/;” F )> trans
or: (@ (FO)wacA, |, =@ (F.0)), Lo+ (@ (F.1))v,Ar-
Le: % <@ZIZ4 (Fat)> 2=0 =" <8521{14 (Fat)> 2=0 TV, <S/J75Z;S (’7 t)>
But: (@i, (7.1)) :+i(lg E. (F)]f
but em \7> v 2 1o,
(5 (7)) == (3o, () )2
e \"> v 2 150,
(e (7 ¢)>:+i[lg £ (;)js
e\ v, 2 25,
Thus: /ZVZ(%/QE;) :—/sz(é’/glEj]j +/sz(é’/€2Ef J @z=0
1 " z=0 1 ’ z=0 2 - z=0
or gl(Ej_+Ej ) =, E. | | @z=0
inc et J|—o 2=
2 2 2
E E E
Divide this relation on both sides by E’ : 1+( 0’”’} :2{ - J :(i](gzvzj 0]
- E"mc 81 E"in V2 81 Vi E"m
[
=R =T
Thus: 1+R:(KJT But: |R+T—1| or |R=1 T|
Vs
1+(1—T)=[l]7’ or: 2—T=(iJT or: 2:{1+(iHT
V2 VZ v2
2 2v
Thus: |T'= = :
- [1+(vl/v2):| (v +v,)
But: |T= b = v > 2%, {from above} !!! where: p=ti &%
(1+8)  (v+v)  (n+n) Ly, &V,

= Linear momentum carried by EM wave is NOT conserved in/at the interface between two

linear / homogeneous / isotropic media !!!

Why??7?? How???

14 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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The physical reason for this is because {again} we’re not “counting all of the beans” here...

The EM waves that are present in each of the linear / homogeneous / isotropic media
(i.e. the EM waves that exist in medium 1 and medium 2) polarize the atoms/molecules in that
medium and create an additional co-traveling momentum in that medium — which results from
the {mechanical} momentum of the electrons associated with the atomic/molecular induced
electric dipole moments that arise in response to the induced polarization associated with the
incident/reflected/transmitted traveling EM waves! Please see/read P436 Lect. Notes 7.5....

Thus, overall linear momentum is conserved when the EM wave and its co-traveling electron
/ atom / molecule induced electric dipole mechanical momentum associated with the medium is

included.
(70) +{Br,,. (7:0)

In medium 1;

In medium 1:

In medium 2:

Hence for total/overall momentum conservation, we must have: < D

(5

—refl
Tot

B (7.1))

+(p

—refl
e dipole

(7.1))

(p

—trans
Tot

(7.0)) =(p

—trans

EM

(7.1)

)+

—trans

e dipole

(F,t)>

—inital

(F,t)>

— final

z:0=<pTot

(?,t)>

i.e. we must have @ z = 0 at/on the interface:

(i

(7.

..

—refl

+{ 5 inc
p e dipole

(7.1))

z=

RRA)
—trans

+ <pEM (F,t)>

+
z=0 <p

—trans

z=0 +

e dipole

e dipole

(7.1))
(.)

z=0

z=0

Or:

z=0

(25 (O, ~{PE (0], (7.0)
—inc (F,t)> — refl

:_<p Z:O+<p (F,t)> (7,t)>

It is curious that the time-averaged EM field energy (alone) is conserved, whereas the time-
averaged EM field linear momentum is not conserved at the interface of two L/H/I media.
Microscopically, note that a photon’s energy E, = Af is unchanged in such a medium, whereas a

—trans
- <pEM

+ < ﬁtians
220 e dipole

#0

e dipole e dipole 220

photon’s linear momentum p, = h/ﬂy is changed. Since macroscopic £M field linear momentum
is not conserved at the interface of two L/H/I media, neither will EM field angular momentum /
EM field angular momentum density be conserved, since: | £, (7,t) =7 x @,,, (¥,t)|

For further details on this subject, see/read:

1.) J.D. Jackson, Classical Electrodynamics, p.262,3" Ed. Wiley, NY
2.) R.E. Peierls, Proc. Roy. Soc. London 347, p. 475 (1976).

3.) R.E. Peierls, Proc. Roy. Soc. London 355, p. 141 (1971).

4.) R. Loudon, L. Allen and D.F. Nelson, Phys. Rev. E55, p. 1071 (1997).

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Arbitrary/Generalized Polarization States of a Plane EM Wauve;
Elliptical, Circular and Linear Polarization

As we saw in the previous discussion, a monochromatic, linearly-polarized plane EM wave
e.g. propagating in the +Z direction in medium 1, which is also at normal incidence to a
boundary between two linear / homogenous / isotropic media {located as before at z = 0 in the x-
v plane} has the following mathematical forms {for linear polarization in the +x direction} for

the complex E and B fields:

Incident monochromatic, linearly-polarized EM plane wave (in medium 1):
Propagates in the +Z -direction (i.e. k,, =+k, =+Z), with linear polarization |7,,. =+

]_éinc = kl = ‘El = 272.//’LI = Q)/Vl and: Eoinc = E"inr ei6

E (z,6)=E, ¢“%| with: |k,, =

A

B (2t) =Lk xEX (2,6)=2E, ¢* 5| since: [£, xi,,

Y Y

=+ZXX=+4)

In general, this monochromatic, linearly-polarized EM plane wave incident on the boundary
between two linear / homogenous / isotropic media can be polarized in gny direction in the x-y
plane. More generally then, we can write the polarization vector 7, as:

y
n,, =cos@x+singy| where 4
ﬁinc
@= 0°: = LPin +x -direction sm(p{ ? (\ i A
@=90°: = LP in +y -direction ——
cos @

Thus, more generally, we can write the complex E and B fields for the incident monochromatic,
but arbitrarily linearly-polarized EM plane wave (in medium 1) as:

Incident monochromatic, arbitrarily linearly-polarized EM plane wave (in medium 1):

+Z propagation direction (i.e. k,, =+k, =+Z), arbitrary linear polarization |7,,. = cos X +sin ¢y

EL (z.t)=E, ", =E, " [cospi+sinp]

1; =kl=]€1

inc

=27/l =o/v,| and: |E, =E, °

Oinc inc

with: |k, =

mc

B (z0) =k, < Bl (2.0) =,
1 1

i(kz=ar) (7 _ A
e (kinc X ninc )

inc

But: |£, X7, =+Zx[cos X +sinpp]=cosp(ZxX)+sinp(Zx J)=+cosp)—sin px

mnc

Very Useful Table:
XXP=+42 PXX=-Z
PXZ=4X IXP=—X
IXX=+) XxzZ=-y

16 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Thus, the complex B -field can be equivalently written as:

BY (z0) =Lk, x X (z,8) = E, &t (o %7 ) = LE &t {cos g —sinps]
Y e

Vi Vi

inc

As always, the physical E and B fields associated with this EM wave are of the form:

B (z.1) = Re{é;f (z,t)} =Re[E, ¢ [cospi+singf]|. but: E, =E, ¢
=Re(E, """ [cos pi+sinpp]}=Re(E, " "[cos pi+sin 3]}
=E, Re {e"(’”“’”‘” } [cos % +sin 7]
=E, Re{cos(kz—at+3)+isin(kz—at+5)}[cos s +sinpF]
=E, cos(kz—at+35)[cospx +sinpy]

mc mc mc mc

Y Y

BLP (z,1)= Re{é.“’ (z,t)} = l/é x E* (z,t)= lEam cos(klz—a)t—i-é)(lgmc Xﬁim’)

= lEO, cos(k,z— ot + 5)[cos pp —sin px|
y

Now, for a circularly-polarized monochromatic plane EM wave, propagating in the
+Z direction in medium 1 incident on the boundary between two linear / homogenous / isotropic

media at normal incidence, the physical E and B fields can be written mathematically as follows:

me mnc

EX(z,t)=E, [cos(kz-wt+08)itsin(kz—at+5)p ]| with |k, =+k =+£

=LE, [cos(klz—a)t+5)(2><)2)J_rsin(klz—a)t+5)(2x A)]
=VLEUW [cos(klz—a)tJré'))?isin(klz—a)t+5))2]

1

B (z,6)=1k xE (z,t)=LE {5x[cos(kz-wt+8)%tsin(kz—wt+35)
Vi Vi Oine 1 1
Y

Note that the + signs between the 90° out-of-phase % and § components for £ (and the

corresponding F signs for B ) denote the handedness of the circularly polarized EM wave
— i.e. whether it is right- or left-circularly polarized!

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 17
2005-2015. All Rights Reserved.



UIUC Physics 436 EM Fields & Sources I1 Fall Semester, 2015  Lect. Notes 6 Prof. Steven Errede

A right- (left-) circularly-polarized monochromatic plane EM wave, propagating in the
+z direction in medium 1 incident on the boundary between two linear / homogenous / isotropic

media at normal incidence, the physical £ and B fields can be written mathematically as follows:

RCP EN"(z,t)= E, [cos(kz—at+5)%+sin(kz—ot+5)7]

EM 4 seer 1 i :

Wave By (z,t)=—E, [cos(kz—ot+8)p—sin(kz—at+5)%]
1

LCP EL(z.t)= E, [cos(kz—at+08)%—sin(kz—at+5)7 ]

EM -

Wave Bl.ffP(z,t):lEo, [ cos(kz—wt+8) §+sin(kz—wt+5) %]
v

Note that at (z,7)=(0,0) these EM fields at that point/at that time are:

RCP Ep"(0,0)= E, [cosS%+sindP]
EM a
wave | | |B(0.0)="E, [cos5—sin 6]
—
Lep | | |EXT(0,0)=  E, [cosS%—sinsp]
Vgi\{e B (050)=lEo_ [COS Oy +sin 532]
14 e

Or more generally for circularly-polarized EM waves (right- or left-handed):

CP E(0,0)= E, [cosS%+sindP]| (+ =RCP, — = LCP)

EM - -
Wave B’ (0,0) lEoi [cos 8P Fsinsx]| (— =RCP, + = LCP)
o o

1

If we compare these formulae to their equivalents for arbitrarily linearly-polarized EM waves,
with |7, =71, =cos@X +sin@y|:

LP E,. (0,0)= E, cosd[cospi+singy|=E, cosdn,,=E, cosén,,

EM ~ A
Wave B, (0,0)= lEa cos 5 [cos P —sin px]= lEoi cos 5(k XA, )
v o v

Then we see that we can {analogously} define right- and left-circular transverse polarization unit
vectors (i.e. lying in the x-y plane, L to the direction of propagation {here, in the +Z direction}):

RCP EM Wave: |y, =1, =C0SOX+5inoy

A

LCP EM Wave: |ii,, =1_=C0SOX—sinoy

18  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Thus, we can write the physical instantaneous E and B fields at (z,t)=(0,0)associated with a

right- (left-) circularly-polarized monochromatic plane EM wave, propagating in the +Z direction

in medium 1 incident on the boundary between two linear / homogenous / isotropic media at

RCP
EM
Wave

normal incidence as follows, for |71, =7, =cosdX +sindy|and A, ., =A_ =COSOX —sindy|:

~RCP A . A A A

e (0,0)=E, [cos6k+sindP|=E, fyep=E, 7,
S RCP 1 A . A 1 k" A 1 ]€ A

e (0, 0)— —EUW [cos 0y —sin 5x] = —Eom ( e X ”ch) =—FK, ) ( e X1, )

Vi Vi Vi

> LCP A A
E,"(0,0)= E, [cosdi-sindP|=E, i, =E, i

LCP
EM
Wave

n»LCP
inc

(0,0)= lEo [cos 67 +sind%] = lEo,-,,

Vi

~ . 1 N .
C (kinc X nLCP) = _Eomc ( inc X n—)

Vi Vi

Or more generally for circularly-polarized EM waves (right- or left-handed):

CP
EM
Wave

"RCP
Emc

(0,0)=

E, [cos Oox tsin 5)7] =E, n,

nRCP
anc

(0.0)=1

1

E, [cos&fzisinéi]:lEo
e e

Defining right- and left- complex circular-polarization unit vectors, respectively as:

Srep™

A

675%[

~

and: |g;

—iy] »=€.=5[X+]}

The corresponding complex CP (RCP or LCP) EM waves are of the following forms

RCP
EM
Wave

LCP
EM
Wave

CP
EM
Wave

gizsccp (z.1) =Eo,-me(klz or+6) [ 7] = \/’E (kz—ar+6) _ \/7E (h—or+0)
BR (2,0) =Lk, x EX (z.1)

Vi
g:ifp(zat) :Egmei(klz—mwé [x—i—zy] \/7E e i(kjz—t+5) &, p= \/’E i(kyz—wt+5) e,
§il’;fp (Z’t): l Ainc X E‘il;tfp (Z9t)

Vi
Elif (Z,t) :Eo,-,we i(kyz—ot+6) [ 1 ] \/—E W i(kjz—awt+5)
B (z0)=—k, xES (2,t)  (n.h. — =RCP, + = LCP here !11)

Vi
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At a fixed point in space (e.g. z = 0), an observer looking into an oncoming/incident LCP EM
plane wave sees the electric field vector E-" (z=0,¢) spinning/rotating counter-clockwise

(CCW) at angular frequency @ for a LCP EM wave as time progresses.

Similarly, at a fixed point in space (e.g. z = 0), an observer looking into an oncoming/incident
RCP EM plane wave sees the electric field vector E' (z=0,t) spinning/rotating clockwise

(CW) in a circle at angular frequency @ for RCP light as time progresses.

Note that both linearly-polarized and circularly-polarized EM plane waves are
limiting/special cases of the more general class of elliptically-polarized EM plane waves.

For a generally-polarized monochromatic EM plane wave propagating in the +Z direction
E(z,t)= [Ex +E, ﬂ e/t

Ifthe ¥ and y components of the complex electric field have the same phase, i.e. on =E "

and Eoy = Egye’b‘ , this is a linearly-polarized monochromatic EM plane wave propagating in the

+2 direction: |E"” (z, t) = [onfc + Eoyj;] ohz-or+d)|

If the X and y components of the complex electric field have the same amplitude and the same

phase, i.e. |E, = E,e”|and |E, = E,e”|, this is a monochromatic EM plane wave linearly-polarized

at +45° (w.r.t. the % -axis) propagating in the + direction: |E*" (z,t) = E, [+ 7] g9

Other special cases of linear polarization, such as LP in the X -only, or the y -only direction,
or e.g. @ =—45° (w.r.t. the x -axis) can also be easily worked out.

If the % and J components of the complex electric field |£(z,¢) = [onfc +E, j/] =) of the

generally-polarized monochromatic EM plane wave propagating in the +Z direction have

different phases, i.e. |E, = E, ¢ |and E, = Euye’ﬁ’ , this EM wave is elliptically-polarized.

If the % and § components of the complex electric field | £ (z,¢) = [ij +E, ﬂ ¢ of the

generally-polarized monochromatic £M plane wave propagating in the +Z direction have the
same amplitudes {i.e. |E, =E, = E, |} but their phases differ by |5, -, = +90° = + /2| radians,

ie. ng =E " |and Egy = Eoelﬁ}’ = Eae"(‘s‘i”/ 2 = Eoe'a‘em/ P =FiE ¢ = iion
{since: |e"™” = cos(x/2)Fisin(x/2)=Fil}, then: [oni + Eoyj/] = E,[x7i9]=2E, &,
this monochromatic EM plane wave is circularly-polarized.

20 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Reflection & Transmission of Circularly Polarized Plane EM Waves at Normal Incidence
at a Boundary Between Two Linear / Homogeneous / Isotropic Media

A circularly-polarized monochromatic plane EM wave propagating in the +Z direction is
normally incident on a boundary {in the x-y plane} between two linear, homogeneous and
isotropic media as shown in the figure below:

MeDt @)
Cl})‘{i JW"C/M

WMEDIUM &)

C‘L}/A‘L) = %l

e o o

% s
E
i >%)2

—
AS”

2
N
L
o
B S SN N NN SRS NSNS > R

The complex amplitudes for the CP E and B fields are summarized below:

Incident CP monochromatic plane EM wave:

A

ECP(Z t) E ‘ei(klz—a)t)[)feil-A]:E Cei(klzfmzm)[;ciiﬂ] nb. |k :/%:

mc mnc

B (2,0)= Lk xES (2,0) =L E, “= ) [p+ig]=LE, ") [p+if]

me

ECP(z,t):E e[(k‘sz’)[)eiiA]:Eo e[(k‘sz’+5)[)2¢iﬂ] n.b. kreﬂ k =-Z

z?z;;(z,r):% E()—E N[ is] = E, O i)

A A

ECP‘ (Z,t) -F ‘ei(kzz—wt) [)’eil)’;'] —E e(kzz a)t+b)[ AT .A] nb. i _ kz — 13
+ti

O/VLIILS trans

] 1F ei(/czz—wt+5)[)f>il-£]

V2 Otrans

By, (z,t):%]; XEC‘DA (Z,t)zLE kz=e) [);

V2 Otrans
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The boundary conditions on the CP E and B fields @ z = 0 in the x-y plane are summarized below:

BC 1) Normal D continuous: & E;

lTaz

_ 1
=&k

2Tar

(n.b. L refers to the x-y boundary, i.e. in the +Z direction)

BC 2) Tangential E continuous:  |E! =E!

lTal 27‘at

(n.b. || refers to the x-y boundary, i.e. in the x-y plane)

BC 3) Normal B continuous: B =By | (Ltox-yboundary,i.e.inthe +Z direction)
L= ) 1 1 .
BC 4) Tangential H continuous: |—B/ =—B, | (|| to x-y boundary, i.e. in x-y plane)
ILI] ot ,le Tot
Thus, at z=0:

Again, because the transversality requirements (from Maxwell’s equations) of the £ and B
fields, we see that BC 1) and BC 3) impose no restrictions {here} on such CP EM waves since:
{E, =E[, =0, B, =E =0jand{B, =B =0;B, =B, =0}

= Again, the only restrictions on plane EM waves propagating with normal incidence on the
boundary at z =0 {lying in the x-y plane} are imposed by BC 2) and BC 4).

.. In medium 1) (i.e. z < 0) we must have:

51”“ (z.1)= EC (z,1)+ l:?rce; (z,t)| and:

LB (20) =2 BY (20) 4 — B (2.1)

H H H

In medium 2) (i.e. z > 0) we must have:

E! (2,6)=E (2,1)| and:
1 = 1 =
—B! (z,t)=—B (z,t
M, 2M( ) M, ’ ( )

Then BC 2) (Tangential E is continuous @ z = 0) requires that:

o] ort |[ES (20,0 ES (2= 0,6) = EZ, (2= 0,1)|

mc trans

Then BC 4) (Tangential H is continuous @ z = 0) requires that:

o= B || or | B (22 0) 4 B (22 0,) == BY (2=0,1)

H, H, H H H,

22  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005-2015. All Rights Reserved.



UIUC Physics 436 EM Fields & Sources 11

Fall Semester, 2015

Lect. Notes 6

Inserting the explicit expressions for the complex lfj and 1§ fields
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Byl (z0) =B, " [355]| (B () =dha < B (20) =1E, & [pi]
B (=) =E, @55 |BG (50) =tk x B (20) =3 E, ¢ [ i]
Egy (20)=E, " [355]) |B, (20)= Sk < By (2:0) = L E, & [35i8]

BC 2) (Tangential E continuous @ z = 0):

BC 4) (Tangential H continuous @ z = 0):

0/ rans

Cancelling the common e factors on the LHS & RHS of above equations, we have at z =0
{n.b. everywhere in the x-y plane @ z = 0, independent of/valid for any time ¢}:

BC 2) (Tangential E continuous @ z = 0):

BC 4) (Tangential H continuous @ z=0):

Oipc + Egrc{ﬂ = Eglram
1 = 1 = 1 =
—E —-——EFE, .= E,
inc e trans
HV HW HV,

Note that these last two relations for circularly-polarized EM plane waves are identical to

those we obtained for the linearly-polarized monochromatic £M plane wave propagating in the
+z direction is normally incident on a boundary {@ z = 0 in the x-y plane} between two linear,

homogeneous and isotropic media.

— The BC constraints on the £ and B are decoupled from their polarization states!

Thus, we obtain precisely the same reflection and transmission coefficients for the circularly-
polarized EM plane wave as we did for the linearly-polarized monochromatic EM plane wave

propagating in the +Z direction, normally incident on a boundary {@ z = 0 in the x-y plane}
between two linear, homogeneous and isotropic media:

T
2
I O Eo 1_ 2 ¢ _ 2 _ 2
Reflection coefficient: |[R= o )_ re! =( ﬂ)zz(vz vlj :[MJ
I,.(0) E, (1+ B) v, +V, n +n,
2
I 0 E
Transmission coefficient: 7= Lo (0) )=ﬂ( ] -4 L\ .
Iinc (0) Eum (1+ﬂ) T (V2 +V1) (l’l1 +n2)
— /Lllvl 82‘}2 Zl \\/
R+T=1] and: |p=ft=222-21 -
+ an v, v 7, My = = [,
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