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LECTURE NOTES 6.5

Reflection & Transmission of Monochromatic Plane EM Waves at Oblique Incidence at a
Boundary Between Two Linear / Homogeneous / Isotropic Media
A monochromatic EM plane wave is incident at an oblique angle €, on a boundary between

mc

two linear/homogeneous/isotropic media. A portion of this EM wave is reflected at angle 6, , a

portion of this EM wave is transmitted, at angle 6, . The three angles are defined with respect
to the unit normals to the interface 7,7, , as shown in the figure below:
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The incident EM wave is: E,.m,(r,t) =E e(k”“ L and: Bl.m,(r,t) =—k,, x mc(r,t)
y,

The reflected EM wave is:  |E,, (7,¢) =E 7)) ang. B, (F.t) =

U
|

The transmitted EM wave is: |E, . (7.t) =

and: é " (’75t) = trans > Lirans (F’t)

Note that all three EM waves have the same frequency, [ =w/2x

This is due to the fact that at the microscopic level, the energy of real photon does not change
in a medium, i.e. £ = E'' = E, and since E, = hf, for real photons, then hf,™ = hf" = hf,.

Thus, the frequency of a real photon does not change in a medium, i.e. f;* = fy"’ed =1,

{n.b. An experimental fact: colors of objects do not change when placed & viewed e.g. underwater}.

However, the momentum of a real photon does change in a medium! This is because the

momentum of the real photon in a medium depends on index of refraction of that medium
n,., via the relation p;"e‘” =n,,p," where n,,, =c/v,,, . Thus the photon momentum depends

{inversely} on the speed of propagation in the medium!
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From the DeBroglie relation between momentum and wavelength of the real photon p, = h/ A,

we see that p™“ = Poed Py = My (h/ i;“): h(nmed / i;“) =h / /ly’”e" and hence ly’”"d =" / n

V4 med *

Thus, for macroscopic EM waves propagating in the two linear/homogeneous/isotropic media
(1) and (2), we have f, = f, = f,andsince @ =27 f then o, =0, =w.

But since: o =kv then: o, =w, =0 = kv, =k,v, thus: o=k, v, =k v, =k, ..V,

trans

I\M: kinc = l;inc = 27[/21 ; kreﬂ = ];refﬂ = 27[//11 5 ktrans = ];trans = 27[/1'2
And: o=, =w,=27(v,/A)=27(v,/1,)
m: o= 27[fi = 272—]; = 27[_](‘2 = fi = _f2 = fz"nc = f;eﬂ = f;mns
t ﬁnc t ﬁeﬂ t ﬁrans
Then: |4 =4, /n, A, =4, /n,| where: |4, = vacuum wavelength =c/f
And: |v, =c/n, v, =¢/n,
Thus: |k, =nk, k,=nyk,  where: |k, = vacuum wavenumber =27/1, = w/c

From:\w=k, v, =k v, =k, .V,

mc trans

We see that: |k, =k, =k = (ﬁj kyons = [V_zj k, = (ﬂj ks = (ﬂJ k,| Since |v, =c/n, i=1,2
%

| Vi

The total (i.e. combined) EM fields in medium 1):

Epy (Fot)=E, (Ft)+E,, (F.1)| and: |By,, (F,t)=B,. (F.t)+

o9

ot (751)

ust be matched (i.e. joined smoothly) to the total EM fields in medium 2):

ETotz (F’t) = Etrans (F’t) a’nd: BTOI‘; (F’t) = émms (F’t)

using the boundary conditions BC1) — BC4) at z=0 (in the x-y plane).

At z =0, these four boundary conditions generically are of the form:

l;,e/, -F—wt)

(— )ei(lgmci—a)t) +(—) ei( ~(—) ez‘(/},,,w-f—wt)

These boundary conditions must hold for all (x,y) on the interface at z = 0, and also must hold
for arbitrary/any/all times, ¢. The above relation is already satisfied for arbitrary time, ¢, since

the factor e is common to all terms.
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Thus, the following generic relation must hold for any/all (x,y) on the interface at z = 0:

(—) ei(l;in(.-F) (—) ei(l;,.eﬂi) —(—) ei(/?,,mf)

= For z= 0 (i.e. on the interface in the x-y plane) we must have: &, o7 = Igreﬂ-F =k, .."
More explicitly: k& x+k v+ k_Zz=k ,x+k , v+ £k =k, x+k _ v+k -z
inc, inc, c, refl,. refl, Zfl, trans, trans, ans,
z= z= z=0
or: ke Xtk, v=k,,x+k,,y=k,, x+k,,, v @z=0Iinthe x-y plane.

The above relation can only hold for arbitrary (x, y, z=0) iff (=ifand only if):
ke X=k, g x=k, . x = k, =k, =k

inc, refl,. trans, inc, trans,

m: kl’m’yy = kreﬂyy = ktransyy = kincy = krejﬂy = ktransy

Since this problem has rotational invariance (i.e. rotational symmetry) about the Z -axis,
(see above pix on p. 1), without any loss of generality we can e.g. choose lgim, to lie entirely

within the x-z plane, as shown in the figure below...

Then: k,. =k, =k, =0 andthus: k, =k , =k

- refl, trans, efl, trans, *

i.e. the transverse components of k .k .k _areall equal and point in the {same} +x direction.

inc "Vrefl > trans

The First Law of Geometrical Optics (All wavevectors k lie in a common plane):

The above result tells us that the three wave vectors £, ];reﬂ and k, ALL LIE IN A PLANE

inc? trans

known as the plane of incidence (here, the x-z plane) and that: &, =k, =k,,, asshownin

inc, trans,

the figure below. Note that the plane of incidence also includes the unit normal to the interface
{here}, n, =+z-axis.
The x-z Plane of Incidence:
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The Second Law of Geometrical Optics (Law of Reflection):

From the above figure, we see that:

k,, —k sind. | = |k

inc inc refl, — TVr trans,, trans trans

Kgsin 0,40 = k... =k, sing,

But: |k, =k, =k| = |sin6, =sind,,

mnc

= Angle of Incidence = Angle of Reflection |6, =6.,,| Law of Reflection!

The Third Law of Geometrical Optics (Law of Refraction — Snell’s Law):

For the transmitted angle, 6,  we see that: |k, sin@, =k, sin@

trans mc trans trans

In medium 1): |k, =k, = @/v, =nw/c=nk,

where |k, = vacuum wave number =27/, | and |4, = vacuum wave length

In medium 2): |k,,,, =k, = o/v, =n,0/c =nyk,

Thus: k, sm6 =k,  sing, = |k;sinf,, =k,sin0

mc trans trans mc trans

But since: k,.=k =nk,|and|k,, =k, =nk,
Law of Refraction
Then: ki$in Oy =y Sin 6| = [ 5106, =1 SI00Gy, (Snell’s Law)
. : Sln etnms — nl
Which can also be written as: |——— =—
Sln emt n2
Since 6, refers to medium 2) and 6, refers to medium 1) we can also write Snell’s Law as:
. , sind, n
n,sin @, = n, sin 6, or: |——F=—+
0 n
X X sing, n,

(incident) (transmitted)

Because of the above three laws of geometrical optics, we see that:

=k

=0 reﬂ

=k

trans

._o | everywhere at/on the interface (@ z = 0 in the x-y plane.

inc

i(lzl'ﬂl‘

1'(1’:',,0,,,A -?—a)t)

-F—{ut)
z=0 =

i(l;,eﬂ-f’—a)t)
2:0:

Thus we see that: |e .o | everywhere at/on the interface at

z =0 in the x-y plane, this relation is also valid/holds for any/all time(s) ¢, since @ is the same in
either medium (1 or 2).

4 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Thus, the boundary conditions BC 1) — BC 4) for a monochromatic plane EM wave incident at/
on an interface at an oblique angle 6, between two linear/homogeneous/isotropic media become:

mc

BC 1): Normal (i.e. z-) component of D continuous at z = 0 (no free surface charges):

£ (E +E, ) =&,k

{using D= gE}

trans,

BC 2): Tangential (i.e. x-, y-) components of E continuous at z = 0:

inc. Oy,
incy y transy

BC 3): Normal (i.e. z-) component of B continuous at z = 0:

(EO +B, ) =B

inc, Otrans, z

BC 4): Tangential (i.e. x-, y-) components of H continuous at z =0 (no free surface currents):

(B, +B, )=—8,
n incy refly,y A ransy.
~ 1~ =
Note that in each of the above, we also have the relation |B, =—kx E,
1%

For a EM plane wave incident on a boundary between two linear / homogeneous / isotropic
media at an obligue angle of incidence, there are three possible polarization cases to consider:

mlz

Case I): 1 plane of incidence — known as Transverse Electric (TE) Polarization

mc

i

{B,. || plane of incidence}

Case II): EZZ || plane of incidence — known as Transverse Magnetic (TM) Polarization

%

{B,,. L plane of incidence}

Case III): The most general case: E, is neither L nor || to the plane of incidence.

{= Einc is neither || nor L to the plane of incidence}

i.e. Case Il is a linear vector combination of Cases I) and II) above!
QP

e CP vector: |Ai. =X T |, also the EP (elliptical polarization case.

n

e LP vector: =COoS@X+singy=cosp €, +sing ¢,

= Simply decompose the polarization components for the general-case incident EM plane wave
into its ¥ =€, and ) =€, vector components — i.e. the E-field components perpendicular to and

parallel to the plane of incidence (7E polarization and 7M polarization respectively).
Solve these separately, then combine results vectorially...
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Case 1): Electric Field Vectors Perpendicular to the Plane of Incidence:
Transverse Electric (TE) Polarization

A monochromatic plane EM wave is incident {from the left} on a boundary located atz=0
in the x-y plane between two linear / homogeneous / isotropic media at an oblique angle of
incidence. The polarization of the incident EM wave (i.e. the orientation of E, _is transverse
(i.e. L) to the plane of incidence {= the x-z plane containing the three wavevectors k k. ..k

inc® "Vrefl > trans

and the unit normal to the boundary/interface, 7 =+Z }), as shown in the figure below:

/‘-‘
%
meorum @ A wEDIUM S
Ek Ct"v;i,ﬁnfl ff/ G,\?_r A
(:I' C/ /! "U;‘:G/Tl:_ i
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Note that all three E -field vectors are || § {i.e. point out of the page} and thus all three

E -field vectors are || to the boundary/interface at z = 0, which lies in the x-y plane.

Since the three B -field vectors are related to their respective E -field vectors by the right-
hand rule cross-product relation B = %IQ x E then we see that all three B -field vectors lie in the

x-z plane {the plane of incidence}, as shown in the figure above.
The four boundary conditions on the {complex} E - and B -fields on the boundary at z = 0 are:

BC 1) Normal (i.e. z-) component of D continuous at z = 0 (no free surface charges)

=0 =0
gl Oinc, + Orefl, = 82

BC 2) Tangential (i.e. x-, y-) components of E continuous at z = 0:

= {see/refer to above figure}

(E +Eo_ﬂ):E = |E, +E, =

inc y Otrans y Oinc refl Otrans

{n.b. AILE_* = 0 for TE Polarization}

BC 3) Normal (i.e. z-) component of B continuous at z = 0:

(1?0_ +B, ) =B

inc.

6 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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BC 3) {continued}: n.b. Since only the z- component s of B's on either side of interface are

involved here, and all unit wavevectors kmc, kre and k,__lie in the plane of incidence (x-y

trans

plane) and all E -field vectors are || to the + direction for 7E polarization, then because of the

cross-product nature of B= %IQ x E , we only need the x-components of the unit wavevectors, i.e.:

inc inc, + inc, =sin emc‘x + cos emcz
~ ~ ~ . . N See/refer to
vt =k th,y  =sing,x —cosb, ,z above figure
ktmns = ktransx + ktrans Sln etramx + COS etram
5 a5 A\_n |l l€ 5 a7 ~ . 1 i SN -~ - -
( ones 2+ B, 2 ) =5,,.%|= XE, kg %E,, P)= (K ¥E, D) [{£xF =+
2 . . v, y A, v, .
1= R | A A
= —(EOW sin@,, {Xx p}+ E ,sind,, {%x y}) = _(Eo,,m sin @, {%x y})
Vi Yy
15 1 -~
= _(Eo,-n sin@,, + E ,siné , ) —E, sing,,, 2
Vi V)

BC 4) Tangential (i.e. x-, y-) components of A continuous at z = 0 (no free surface currents):

n.b. Same reasoning as in BC3 above, but here we only need the z-components of the unit
wavevectors, i.e.:

1/~ . = 1~ . , . .
_(Bo,-,, +B, ) =—2B8, {n.b. All B> = Ofor TE Polarization — see above pix}
Hy N - My

1 (~ ~ . n ~ 1 [~ ~ . N
= _(kinc XEo y+kreﬂ XEo), y):_(ktrans XEo y) {ny:—X}
/lel z incy, Iz refl, ,le Vz z trans,
1 (=~ ~ 1 /-
= E()‘ COS Hinc QX)’} +E0 COS 9}"(1’ _2x)’> = EO OS emm .);
(B, cos0, {215}, st (33} == —(E, _cost, {2451
| R 1 =~
= —(E,,, (—cos6,, )+ E , €080, )x =—E, (—cos@,,, )%
vt ' v,
Thus, we obtain: Eom + Nw = Eom (from BC 2))

le

. . Z ~
Using the Law of Reflection 8, =6, onthe BC 3) result: |E, +E, = ( 4 sm%j E,
refl sin trans

mnc
V)

mc

Using Snell’s Law / Law of Refraction:

n n 1 1
L _n, . .
Sln Hzm Sln etrans = |~ Sin einc =—Ssm etrans = | sin emc =—sm etrans

c c v v,

v, siné
or: Sln gmc =V sin el‘rans or: [ - Mj =1
V2 s emc
© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 7
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~ ~ siné ~ ~ . .
L |E, +E, = h. e \E =E | ie BC3)gives the same info as BC 1) !
inc refl Vz Sln 01 - trans trans
~ ~ cost ~
From the BC 4) result: (E,,_ -E, ) = [ ! %} E,
inc refl ,U2V2 cos ) trans

Thus, {again} from BC 1) — BC 4) we have only two independent relations, but three
unknowns for the case of transverse electric (7F) polarization:

Now:

Thus: |E

1) |E, +E,, E
2) E lulvl . Cos gtranv
/'12 V2 cos elm o
lulvl Zl cos etrans
P =|—— |=—-| and we also define: |a =] —* || {n.b. Both @ and > 0 and real}
IUZVZ ZZ cos emc
Then eqn. 2) above becomes: Eo,., - N%ﬂ =aff Eum and eqn. 1) is: E~0 +E’OM = Eom
. = = ~ 2 ~
Add equations 1) + 2) to get: |2E, (1 + aﬂ)Eo = |E, = (1 ,3} | eqn. (1+2)
i trans trans + a mc
, = ~ l-af ) ~
Subtract eqn’s 2) - 1) to get: |2E, =(1- ap)E | = B, = > E, |eqn.(2-1)
~ 1- 2 ~ 1- ~
Plug eqn. (2+1) into eqn. (2—1) to obtain: | E, :( ap E, = o E,
o 2 l+af ) ™ l+af ) ™
. (1- ] 2 - E, (1- A 2
o aﬂ |and|E, = E, lor|="= ap and |[—=2- =
o\ 1+ aﬂ o\ 1+aff ) E, 1+af o, 1+ ap
n.b. since both a and £ > 0 and purely real quantities then: (1 ﬂj > () and hence the
+a

transmitted wave is always in-phase with the incident wave for TE polarization.

The ratios of electric field amplitudes @ z = 0 for transverse electric (7E) polarization are thus:

The Fresnel Equations for £ || to Interface @ z =0

E L to Plane of Incidence = Transverse Electric (TE) Polarization

ETE

[

ETE

Ojne (

l-ap

|

1+ apf

and:

B [ 2
EF \l+ap

|

with:

trans

o=
(cos@

me

cosd

and:

|

HV
HyVy

&=
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Now because the incident monochromatic plane EM wave strikes the interface (lying in the x-y

plane) at an oblique angle 6,

inc ?

the time-averaged EM wave intensity is /(z=0)= <S’(z =0, t)>.ﬁ

(Watts/ mz) where 7 is the unit normal of the interface, oriented in the direction of energy flow.

Because the incident £M wave is propagating in a linear / homogeneous / isotropic medium, we
have the relation: <S’inc (z= 0,t)> =, <uj§f4 (z=0, t)> k,_. Thus, the time-averaged incident

me

intensity (aka irradiance) for an obligue angle of incidence is:

I1,.(z=0)= <§W (z= 0,t)>o2 =, <u2’;4 (z= 0,t)>l€mc-2 = <uZA‘4 (z= 0,t)> cosd,

For TE polarization the incident, reflected and transmitted intensities are:

I (2=0)= <s (z=0, t)>-2 v (s (2= 0,0)) 02 =Lem (EF) cosd,
1}2‘/‘1 (Z = 0) = <§rqﬂ (Z = O’ t)>.(_2) = Vl <u2;§ (Z = O’t)> kAinc .(_2) = %Slvl (Etii )2 . 91'"0 ref’?l;?lz:.tiuosridglz;v=0;m

]TE (Z = 0) = <Stmns (Z = 0’t)>'2 = v2 <u§ﬁs (Z = O’t)> ktmns .2 = %VZCC"Z (ETE )2 COS 6

trans Otrans trans

Thus the reflection and transmission coefficients for transverse electric (7F) polarization
(with all E -field vectors oriented L to the plane of incidence) @ z = 0 are:

=49,-eﬂ
I (z=0) LevE* 2cost9 E™ Y
R = refl (Z = )_ 2“1 Orep inc _ Oref
TE — 4TE - 2 - TE
= TE
L, (2=0) 1EV (Eo_ ) cosd, E,.

2
TE _ 1 TE ) TE
T = ]”’0’13 (Z — 0) _ 2 82‘)2 (E‘)U'mm cos etrans _ (82‘}2 ] COs ez‘mns ] Eotrans
TE = JTE (_ _ - 2 - TE
Lie (Z = 0) 1EV, (EOTE ) cosd, &v )\ cosd, E

inc inc Oje

TE 2

v &V Z cosf E™
m: ﬂ = (m] = [#j = Z—l %1: o= Lﬂj K TTE — aﬂ trans
2

Vv, & cosd,,. EOTE
E,, | _(1-ap E,’ 2
And from above (p. 8): EOTE = I+ af and EUTE = I+ ap
1E )2 2 N
O 1-af E, 408
Th . R = - =| — d: T = trans —
us TE E(Zf( (1+aﬂj anda TE ﬂ E{iﬁ (l+aﬂ)2

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 9
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Explicit Check: DoesR,, + T, =1? (i.e. is EM wave gnergy conserved?)

(1—aﬂ)2+ daf : :1—2aﬂ+a2ﬂ22+4a,[)’:1+2aﬂ+a22ﬂ2 _ (1+0¢’/)/j:1 Ves 11}
(1+ap)  (1+ap) (1+ap) (1+ap) fapy

2

Note that at normal incidence: |6, =0| = |6, =0|and |6,,,, =0| {See/refer to above figure}

trans
cos@, . | cosO
Then: | = L= =1 =

cos O, cos0

mc

4p

2
1_
Thus, at normal incidence: |R; ‘9 0= (—'BJ and: |1 ‘g =TT

SRR )

Note that these results for R, ‘g_ o and T, ‘g_ _ are the same/identical to those we obtained

previously for a monochromatic plane EM wave at normal incidence on interface!!!

=0/, the

plane of incidence collapses into a line (the Z axis), the problem then has rotational invariance
about the Z axis, and thus for normal incidence the polarization direction associated with the

In the special/limiting-case situation of normal incidence, where |0, . =6 , =06,

spatial orientation of Ei no longer has any physical consequence(s).

nc

10  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Case I1): Electric Field Vectors Parallel to the Plane of Incidence:
Transverse Magnetic (TM) Polarization

A monochromatic plane EM wave is incident {from the left} on a boundary located at z =0 in
the x-y plane between two linear / homogeneous / isotropic media at an oblique angle of

incidence. The polarization of the incident EM wave (i.e. the orientation of E, is now parallel

(i.e. ||) to the plane of incidence {= the x-z plane containing the three wavevectors km, k,eﬂ, ktmm
and the unit normal to the boundary/interface, 7 =+2 }), as shown in the figure below:

meum @ R WEDUMED)

— e

V= >
A 2 TE*ms
"qvw«s
wit vormol

g/ %o ‘V‘*((faca_

i

ot TRTERFA,

For TM polarization, all three E -field vectors lie in the plane of incidence.

Since the three B -field vectors are related to their respective E -field vectors by the right-
hand rule cross-product relation B= Lk x E then we see that all three B -field vectors are || hY
{i.e. either point out of or into the page} and thus are | to the plane of incidence {hence the

origin of the name transverse magnetic polarization}; hence note that all three B -field vectors
are || to the boundary/interface at z = 0, which lies in the x-y plane as shown in the figure above.

The four boundary conditions on the {complex} E - and B -fields on the boundary at z = 0 are:

BC 1) Normal (i.e. z-) component of D continuous at z = 0 (no free surface charges)

6 (B, +E,, )=k

inc ozmmz

& (—E sing, + E ,sing, eﬂ) &£ (—Eo,, _sin Gmm) {n.b. see/refer to above figure}

BC 2) Tangential (i.e. x-, y-) components of £ continuous at z = 0:

(Eomx + Eor'eﬂx ) - Eotr{m.\'x

(£..

cosd, +E, coso, eﬂ) =E, cosd

Otrans trans

{n.b. see/refer to above figure}

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 11
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BC 3) Normal (i.e. z-) component of B continuous at z = 0:

=0 =0 _=0
+ =B
Oim‘z Ore/]_. Otrans z

BC 4) Tangential (i.e. x-, y-) components of A continuous at z = 0 (no free surface currents):

= {n.b. see/refer to above figure}

—([30 o+ Eouﬂ ) = —([30’ ) {n.b. All B,* =0 for TM Polarization}
o R A
1/~ . ~ . 1 (=~ . = A=
—(B% y+B, y) = —(Bom y) n.b. Can use full cross-product(s) B=+kxE here!
Hy ’ ‘ Hy !
|1 ( P 7 . lgreﬂ y E,O ) _ ( Pox E:.o ) Use right-hand rule for
LV, ), ‘ rans all cross-products
1 (~ .~ =~ . I (= .
= —(E% -E, y) = (Eom y) {n.b. see/refer to above figure}
HVYy Y,
(B, +B, )=—(8,_ ) = |-—(E.-E.)=—F
/«ll incy, refl 'y #2 transy, /«ll vl inc refl /«lz V2 trans
> From BC 1) atz=0: g (Eo,-,,c sin@, — EOI_E/, sin Hreﬂ) =&, (Eo sin Qms)
. c c
Redundant But: |0, =06,,|(Law of Reflection) and: |n, =v—1, n, =Z
info — both . :
. . (7
BC’s give And: |n sinf, =n,sinb,| = 51'n % _ s1'n . — ﬂ(Snell’s Law) = el
same sing, sin6,, n, v,
relation Eo. B Eo _[&n Eo _[ &7 ~o _ ~0
inc refl ((/‘1 n2 trans glvl trans trans
— From BC 4) atz = 0: E -E, = (ﬂJEo[ =pE, | where: |B= ( A ]: [%
. “ HyV, - - HyVy &V
I T - COS etrans
From BC 2) atz=0: (Eo_ cosd, +E cos ‘9,@/1) =E, cos6,,. | but o =—"7""
inc refl 7 trans cos Hinc
(B, +E,, )=| Dl |£ - a,
inc refl coS einc trans trans
Thus for the case of transverse magnetic (TM) polarization:
= ~ ~ = ~ ~ 0,
E —-E =pE |and |[E, +E =0aFE | with|f= o L P L | P Al 7
inc refl trans inc refl trans ﬂz V2 gl Vl cos 9[ -

12  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Solving these two above equations simultaneously, we obtain:

2E, =(a+p)E,, | = |E, =( - ]
inc trans trans a_'_ﬂ inc

and: |2E, =(a-B)E, | = |E, = a-p E
—_— ore/l Otrans 0, refl 2 Otrans
= |E =|%ZLE
refl a_'_ﬂ inc

The real / physical electric field amplitudes for transverse magnetic (7M) polarization are thus:

The Fresnel Equations for B|| to Interface
B 1 to Plane of Incidence = Transverse Magnetic (TM) Polarization

™ ™
Eoreﬂ — a— ﬁ an d Eotran.\' — 2 Wl thle Cos Htrans an d ﬁ = HV — 82 V) — é
EM a+p E™ a+p cosf, LV, ev, ) Z,

inc

The Fresnel relations for 7M polarization are not identical to the Fresnel relations for 7E polarization:

EfE 1+ap E™ l+ap

inc

We define the incident, reflected & transmitted intensities at oblique incidence on the interface
@ z =0 for the TM case exactly as we did for the TFE case:

LY (z=0) = <§TM (z= O,t)>-2 =Llgy, (ETM )2 cos®,

mc mc Oine

1 (2=0) = (52 (2= 0.0))(~2) = L e (£ ) cosb, (6, =0,.)

I (z=0)=(S

trans trans

(z= 0t)>-2 =1legy, (EUTM )2 cos 6,

trans

The reflection and transmission coefficients for transverse magnetic (7M) polarization
(with all B -field vectors oriented L to the plane of incidence @ z = 0) are:

(2=0)_[E,, :[a—ﬁT
Mon(z=0) [ EM a+f
(2=0)

2 2
T — [ tyi:gis z= O _ 82\/2 Cos etrans EZZZ‘S =a ﬂ E‘Z‘is _ 4aﬁ
MM (z=0) ey ) cos, E," E™ (a+ ,B)z

inc e

© Professor Steven Errede, Department of Physics, University of [llinois at Urbana-Champaign, Illinois 13
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2 2
E(Z"M o— 2 ETM 4a
ie. |Ry=|—7r| = s and: |Tp =af|—5r | = P 2
Eo,m‘ a+ ﬁ Eoim' (a + ﬂ)

Again, note that the reflection and transmission coefficients for transverse magnetic (7M)
polarization are not identical/the same as those for the transverse electric case:

2

TE \? 2 TE
R | B | _(1=0BY |2 | o | _ 40

Explicit Check: Does Rrv+ T = 1?7 (i.e. is EM wave energy conserved?)

=1 Yes !!!

R 4T :(“—ﬂj2+ 4af =a2—2aﬂ+ﬂ2+4aﬂ:a2+2aﬂ+ﬁ2=(0£+,B)2
™ ™ (

a+f) (a+p) (a+pB) (a+p) (a+p)

Note again at normal incidence: 6, =0 = 6,,=0 and 6,

trans

=0 {See/refer to above figure}

Then: |a=| <2 O = cos0 =1 =
cosd,, cos0
1-8Y 45
Thus at normal incidence: RTM 0,.=0 = (mj and TTM 0, =0 = m

These are identical to those for the TE case at normal incidence, as expected — due to rotational
invariance / symmetry about the Z axis:

2
1 —
0e=0 — (%j and |77

4p

At normal incidence: |R;

14 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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The Fresnel Relations

TE Polarization TM Polarization
TE ™
Eo,e,, _ 1-af Eo,ﬁ,l _[a- p
EOTE 1+ap EOTM a+pf
ETE 2 ETM 2
ETE B (1+ap) ET_“f B (a+ )

coséd

om
trans Vl — 7 — 1
cosd, n VEM

mc
ﬂ=ﬂ1"1_52"2_ﬂ1nz_‘92nl_£ v _7 _/
= = = = = , = =
v, &V, pn &n, L, & \ 1t

Reflection and Transmission Coefficients R & T

o

R+T=1
TE Polarization TM Polarization
IE ETE 2 2 ™ E™ : 2
R - refl _ O _ l_aﬂ R = refl — Opeft — a_ﬂ
T | EF 1+af e o a+f
2 2

7= L | g B | =408 | g (Lo | B | 4B
SRV ES ) (+ap)| [ TO\L E) ) (a+B)

o= COS etrans V. = 7 — 1
o050, AT
= WV, _ &Y, N, _&m _ 2, v=¢/ -1
v, &V n &n, Z ? n, JE
V) I e L L 2 24
Note that since E, = <”71 i (t)> E, / &, » the reflection coefficient/reflectance R can thus be

seen as the statistical/ensemble average probability that at the microscopic scale, individual

2
photons will be reflected at the interface: R = (E%ﬂ / E, ) = <nmﬂ (t)> / <”7,-m (t)> =P,
and since R+T =1 then T=1-R=1-F,_, =F,, , since we must have P, +F,, =1 !!!

Now we want to explore / investigate the physics associated with the Fresnel relations and the
reflection and transmission coefficients — comparing results for 7E vs. TM polarization for the
cases of external reflection (71 < n2) and internal reflection n1 > n2)

Just as S can be written several different but equivalent ways (see above), so can the Fresnel
relations, as well as the expressions for R & T using various relations including Snell’s Law.

© Professor Steven Errede, Department of Physics, University of [llinois at Urbana-Champaign, Illinois 15
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Starting with the Fresnel relations as given above, explicitly writing these out alternate versions:

Fresnel Relations

TE Polarization TM Polarization

ETE (nl] cos Hinc - (nzj cos Htrans ETM (’12} cos Hinc - (nl] cos Htrans
o |\t H A\ H H

Opeft

E™ n n EM ] (n n

Opne 1 2 Oinc 2 1
[] COS Hinc + ( J COS etrans ( J COS el-nc + [ ] COS alrarls

H, H, Hy H,

nl nl
ETE 2(} COos einc ETM 2(} COos einc
Otrans _ ﬂ 1 Otrans _ ﬂ 1
ET E n n E ™ n n
Oine 71 72 Oine 72 1
B cos@, .+ B cosd, . B cos@, + B cosd, .
1 2 2 1

If we now neglect / ignore the magnetic properties of the two media — e.g. if paramagnetic /
diamagnetic such that | ;(m| <1 then g = u, = u, the Fresnel relations then become:

TE Polarization

TM Polarization

TE ™
_ E _
Ot | hn, cos einc n, Cos gtrans Oreft | n, cos einc +n, cos etrans
TE ™
Eoim. nl cos Hinc + I’l2 cos etram' Eo,»m. n2 cos einc + nl cos etrans
TE ™
Otrans 2nl Cos Hinc Otrans 2nl Cos Hinc
TE |~ ™ |
Eo,»m. nl cos Hinc + nZ cos etrans Eoim. n2 cos einc + nl cos Htrans

. , o . B . . . .
Using Snell’s Law n sinf, =n,sin¢, = n, . sin6, =n,, sin6  and various trigonometric

identities, the above Fresnel relations can also equivalently be written as:

TE Polarization TM Polarization

TE . ™

Orel | _ sin (ginc - gtrans ) Eoreﬂ _ tan (ginc - gtrans )

TE |~ : ™ |

Oje sm (einc + etrans ) Eaim tan (einc + Htrans )

TE . ™ .
Otrans ~ 2 Cos Hinc *Sin etrans Eolr'wu ~ 2 COs einc *Sin etrans

TE . ™ .

Ojne S (einc + etmns ) Opans sin (einc + etrans ) COs (einc - etrans )

n.b. the signs correlate to the TE & TM E -field vectors as shown in the above figures!

16 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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We now use Snell’s Law n,,.sin6, =n,, sin6,  toeliminate 6, :

mc trans trans trans

TE Polarization TM Polarization
2 2 2
n, . 9 n, n, . 5
ETE COsS einc - [J —Ssim einc ETM _(] Cos 6inc + ( —Ssimn Hinc
Orent | __ nl Oret | __ nl nl
TE |~ 2 ™ |~ 2 2
Eomc 0 n, . 0 EG,-,,C n, 0 n, ) 0
COs inc + ni —Ssin inc 7’17 COs inc + ni —sin inc
1 1 1
n
2| =2 |cos @
TE ™
E"zmm - 2 COS Hinc E"zmm - nl a
ETE - 5 E™ - 5 3
Ojne n . Oine n n .
COS Hinc + 72 - S1n2 einc 72 COS 9[’16 + 72 - Slnz Hinc
nl nl nl
2
: Eor'c/l 0,, . . E Oreft
The functional dependence of z =, El , the reflection coefficient R =
0 0: o

inc inc inc

2 2 :
\/(7’12/”1) _Sln2 Hinc _ Owans_
cosO E

inc Oine

E
and the transmission coefficient 7 = aff| —= | =

Oinc

as a function of the angle of incidence 6, for external reflection (n1 < n2) and internal reflection
(n1 > n2) for TE & TM polarization are shown in the figures below:

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 17
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External Reflection (n1 =1.0<ny=1.5):

Extemal Refiection in1 < n2): TE Polarization Extemal Reflection (n1 < n2) TM Polanzation

TE ErefiEinc |
TE Elram/Ew |

LEL

a4t
o8l ™ EreVEne |
- T™ ExransEinc
sl
L] L o0 w 40 50 & ™0 L o0 L] L o0 w 40 50 & ™0 L o0
Angle of Incidence (degrees) Argie of Inadence (degrees)
Extemal Refiection in1 < n2): TE Polarization Extemal Reflection (n1 < n2) TM Polanzation

TM Reflectance, R
TM Transmittance, T

TE Reflectarce, R

TE Transmitance. T

% m  m w s e m #@ I . R
Angle of Incidence (degrees) Angle of Incidence (degrees)
Internal Reflection (n1=1.5>n, = 1.0):
) L'mr\u “"‘"“f""‘ .\fol. TE Detan.z&m Inlunfl?d\eu»mcn‘ > n2|. ™ Dolrn.num

TE ErefVEinc = TM ErefiEinc

08 TE Etrany/Einc | 0sf + TM ElranaEinc

) oﬁ
a8t | ast \

o 10 E) 0 40 50 8 70 0 w0 T 10 E) 0 40 50 8 70 0 E)

Angle of Incidence (degrees) Anghe of Incidence (degress)
Irbernal Refection (m1 = A1 TE Polarization Inemal Refiection (n1 > n2) TM Pelasization

1 r - . N 1 r - N
B | . __/W
08} as! :
orf . o7} :
o} ] asl .
05t ‘ - TE Reflectance. R 05t TM™ Reflectance, R

: + TE Transmittance, T |+ TMTransmitance. T/

Ly £, a4l
a3} [ a3} .
ozt ozl .
LER a1t i

, ; OH“‘\—/

o 10 E] 3 40 50 50 0 £l E] a 10 E] 0 40 50 60 0 £l E]
Angle of Incidence (degrees) Anghe of Incidence (degress)
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Comment 1):
When (Ereﬂ / Eim,) <0, E,  is 180° out-of-phase with E, since the numerators of the

original Fresnel relations for TE & TM polarization are (1-a/) and (« — ) respectively.

Comment 2):
For TM Polarization (only), there exists an angle of incidence where (Ereﬂ / Emc) =0,

i.e. no reflected wave occurs at this incident angle for 7M polarization! This incidence angle is
known as Brewster’s angle 6, (also known as the polarizing angle 8, - because e.g. an incident
wave that is a linear combination of 7F and TM polarizations will have a reflected wave which
is 100% pure-TE polarized for an incidence angle 6, =6, =6,!!). * n.b. Brewster’s angle

mc

6, exists for poth external (n1 < n2) & internal reflection (71 > n2) for TM polarization (only). *

Brewster’s Angle 6, / the Polarizing Angle 6, for Transverse Magnetic (TM) Polarization

ﬂj of the {originally-derived} expression for 7M

From the numerator of (E OTM / E,fM ) =
refl inc a + ,B

polarization, this numerator = 0 at Brewster’s angle 6, (aka the polarizing angle &, ), which

occurs when (a— ) =0, i.e. when a = f3.

cos@ 1% n, n
But: |a=—""| and |f= [_,u] 1 Jz—’u‘ L=2 for (=, =p,
cos b, Yy ) Hph
n
. _ -2 5 . . _ . . [ m
Now: cos@,, =+/1-sin" 8 and Snell’s Law: nsinf, =n,sind, = sinf, = (n—} sin@,,
2

. at Brewster’s angle 6,

me

=0, = polarizing angle 6, , where « = £, this relation becomes:

\/1-(’”} sin” 6,
n

cosd n, n
“= g”"S:ﬂE/le:_z for |py=pm=u| = |a= o -
COsS inc ﬂ2n1 nl COsS inc nl

inc nc inc inc

or: 1—%sin2 0, =p cos’d, =p (l—sin2 0. ) « Solve for sin” 9

2 1 2| .2 -2 1- 4 (1_ﬁ2)’62
1-4 =[—2—ﬂ Jsm | = [sin” 0, = S = 7
B /ﬂz—ﬂ (1-5*)
But: [1-4'=(1-5")(1+ %)
2 (l_ﬁz)ﬂz B’

sin” @

T (1=p)(1+p) 1A

= |sinf. = B

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 19
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Geometrically: sin @, = B _|_OPpp. S1d¢€
1+ B hypotenuse
cosd —__L || adjacent
" Ji+p*| |hypotenuse
tand, =f _|opp.side|_(n, |
- adjacent n,

Thus, at an angle of incidence 8, =6, =6, = Brewster’s angle / the polarizing angle for a

mc

TM polarized incident wave, where no reflected wave exists, we have:

inc inc n
tan g, =tan 0, = [—ZJ for u =p, =p,

n
: . we  SING)C n

From Snell’s Law: n,sin6, =n,sind,,  we also see that: tan &, = B =2

cosd,“ n,
. : inc __ inc - —
or: nsin@,  =n,cos@,  for g =, =u,.
Thus, from Snell’s Law we see that: cos@;° =sin@,  when 6, =0, =0;°.
2 B trans inc B P

So what’s so interesting about this???

trans trans

=0
Well: [cos 8¢ =sin (%— Hl;””) =sin(£)cos 0, — cos(%£) sin6;° =sinf,,, | i.e. [sin (——49;””) =sin 6
2

.. When 6, =6, =0, for an incident TM-polarized EM wave, we see that 6, = r/2—0,°

Thus: 07 +6, =7/2, ie. 07 =0" and 0

trans trans

are complimentary angles !!!

TM Polarized EM Wave Incident at Brewster’s Angle 6,

/\
) %
NamEDjum A "‘y MEDPIUM 2.1
e 7 -
1=y 3= Ty

L

: &

i

é\ (90°) |
 ONe RiGHET A pBETWEEN (NoN-EXSTENT)
/ REFLECTED REAN T TRANSHITTED BEAN,
H‘ PECAUSE = erejﬂ: ::g_:‘ Sloems ” l

MM‘{/::MEQM

20 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Thus, e.g. if an unpolarized £M wave (i.e. one which contains all polarizations/random
polarizations) or an EM wave which is a linear combination of 7E and TM polarization is
incident on the interface between two linear/homogeneous/isotropic media at Brewster’s angle

0, = 65, the reflected beam will be 100% pure TE polarization!!

Hence, this is why Brewster’s angle 6, is also known as the polarizing angle 6, .

Comment 3):

For internal reflection (n1 > n2) there exists a critical angle of incidence

einc

critica

, past which no

transmitted beam exists for either TE or TM polarization. The critical angle does not depend on
polarization — it is actually dictated / defined by Snell’s Law:

nl Sin ec{:'l;ical = n2 Sin H;::;’; = nZ Sin (zj = nZ or: Sin Q{f;ical = & or: eci:l[(t‘[cal = Sin% &
2 ' n, n
meouwm 1 Z VM EDIUM 2
& j(\z Gy, oy M=y
teowms
NV %
TIXSTERNAL
REFLECTIAN
R ertiEe.
TE TN )
TFo LARLZA
~

7 > &
/
/
/
?é\cﬂ_.
/ SHTERFACE/
1 BoumDARLY

For 6, > @ . no transmitted beam exists — incident beam is totally internally reflected.

For 6, >0, the transmitted wave is actually exponentially damped — it becomes a so-called

- - i[kzxsin &n(.[n—'j—wt] n 2
Evanescent Wave: |E,,, (F.t)=E, e“e " a=k,| —|sin*g, -1
8 trans =—r—d —— ——
i ~ 2

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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For Total Internal Reflection 6, > @™ . ni>ny:
N3=ls iy oA
(qrass) Ny 70, Vo (AR)

—
Dratron o S TOYNTING VSCRR
@ WoUNDARY/ INTERFACE

For total internal reflection (8, > &, n1 > n2), the reflected wave is actually displaced laterally,
along the interface (in the direction of the evanescent wave), relative to the prediction from
geometrical optics. The lateral displacement is known as the Goos-Hanchen effect [F. Goos and H.
Hénchen, Ann. Phys. (Leipzig) (6) 1, 333-346 (1947)] and is different for TE vs. TM polarization:

D, = A Sin O =| where: 4, =4,/n and: 1, =c/f=vacuum wavelength
sin’ 0, - (%)
b _A__sing, (2) L (2)
Yo sin” 6 —(”2 )2 [sin2 0, —("—2)2 cos” } " [sin2 0, —("—2)2 cos” 6, }
inc "1 inc n inc inc T inc

Experiment to demonstrate that the transmitted EM wave for 6, > @ is exponentially damped:

Use two 45° prisms, separated by a small distance d as shown in the figure below
— (e.g. use glass prisms {for light}; can use @rafﬁn prisms {for microwaves/} "

——
UIUC Physics 401 Experiment # 34 !!!

% d '(_‘ Tasct vENST VASAUWM,
WAVIE —,
See e.g. D.D. s
.Y
Coon, Am. J. x.- /k.‘w,.
Phys. 34, 240 nc
(1966) "mﬁﬁg\ﬂ‘n‘[}
.y
"h'(‘e ExPaNERTIAL
Ep\ ATTEnUAT o0

= Microscopically, this experiment is an example of quantum mechanical barrier penetration /
quantum mechanical tunneling phenomenon (using real photons) !!!
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The above lateral displacement(s) for TE vs. TM polarization are also correlated with phase

shifts that occur in the reflected wave when 6,

> H[nc

critical

for total internal reflection (n1 > n2):

Using the (last) version of Fresnel Equations (p. 17 of these lecture notes):

TE Polarization

TM Polarization

2 ) >
TE m . 2 ™ " " .
E%ﬂ cos@,, — (,7[) —sin” 6, o _(71) cos@, + (nT) —sin“ 6,
TE - 2 ) ™ | = 5 > -
. ny : n, n, .
Oine cosd, + (;) —sin“ 4, Ome (71) cos@, + (71) —sin’ @,
inc ’ Tee ot inc . . . o
When 6, >0 ., Snell’s Law is: sin@.  =(n,/n;) {since sin@,, =sin90° =1}

The above E-field amplitude ratios become complex for internal reflection, because for (

i n (Va2 : :
when: sin“ 6, >(n—f)<1, then: (f) —sin” @, becomes imaginary. Thus, for 6,

n

2
n

)<1,

> einc

critical

for n1 > n2 (internal reflection), we can re-write the above E -field ratios as:

TE Polarization

TM Polarization

2 2 2
TE . 2 ny ™ n, . .2 1y
E%ﬂ cos@,, —iy[sin” 6, —(;Tl) o —(,71) cos@, +iy/sin" 6, —(71)
TE 0 n\2 ™ | w2 ., )2
Oine cos einc +14/S1n einc - (Z) Cine (’71) COosS einc +1,4/SIn einc — (Z)

It is easy to verify that these ratios lie on the unit circle in the complex plane — simply multiply
them by their complex conjugates to show 44" =1, as they must for total internal reflection.

These formulae imply a phase change of the reflected wave (relative to the incident wave)

that depends on the angle of incidence 6,
E, s ae’’”

Weset: [-| =% |=¢ =——
E, ae

mc

= |6=2a] and

> Hinc

critical

=sin~

'(n,/n,) for total internal reflection.

tan(5/2) = tan(a)

Where ¢ = phase change (in radians) of the reflected wave relative to the incident wave.

Thus, we see that (from the numerators of the above formulae) that:

sin’ @ —(™=

mnc

(

2
7

tan (%j
2 cosd.

mc

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois

2
n
7

c a2
sin” g, —(

and:

tan (

2

j ) ("—2)2 cosd,.

n
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The relative

phase difference between total internally-reflected TM vs. TE polarized waves

A =6, — 0, can also be calculated:

cos @, +/sin’ 6. n n
tan(%)ztan(é‘m’fzg j lnc\/ inc 2/ 1)

sin’ @,

mc

Phase shifts of the reflected wave relative to the incident wave for external, internal reflection
and for TE, TM polarization are shown in the following graphs:

Phase Shifts Upon Reflection:

External Reflection (n1=1.0<n, =1.5): Internal Reflection (n1 =1.5>n,=1.0):

Delta-TH {degrees)

Deta- TE (degrees)

Delta-TM - Deita-TE (degrees)

External Reflection (n1 < n2): TE Polarization Interral Reflection i1 » ). TE Polarizesion
200 , T v T T T v v 200
150 : ;| 150}
100 : : - 100
50 = 50
0 H
w
Ly
&
5
=0 O 50
100 100 -
150 150 -
20 200 - L - L - .
] 10 E 30 40 50 &0 i) ] w0 (] 10 20 30 40 50 60 70 80 %0
Angle of Incidence (degrees) Angle of Incidence (degrees)
Extemal Reflection (n1 < n2) TM Polanzation Irternal Refiection in1 > n2) TM Polarizati on
200 200
150 150
100 100
%0 g %0
g
E —_—
L
) & s
00 00
150 150
200 200
L] L o0 E 40 50 60 ™0 L L L] L o0 E 40 50 60 ™0 L L
Angie of Incidence (degrees) Angle of Incidence (degrees)
Extemal Reflection (n1 <2y TM-TE Phase Difference Internsl Refiection in1 > n2): TM-TE Phase Defference
200 200
150 150
100 100
% g- 50
o g 0 —_—
=
-50 b
100} 100
-150 i : H 150
200 i i i i i i i i 200
0 10 20 30 40 50 60 70 80 90 ] 10 F 30 4 50 & w &0 w0
Angle of Incidence (degrees) Angle of Incidence (degrees)

Note that a phase shift of —180° is equivalent to a phase shift of +180°.
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An Example of the {Clever} Use of Internal Reflection Phase Shifts - The Fresnel Rhomb:

From last graph of the internal reflection phase shifts (above), we see that the relative
difference in 7M vs. TE phase shifts for total internal reflection at a glass-air interface

(m1=1.5 {glass}, n2= 1.0 {air})is A=5,, —5,, =x/4=45" when 0, =54.6°

mc

Fresnel used this TM vs. TE relative phase-shift fact associated with total internal reflection
and developed / designed a glass rhomb-shaped prism that converted linearly-polarized light to
circularly-polarized light, as shown in the figure below.

He used light incident on the glass rhomb-shaped prism with polarization angle at 45° with
respect to face-edge of the glass rhomb (thus the incident light was a 50-50 mix of TE and TM
polarization). Note that the transmitted wave actually undergoes two total internal reflections
before emerging from rhomb at the exit face, with a —45° relative phase TM-TE phase shift
occurring at each total internal reflection. Thus, the first total internal reflection converts a
linearly polarized wave into an elliptically polarized wave, the second total internal reflection
converts the elliptically polarized wave into a circularly polarized wave!!!

The total phase shift (for 2 internal reflections): A, =2A =2(6,, — 6, )=7z/2=90°
(for thomb apex angle 64 = 54.6°, nair = 1.0 and nglass = 1.5)

£ (I TRANCEE FACE

APEX gl =5%6° =0

STAL THTERRAL
I~ v RE Fzetior#® 1
=4GR

Kuptmcats
PotARf2 ¢
WAy

BT FACE
(Endymzwl)
o ey

Lf MERL. it pl BE])
WAV
== 15
GAss

(spE visw)

€ HCULARL

> PoAriZ e

TRANEM D
WA

\_/

5

“B7AL TN TERAL
RF LaeToN %
A=45?
NOTE: By time-reversal invariance of the EM interaction, we can also can see from the above
that Fresnel’s thomb can also be used to convert circularly-polarized incident light into linearly

polarized light !!!

B i
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The Fresnel relations for 7F / TM polarization for internal / external reflection are in fact
useful for any type of polarized EM wave — linear polarization with 7 = cos ¢x +sin @y, elliptic
or circular polarization — these are all vectorial linear combinations of the two orthogonal
polarization cases - TE and TM polarization. For each case, the results associated with the TE and
TM components of that EM wave, but then have to be combined vectorially.

Finally, for the limiting case of normal incidence (where the plane of incidence collapses)
the reflection coefficient R (valid for both 7E and TM polarization) at 6, =0 is:

il

2

EEARTER

_ m _ n —n, ~ 10 n=1.0 (air)

R= 1+(n2) _Ln n ~ 4% for{nlzzl.S(glass)}
Z 1 2

Reflectance (%)

(.t
i a1 | R
1 1.8 2 3 +
Refractive index (n,)
Mz
FIGURE 4,49 Reflectance ot normal incidence in air (n, = 1.0} ot
a single interface. N=Nge=l0

Can There be a Brewster’s Angle 8, for Transverse Electric (TE) Polarization
Reflection / Refraction at an Interface?

The Fresnel Equations:

TE Polarization TM Polarization
_ EZZE/, 1- 0{/3 _ ng/z a—- ﬂ
"=\—7r |~ W=l geE |T
Egmr 1+apf Eom a+p

with: |& E[Cosetmns] and: | = MY, _ &Y, K, 6 zé
cos 0, Wy, eV mn en, 7,

mnc

v=¢ =1 v=7=1 n:,ﬂly n:r‘?z!V
1 Al /«/é‘l,ul ? n, /‘/82;12 l Eobly | |2 &gy

We saw P436 lecture notes above (p. 19-21) that for TM polarized EM Waves (where B L
plane of incidence {i.e. B|| to plane of the interface}, with unit normal to the plane of incidence

defined as 7, = lgmc xk_, ) that when 0,. = 0;° = Brewster’s angle (aka ;= polarizing angle),

refl
that £, =0 because the numerator of 7,, (¢~ ) =0 i.e. a=f when 0, =06, =6;"

mc

Thus, for an incident 7M polarized monochromatic plane EM wave, when:
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™
o= — (COS Htrans] — /Lllvl — 82\/'2 — ﬂln2 — 827’11 —
O =04 ™
2 CoSO,c ), MoV EVL my &M
or |g=t" _ H |2y _ /52% _& & _ 5N
B Hn Hy \ EH S, & \N&EM, gL
™
: . . cos 6 g n
For non-magnetic media: |y, |<1 ie. g =g, =y, then: || —t |= |2 =-2
cos einc 81 nl
. . . 3 inc __ inc nz
We also derived the Brewster angle relation for 7M polarization: |tan 8, = tan 8, = —=
n
1

For the case of 7E polarization, we see that: E,” =0 when the numerator of r,, (1-af)=0

i.e. when: o8 =1or: f=1/a. What does this mean physically??

For TE Polarization: f=1/a =

&M
S,

cosd

trans

cos@

mnc

cosd.

mnc

A

H

cosd

trans

|

}z

. . , cosd
For non-magnetic media where: | ;(m| <1 ie p=p =p then: || —=
cosd,,
2
2 2 c a2
Thus: || 72| =-£°8 Ope __08°6,, _ 1-sin" 6,
“ln cos’ 0 1-sin’ @ 1-sin* @
1 trans trans trans
From Snell’s Law: n,sin @, = n, sin G, or: |nsinf,  =n,sinf,
2
Sln 0["[1}’!3 = _1 Sln einc Or: Sln2 Htrans = _1 SIH2 Hinc
n, n,
2 .2 2
n (1 —Ssin einc ) n . .
. 2 | — 2 2 _ 2
Then: —j = > or — _%—1—Mm/c
nl I’ll ) nl
1 - Sln 0[’16
n,
2
n , ,
2 — . p— me __ mc . . _
= [Vl_j =1| or:|n, =n,| = can get 4, =6, for TE Polarization only when n, =n,
1

However, when n, = n, , this corresponds to No interface boundary, at least for non-magnetic

material(s), where | ;(m| <l and y = u, = y,.

Is there a possibility of a Brewster’s angle for incident 7E polarization for magnetic materials???
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For incident TE polarization, we still need to satisfy the condition S =1/« .
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e &4 _ COS 0’ or Exth | _ cos’ 02, _ 1-sin’ @7, _ 1-sin*0?
gl/’lZ COs gtrans - glluZ COSZ Htrans l - Sil’lz etmns 1 _ ﬂ Sin2 643
n2 mc
n ) Y7 &1 1-sin’9”
b_ut: S — 1/~ m: 21 | inc
n, Sk, SiH, | _[ Sy Jsinz o°
gzﬂz nc
thos: || =41 }_ S| g sin’ 0, =1-sin" 4,
&1, /é’l/luz >Ss\ﬂz
2
%] —(i} sin” 07 = (1 —sin’ Hlft) multiply both sides of this eqn. by (&}
v H, H
& H H H
(ij - [&J - [ﬂ] —(&j sin? 9” 0> =0" 0” =90’
&) (m t) \ 4 / /
= Note: |[0<sin’ . <1
£
Define: ie. |d=| XL )
_|
] ( 1 j

Brewster’s angle for 7F polarization:

aHs)

H, H

Let us assume that &, and ¢, are fixed {i.e. electric properties of medium 1) and 2) are fixed}
but that we can engineer/design/manipulate the magnetic properties of medium 1) and 2) in such
a way as to obtain a ratio (/s )#1 to give 0 <4 <111
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Then if ” =sin'v A4 can be achieved, it might also be possible to engineer the magnetic
TE

properties (4 /41,) such that 4 <0 —i.e. 6. becomes imaginary!!!

mnc

Note also that in the above formula that (4 /z,)=1 does not mean sin 4, = because the

original formula for (z /u,)=1was:

2 2
[”_2) 1- (ﬁj sin’@, = (1 —sin’ an)
n n,

which is perfectly mathematically fine/OK for (n,/n )=1.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 29
2005-2015. All Rights Reserved.



