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LECTURE NOTES 10

WAVE GUIDES and GUIDED EM WAVES

We consider/investigate the conditions under which EM waves can propagate when confined to
the interior of some kind of “hollow” pipe — also know as a wave guide. In the real world, wave
guides consisting of e.g. rectangular, cylindrical, or arbitrarily cross-section shaped conducting
and/or superconducting hollow metal pipes can be used to transport EM waves and EM energy in
the radio and microwave region of the EM spectrum, whereas, e.g. glass or plastic optical fibers act
as wave guides in the infrared, visible and even the UV portions of the EM spectrum.

We consider the simplest type of wave guide — a perfect conductor (aC =, p. =10, = O)

such that inside the walls of the perfect conductor: E 0& B 0.
n.b. in a perfect conductor E(r t)=0 and by Faraday’s Law, if V x E(r t)=0= aB r,t /at—

So if B (F,t = O) =0, itwill remain =0V t. A superconductor is a perfect conductor with B (F,t) =0
inside it (magnetic flux is expelled from a SC material — known as the Meissner effect).

<!

E--L o} Sﬁc Eed7 =—— [ Beda=0| = (1) Tangential E continuous: E, =0 (since E™* =0)

<!

=0} Bedd =0 —(2) Normal B continuous: B, =0 (since BM™* =0)

Note that free surface charges o, and free surface currents K, will be induced on the inner
surfaces of this perfectly conducting wave guide so as to “enforce” these boundary conditions:

A

és 6°d§ _ Qencl : DiUtSide _ Dilnside =0, and: Cﬁc l_:l’.d‘lj Iencl : leutside _ Hli‘nside _ K’ <A

free free

free

We assume {for the moment} that the wave guide has a rectangular cross section — hence we will
use rectangular coordinates in the following discussions. Solutions for E and B must satisfy the

wave equations: VE —C%azé/atz -0}, |vB —C%azé/atz =0/ and the boundary conditions...
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We are interested in/seek steady-state monochromatic/single-frequency EM traveling plane
wave solutions - that propagate down the inside of the wave guide, e.g. in the +Z direction of the
above figure. Generically, these must be of the form:

E(xy,z,t)=E,(x y)e" n.b. for the cases of interest to us, the
= = : wave number kz will turn out t real.
B(x, y,z,t):BO(x, y)e'("lz“"‘) ave number k; urn out to be real

In the interior region of the wave guide, away from (i.e. not inside) the walls, Maxwell’s
equations must be satisfied, which, for empty space or e.g. air with &,;, = ¢, and gz, = p, are:

‘E=0 (2) No magnetic charges/monopoles: |V+B =0

<!

(1) Gauss’ Law:

(3) Faraday’s Law: |V xE =—0B/at| (4) Ampere’s Law: [V x B = &y, 0E/ot = (1/c2)a|§/at

The question then is, what restrictions arising from the boundary conditions (1) E' =0 and
(2)B* =0 are imposed on E and B in satisfying Maxwell’s equations (1) — (4) above?

Note also that confined EM waves (e.g. for propagation inside of wave guides) are not
(in general) purely transverse waves!

The boundary conditions (1) E" =0 and 2) B* =0 will (in general, for confined waves)

require longitudinal components: |E, (x,y) and B, (x, y)|. Generically, our E and B - fields
interior to the wave guide will thus be of the form(s):

= i(k,z-at)

(x,y,2,t)=E,(x,y)e 0(x,y):on(x,y)fwlﬁoy(x,y)
and: é(x,y,z,t)::o(x,y)ei(kzz“”t) with: éo(x,y):éox(x,y)§(+l§0y(x,y)

M

with:

E,, (x.y)Z
E~’>OZ (x,y)2

M

y+
y+

If these expressions are inserted into (3) Faraday’s Law and (4) Ampere’s Law (above) we obtain:

(3) Faraday’s Law: (4) Ampere’s Law:
. aéo aéo .= . aéo aéo la) ~
Q) ~———~=lwB, (iv) r-——=-—F,
x oy : x oy 2
(i) %, _6E°y —iwB (v) o, _ %, :_iﬁé Note the cyclic
T oy oz o |7 oy oz ¢t > permutations in
oE 5 B ] - X, y, z for (i)-(ii)
> | _ik E, =iwB, > | =2 ik B, =—2E and for (iv)-(vi).
6y v X ay y C X
... |0E, OE, 5 . |eB, oB, o
iy —|———= =i Vi)— [— ——=—i—
(i) z x v oz X ¢’ ™
KE - ing g, B e
| -——=lw I e
70, ox o, —> 1R B, ox C2 o,
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We can use the four equations (ii), (iii), (v), and (vi) to solve for E_ ,E_ ,B, and I_5>Oy

0, ' 0,1 0,

in terms of E, and B, , which, after some algebra yield:

. i OE OB
@ |E, =—— K, 4 2
© (wfc) -k OX oy

- i oE, B,
() |E, = . k, —= - o—>
" (wfc) —K? oy OX

o |8 i ) oB,  OE,
Y o, — z == -
© (wfe) -k T x oy

B i OB OE
(d) BO — |2 kz 0, +a) 0,
" (ofc) -k oy OX

We now insert (a) — (d) above into the other two Maxwell’s equations:

(1) Gauss’ Law:

V.E =0|and (2) No magnetic charges: |[V+B =0

4

OE, O,

OE,, 0B, 0B, 0B,

+ =0] and: -+ +—==0

OX oy

oz OX oy 0z

We obtain (after

some more algebra): two decoupled wave equations for EOZ and I_5>OZ :

[ A2 2 2
() %+%+(ﬁj -k’ |E, =0
X c :
——— —
(B) %+%+(%) -k |B, =0

For monochromatic EM traveling plane waves propagating in the +Z direction:

v Longitudinal component of I§=0

Case l: |E, =0|but:|B, #0f TE (Transverse Electric) waves.

v Longitudinal component of B = 0

Case ll: |B, =

0| but: EOZ # 0 TM (Transverse Magnetic) waves.

Case I11: Both

E, = BOZ =0 TEM (Transverse Electric & Magnetic) waves.

z

n.b. TEM waves cannot propagate in hollow wave guides*
{*unless the wavelength 4 < cross-sectional dimensions a, b of the waveguide}.
TEM waves can propagate e.g. in a coaxial waveguide structure with a center conductor.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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. o= oE, OE,
Casel: |E, =0|{TE waves}, then Gauss’ Law (V<E =0) becomes: 6xx + ayy =0

= - 3 OB aéo aEO
Case II: |B, =0|{TM waves}, then Faraday’s Law (Vx E) =— atz becomes: axy —a—yx=o

Case I11: Both |E, =B, =0|{TEM waves}, from (&) and (8) above, we see that k = a/c..
= we must go back and fully solve equations (i) — (vi) on page 2 (above).

Note that E, for TEM waves {with E,, =03 does satisfy VeE=0and VxE =0.

— Hence V.

scalar

i.e. E, has zero divergence and zero curl. = E, =-VV.

scalar

equation: ?-(—?\7) = -V =0. However, the boundary condition (1): at the inner

surface of waveguide = the inner surface of the waveguide is an equipotential, i.e. V =constant
at/on the inner surface of the wave guide.

satisfies Laplaces’

Since Laplace’s equation does not allow local maxima or minima (extrema) anywhere except
on the surfaces, then for a hollow waveguide, the potential V interior to the wave guide must be

a constant everywhere, hence: EO =-VV =0 everywhere inside the waveguide. = No TEM

wave propagation can occur in hollow wave guides* {*unless the wavelength 4 < cross-
sectional dimensions a, b of the waveguide — then TEM waves are a special/limiting case of TE
waves... e.g. EM light waves in an optical fiber = waveguide!!!}.

Case |: Propagation of TE Waves in a Perfectly Conducting Hollow Rectangular \Wavequide

Consider a perfectly conducting, hollow rectangular waveguide of (inner) height a and width b
as shown in the figure below {n.b. important: a>b by convention!!!}:

4 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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For TE waves: |E, (x,y)=0

nd:|B,, (x,y)#=0|, thus:

(0{) 7+—+

E,, =0| But:|E, (x,y)=0|for

(B) et

B, =0| But:|B, (x,y)=0|for

The boundary condition for éo (x,y) is on the inner walls of waveguide.

But: | B, (% y)=B, (X, Y)X+B, (x,¥)§+B, (%)

N>

in the X -direction:
in the § -direction:

B

o (x=0,y)=B, (x=a,y)=0
B, (x,y=0)=8, (x,y=b)=0

But from equations (c) and (d) above:

A

Lect. Notes 10
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TE waves.

i.e. 0 = 0 = this equation
contains no information.

TE waves.

this equation does contain
useful information.

. Then, referring to the above figure:

(©) B, (x.y)=

(w/c)’ -k

[kz aB,, (x.Y) waEOZ ny)}
oy

OX

o8, (x=0,y) B, (x=a,y)

then: | B, (x=0,y)=B, (x=a,y)=0|= -

@ |8, (xy)=

n.b. These terms =0

for TE waves.

Eo: (X,y) =0

(a)/c)2 -k’ [

z

0B (x, OE, (X,
By ozéfy)J

oy

then: | B, (x,y=0)=B, (x,y=b)=0/ =

Now, to solve the wave equation for I§OZ (x,y):

82
Namely (3) {WJFW

82

i

[0

C

jz—kf}éoz (x,y)=0

Use separation of variables technique — try a product solution of the form: |B

Inserting this into the above equation (£): |Y (y)

Divide through by

=0 because
OX OX
a8, (x,y=0) ~ a8, (x,y=b) o
oy oy

X(x)-Y(y)}

1 °X(x) 1 GZV(y):_

X (x) ox°

fcn of x only

fcn of y only

2
Q] _K?
C z

:l = constant
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The above relation can be true for arbitrary (x,y) points iff (if and only if):

1 X)) .
) (WTJ =—k? = constant
©) [%}/)%j - _kj = constant’ (;t —kf)

The characteristic equation (aka the dispersion relation) becomes:

- 2 @ 2 n.b. k; (@)
KoK= [_j _Kk? | = constant’ | or: |k? (@)= (_j K2 K2 | ey
c c dependent!
[0)] 2 2 -
We can rewrite the characteristic equation as: (Fj =k +k; +k; (o) =k* = ‘k‘ =kek
X (x . 0%y ;
The general solutions of the equations: 8—x5)+ kiX (x)=0| and: ay(zy) +k;Y (y)=0

are of the form:

X (x)= A, cos(k,x)+B,sin(k,x)

The boundary condition requires not only:

and:

Y (y)= A, cos(k,y)+B,sin(k,y)

S = B, (x=0,y) B, (x=4a,
LHS (¢):| B, (x=0,y)=B, (x=a,y)=0| but also RHS (c): o ( y): o y):O
- - OX OX
S z B, (x,y=0) B, (x,y=b
LHS (d):| B, (x,y=0)=B, (x,y=b)=0| but also RHS (d): o (XY =0) 3B, (xy )=o
y y ay ay
Since: |B, (x,y)=X(x)-Y(y)|, these LATTER boundary conditions require:
aX(x:O):ax(x:a):O and: 6Y(y=0)=8Y(y:a)=O
ox ox oy oy
Soif: |X(x)=A cos(k,x)+B,sin(k.Xx) and: |Y (y)= A cos(k,y)+B,sin(k,y)
[oX(x) o . oY (y) o .
Then: T:—kXAAsm(kxxﬁkaxcos(kxx) and: T=—kyAysm(kyy)+kyBycos(kxx)
TR ] v ]
Thus: wzo requires: B, =0 and: d (o}'/y O):0 requires: B, =0
Hence: |X (x)= A cos(k,x) and: |Y(y)=A cos(k,y)
6 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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: kxz(—}m=0,1,2,3,...
a

mz

|k, :(”—”), N=0123,...
b

Likewise:
X (x=a
% =0|requires: [k, a=mz, m=0,1,2,3,...|or
X
oY(y=b
and: % =0| requires: k b=nz, n=0,123,...| or
Then: |B, (X, y)= X (x)-Y (y)| becomes, after absorbing/re-defining the coefficients

A & A, into a single coefficient B, :

m=0,123,...
n=0,123,...

nzy
b

B, (x,y)=B8, cos(m;[x]cos( j

The full (x, y, z, t) dependence is:

B, (xy,z,t)=B, (x,y)e"“" =B, cos(%) cos [%)ei(kzz‘”‘) ::811222
The characteristic equation becomes:
(UGN O e i 5 I YO
c c a b n=0,123,...
Thus, having determined B, (x,y) and, since for the TE mode: |E, (x,y)=0},

Y)
we can now determine E, , E, , B,

and B, interms of B, using equations (a) - (d) above:

3 B i 8E01%y) a)ag"z (xy)] e a8, (x.y)
(a) on(x’ y)_(a)/C)z—kzz (kz OX + ay J_(G)/C)Z—kzz ( ay ]
5 B i aéozjj!, y) B, (xY) i a8, (x.Y)
®) |5, (x) (w/c)’ -k [kz y X J_ (@/c) K ( X J
© |8, (xy)- i2 " aB,, (x,Y) B JE, (XY) _ n; aB,, (x.Y)
(/) —k? ox oy (@/c) —k; | OX
@ |6 (xy)= i2 " aB,, (x,Y) +a)8l§oz Y) _ n; aB,, (x,Y)
y (w/c) K’ oy OX (w/c) —k; oy
But: (B, (x,y) =B, cos(k,x)cos(k,y)|with: |k, =[%), , :(%[] and: r:::81122:

© Professor Steven Errede, Department of Physics, University of Illin
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Explicitly carrying out the spatial differentiation in (a)-(d) above, then for TE wave propagation:

~ —iwk ~ . msr Nz m=0,1,2,3,...
E (x,y)=————B k k ith: [k, =| — ||, [k, =] — ||,
@ |, (x y) (co/c)z—kz2 o 05( XX)Sm( yy) " " ( a j ’ ( b j n=0,123,...
2
() |E, (%)= (w/“;)k B, sin (k,x)cos(k,y)| and: kf=(%j —KZ—k?
© [E, (x,¥)=0 T - -
~ _ikzkx ~ . n.p. Bo = I 8 B el 8
(d) B, (xy)= (@/c) K B, sin (k,x)cos(k,y) However, we can always
e : absorb/“rotate away” the phase ¢,
@) |B, (%, y)—I—B cos(k, x)sm(k y) e.g. by a global re-definition of the
! (w/c)’ -k zero of time and/or a global
= ~ translation of the coordinate system.
® |8, (x¥)= B, cos(kxx)cos(kyy) Hence, let: B, - B, .

The full (x, y, z, t) — dependence is:

@) E,(x,y,z,t)=E

M
Il
M
>
+
M

<>
_l’_
M
N>

24(0) E,(x,y,2,t)=

(€) E,(x,y,z,t)=E

(d) B, (x,y,z,t)=

O
Il
00
x>
+
jus]
<>
+
00
N>

x
<

,24(e) B, (xy,2,t)=

(f)B,(x,y,2,t)=8B

E, (x.y)e'

B,, (x,y)e"

(X y) i(k,z— wt)_

(X y) i(k,z—at) _

i(k,z-ot) _

(X y) i(k,z- wt)=o

~0 (X y) i(k,z—at) _

i(k,z—at) _

—iak,
=—— B, cos(kx)sin(k,y)e'
(w/c)’ —k?

+|0)k i(k,z—at
=——*—B,sin(kx)cos(k,y)e""
(wfc) —k?

ik K (ot
=——2x B sin(k.x)cos(k,y)e"
(w/c) —k2 °

ik k .

(/I)—Zsz COS(k X)Sln(k y>el(kzz—mt)
w/c) -

B, cos(k,x)cos k,y)e"

Note that for the TE mode(s) of propagation of EM waves in a rectangular wavegwde
the E and B -fields are in-phase with each other — the x, y and z-components of E and B

all have the common phase factor e

i(k,z— (ot)

8 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005-2015. All Rights Reserved.
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k; (@)

@ 2
(o]

27

A

Z

with
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K, :(@
a

Nz

)

“~(%)

and

m=0,123,...
n=0,123,...

Thus:

!

c

QJZ [ K2 +K2

-

BEGI

We can define a so-called {angular} cutoff frequency for the (m,n)"" TE mode as:

)

(%)

Thus, we can rewrite the above relation as:

k?’“(w)—J(

okl

(5]

|22

Note that for {angular} frequencies below the cutoff frequency:

SRS

Then: (&’ —},) <0 and: k" (@) =1,/o’ - @}, becomes imaginary, hence: e"*” — e
the EM wave for the (m,n)"" mode is exponentially damped.

which means that when o < @

m,n ?

Note also that m=n=0 corresponds to k, =k, =0 with k]’ (@) =w/c. Butthen, from the

above E - and B -field relations on the previous page, we see that for this kind of TE wave, that:

E —E -E 0

and:

B, =B, =

0

with:

z (o}

B,=B.e¢

i(k§ 02—t

# 0|,

= This is not a proper kind of propagating EM wave, because E=0 everywhere, and hence

e.g. Poynting’s vector

§=i§x§=o (Watts/m?)

everywh

ere!ll

Thus, the lowest non-trivial propagating TE-type EM wave is the TE1o mode, where the notation

TEmn designates the (m,n)" mode of propagation. Note again, that by convention, the index associated
with the largest transverse dimension (here a) with corresponding integer index m is given first.

Thus, for the lowest TE mode, TE1,:

We see that k;° (@) >0 {i.e. is a purely real quantity} when:

k" (@)

15— 1]/, (7:0}2
c e a

0 —wfy = & —(7c/a)’ >0

i.e. when:

o> w,, =(zc/a)(radians/sec)|

or:

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois

f>f,=(m,/27)=c/2a (Hz)|

2005-2015. All Rights Reserved.

9



UIUC Physics 436 EM Fields & Sources Il Fall Semester, 2015  Lect. Notes 10 Prof. Steven Errede

A Numerical Example - TE Wave Propagation:

Suppose the rectangular wave guide’s transverse internal dimensions are a=2cm and b=1cm

Then: |@,, = 7¢/a =37 x10° m/s/0.02m =1.57 x10" radians/sec = 4.71x 10" radians/sec

This corresponds to a cutoff frequency of: |f,, = @,, /27 = $x10" Hz = 7.5GHz | which is in the
microwave portion of the EM spectrum, and corresponds to a wavelength of:

A% =c/f,,=3x10°m/s/3x10" /s=4x10"m=4.0cm| ie. [4°=2a|!!

. C C
Thus, we see that if: 1, > 2% =2a, we cannot propagate TE1,0 waves because: |f < f,, = FERE
Z
. C C
We also see that if: 4, <A;°=2a,then can propagate TE1o0waves because: |f > f,, = FEREw
Z

Precisely at the angular cutoff frequency for the TE1,0 mode, i.e. w=w,, = zc/a, we see that the
wavenumber kM’ (o) =1,/ - @, =0=2x/2° (w) and thus 1;° (@) =00 for o=,

where: A-° (w) = the wavelength of the EM wave in the waveguide for the TE1,0 mode.

m,n 2 1 2 2 w ? mrz 2 Nz 2
Now suppose that @ > @, , then: [K;" (w)zﬂm]n(w)zg T e el B e

The higher the angular frequency @ is, it then becomes possible to propagate TEmn waves in
more than just one mode.

2 2
mz nz
= There exists an angular cutoff frequency e, , for each TEmn mode: |@,, = C\/K?j +(Tj

10 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005-2015. All Rights Reserved.
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Another Numerical Example - TE Wave Propagation:

A rectangular wave guide’s transverse internal dimensions are (again) a=2cm and b=1cm.
Suppose that: f =20GHz =2x10"Hz, thus: o = 27 f =47 x10" =12.56x10" radians/sec with
corresponding vacuum wavelength A4, =c/f =1.5cm.

. . mz ? Nz ?
Which TEmn modes are accessible ? |®,,, =C a + Ny

1Y 7t 10
W, =Cll—| = " =4.71x10" radians/sec

a=2b

Y (=Y 1) (1Y
o | H +(_j - H +H —10.53x10% radians/sec
' a b a b

2
@,,=C 2—”] _27C _9.42x10" radians/sec
' a a
2
3z 3zc 10
@, =C,|| — | ==—— =14.14x10" radians/sec <—— TOO HIGH !
‘ a a
27z 10
a)z,l:c,/ ? — _zzc/ c‘fZ =13. 33><10 radians/sec

Thus, for f =20GHz = @ =12.56x10" radians/sec we can access/can propagate TEmn waves
in the following 4 modes:

TE,,. @, = 4.71x10" radians/sec
TEy: @y, = 9.42x10" radians/sec| <[ pogenerate,
TE,, @,,= 9.42x10% radians/sec| «—| Pecausea=2b

TE,,: @, =10.53x10" radians/sec

Note that if one operates a waveguide at an {angular} frequency @ that is above the cutoff
frequenc(ies) a,, , €.g. of several (and/or many) modes (m, n), all allowed modes will propagate

in the waveguide — simultaneously — each mode propagates with their respective {frequency-
dependent} phase and group speeds {see below}. If one is only interested in transporting EM
enerqy, this is {probably} fine. However, operation of a multi-mode waveguide e.g. for
telecommunication purposes can be seen to be problematic — single-mode operation avoids the
dispersive smearing-out effects on information-carrying modulation associated with the total
electric field (e.g. on the leading/trailing edges of digital 1’s & 0’s).

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 11
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TEmn Wavenumbers and Wavelengths Inside the Wavequide: [a=2cm and b=1cm|

2
TE, . : k(@)= Qj —[1]
i k(o) 2] (2
(0] ? T ?
TE..: K (w)=,|| = | -| =
a7 (@) (cj (bj
f=20GHz
=2x10" Hz 2 5 2
(0] T
g [T % ()= 2] (2]

Compare these to vacuum wavenumber k, =

2
T

=388.31m™, 1;°(w) = 2% __1620cm
k.o (@)
=277.06 M, A% (o) =—= =2.268cm <—
ko'l(a)) D I
eaenerate !!!
- 277.06m", 22° (@) = ’E ;22680 <]
20\ @
2
+ —} —228.23m*, A (w)=—2— =2.750cm
b k,, (@)

2z —

‘2 =418.88 m~ and vacuum wavelength 4, =1.5cm.

Note that the wavenumbers and wavelengths inside the wave guide will change when the frequency

f (or w=27zf) changes, because:

" (0)=

27

BREEGI

A (@)

Physically, the phase speed v, (a)) is the speed of propagation of planes of constant phase

()

m,n

wave for each individual TEmn mode.

If @, (0)= [kz”"” (w)z— a)t] = constant, then o®

(@)=[ Kk (@)z- ot |=constant and is associated with the e"*

) phase-factor of the EM

(w)/ot =0 which means that:

m,n

8®m,ﬂ (a)) 8 m,n m,n 82 (t) . m,n 82 (t) .
T:a[kz (a))z(t)—a)t]:kZ () - —w=0| or that: |k; (a))7=a),or.
oz (t) w - 0z (t) @
. The ph (o)=L =
o kP (o) e Rhase speed VT (0) === =1 mr

Thus, the phase speed of a TEmn wave for the (m,n)" mode is:

(0]

then we see that the phase speed of a TEmn wave is:

)= () J(
Since:
3] (3)
V" (@)= kzm”aza)) = \/l—(a):n/a))z >C

for the (m,n)™ allowed TEmn mode!!!

12 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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For the (m,n)™" TEmn mode, EM energy in the waveguide propagates at the group speed:

oy ()

Let’s explicitly determine vg" (o):

dk"(@) _d [1 55| 1 {20 o 1 _ afc
T__{E 2 a)nzq'n}—c\/a; c \/a)z—a)fm_\/a)z

dw _wnin _a,an
1 \/a)z—a),f]n o Y (mﬁjz [nﬁjz
. VmYn = = —=C l_ _mn . = - 4| =
Thus: 9 (0)) dkzrn,n(a)) )c \/ ( p j where: |@,, , a b
dw

It can be seen from the above relation that v;"" (@) < c {always!}, as required by causality...

m,n

Note further that: |V, (a))-vg”z‘”(w)=\/1((:—/)2‘0\/1_(0)m,n/a’)2 =c’
- a)myn @

The instantaneous free surface charge and current densities induced on the inner surfaces of the
{perfectly conducting} waveguide due to the EM fields within the waveguide can be obtained from:

ind

O-surf (X’ y’ Z’t) = 80 E.surf (X’ y’ Z’t).ﬁsurf (X1 y! Z)

and:

Kslz(rjf (X, Y, Z,t) :ﬂ%ﬁsurf (X, Y, Z)X B>surf (X’ Y, Z’t)

where A, (X,,2) is the local {inward-pointing} unit normal at (x, y, z)associated with a given
inner surface of the waveguide, and E_,; (X,y.z,t), By, (X, v,21) are the instantaneous
electric, magnetic fields evaluated at (x,y, z,t) on that surface, e.g. x=0,a and:y=0,b.

Note that E, (X,y,z,t)fi,, (X Y,2) is the instantaneous local normal (i.e. L) component of

the electric field at (x,y, z,t) on that surface, whereas A, (X, y,z)x B, (X, V,2,t) is the
instantaneous local tangential (i.e. ||) component of the magnetic field at (x, y,z,t) on that surface.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 13
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The Physical Picture of EM Waves Propagating Inside a Wave Guide.

Consider an ordinary monochromatic EM plane wave initially propagating at speed ¢ = a)/‘IZ‘

in the k -direction, making an angle & with respect to the Z -axis, as shown in the figure below:

Wave fronts

Because the inner walls of the wave guide are perfectly conducting, they are lossless,
i.e. perfectly reflecting. The EM waves are thus multiply-reflected {n.b. with 7 phase shift at
each reflection} as they “bounce” down the wave guide — interfering with each other in such a

way as to form transverse standing wave patterns of wavelength 4, =2a/m in the X -direction
and A, =2b/n in the y -direction!!!

The x, y wavelengths respectively correspond to the x, y-wavenumbers k, = 27r/ A =mr/a
in the X -direction, and k, = 27r//1y =nz/b inthe y -direction. In the Z -direction, the ensemble
(i.e. group) of reflected waves results in a traveling wave, with z-wavenumber:

e R P R T e
where: @, = c\/(mﬂ/a)2 +(nz/b)’

The propagation wavevector associated with the initial plane wave is:

K k, =ksin@
K=k,R+k §+k32= (%Jx (”ﬁymm“( )2 6) o =k +ky
a k, =k, =kcos@

Thus, because m, n =0, 1, 2, 3,... (n.b. both m = n = 0 simultaneously is not allowed),
only certain angles 6, , will lead to one of the allowed standing wave patterns in x and y:

M/C /a)) where: |@,, EC\/(m”/a)2 +(nz/b)’

w/C

cosé, , = ‘ ‘

This “original” plane EM wave, traveling at angle 6, with respect to the Z -axis travels at
speed ¢ = a)/‘IZ‘ (i.e. we assume that the medium (e.g. air, or vacuum) inside the wave guide has

e=¢g,and u=pu,).

14 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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But because this plane EM wave makes an angle €, with respect to the Z -axis,
the component of the initial wave’s speed projected along the 7 -axis is less than c :

v, (w)=ccosd,  (w)=c, /1—(a)m'n/a))2 = V" (@) = group speed !!!

The phase speed is the speed at which wavefronts (planes of constant phase) (e.g. point A in
the figure on the previous page) propagate down the wave guide — these can move much faster
than c, because:

VI (@) = = - - =l w

Y
€05t (@) [1-(a,, /o) (A) HIGH FREQUENCY

Note that if §,  =90°(i.e. cosd,,, =0),

{i.e.when w =, }, for which v{"" (@) =0 /\\/\/

and vq"jz’”(a))zoo 1 Physically, 6, , =90° (B) MEDIUM FREQUENCY
corresponds to standing waves in (x,y),

i.e. NO propagation along the Z -direction

= i.e. a 2-D resonant cavity!!! \/W

(C) LOW FREQUENCY

Thus, the allowed solution(s) that we obtained on p. 8 above for the x, y and z components of
the electric and magnetic fields for TE mode propagation of electromagnetic waves down a
waveguide actually/physically represent the steady-state ensemble (i.e. group) wave solution
associated with the collective effect(s) of these multiply-reflected waves interfering with each
other as they propagate down the waveguide!

This group of multiply-reflected waves for the (m,n) " TE mode, TEm,n propagates down the
waveguide at the group speed vy (o) = cwll—(aom'n/a))2 =ccosd, , (@) (hence the origin of its name!).

In the two figures below, we show plots of:

V

Normalized group speed: ;" (f)=v;"(f)/c= 1—(fmyn/f)2 vs. f
and:
Propagation angle: 6, , =cos™ (5" (f))=cos™(vy" (f)/c)= cosl( 1-(f,./f )2] vs. f

for several of the lowest-lying TEmn modes, for a perfectly-conducting waveguide of dimensions
a=3cm,b=1cm.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 15
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] Normalized Group Velocity - Rectangular Waveguide - TE Modes (a =3cm, b =1 cm)

T —
TE10
TE20
09F TEOT| ]
TE1
TE21
0.8 | TEO2|
TE12
TE22
0.7 -
o 06 1
(=%
<3
E>‘51
v 05f -
(=%
< 5
%704t -
0.3 B
0.2 -
0.1F -
O 1 I
10° 10" 10? 10°
Frequency (GHz)
@, VS- Frequency - Rectangular Waveguide - TE Modes (@a=3cm,b=1cm)
90 . : — —— .
80 |
70
60 -
2
] 50 |
(=]
3]
Z
_\;. 40+
30
20
10 F
O 1 P 1 1 1
10° 10" 10? 10°

Frequency (GHz)
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3-D Picture of E and B -fields in a Rectangular Wave Guide for TE1o & TM11 Modes:

M?i»ge?c? e Magnetic
4 field
s
4 a5 Electric
27 field
]
7
Wave
! Electric propagation
TEmode  field TM mode

Magnetic flux lines appear as continuous loops
Electric flux lines appear with beginning and end points

Fig. 34-4. Lines of E (dots and
crosses) and of B (ovals) for the TE s
y mode.

For TEo,1 mode, rotate above pix by 90°

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 17
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For TEmo modes - 3 nodes at the mid-plane:

DFS
(=1 le—a= %‘L—Pt
T \% e
fm=2) le— o =Dvg —3)

Amﬁo ounE '1‘&

=36+ \QTA e ijow@&\ e
(m==) \ Lt

je= g, —® G A \mf\.ch
a 3 NoDES
i Eum .
(=4) = Qv —

Time-Averaged Power Transmitted Down a
Rectangular Wave Guide in TEmn Modes:

In order to calculate the time-averaged power transmitted down a rectangular wave guide
{of cross-sectional area A =ab(=hxw)} we integrate the time-averaged Poynting vector,

<§ (F,t)>t over the cross-sectional area of the waveguide:
n = +2 direction (here)
| 4
<Pr;fi"5(z,t)>:J‘A <am’n (x,y,2,t > da, = '[ < (x, y,z,t)>-ﬁdxdy da, =A dxdy = Z dxdy

From Griffiths Problem 9.11 (p.382): <§myn(x, Y, z,t)>:2—iRe{ L (X y,z,t)x B X (X y,z,t)}
H,

{Because (fg} 1 iRe{ fg } where * denotes complex conjugation}

18 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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o (% y,2,1)=E, (xy)e"| and:|B;  (x, y,z,t)=E:3;‘my (x,y)e " *Imn=0123,..]
(0 ? w ? msz ? Nz ? mrz Nz
ith: [k =k™ = || 2| [k +k2]= [ 2] <[22 ) [ 220 |k, =] 22 |k, =2
o (2] -teow)- (] (5 | b o] ()
and with: |E, (x,y)=E, %X+E, §+E, 2| and B, (xy)=B, %+B, y+B, 7
~ Ia)(—ky ) ] y
o (X Y)= - B, cos(k, x)sin(k, y ( j ( j (—)
mn( ) |:(a)/C)2—kzzmn:| ( ) ( ) O)/C _k2 b
. —ia)(—kxm) nzy
o (X:Y) [(a)/c)z—kf }Bosm(k x)cos(k y) a)/c —k2 ( jB sm( j (T]
~oz (X y):
< —ikp (K, ) ik —mz mzx nzy
X,y)= B, sin(k, x)cos(k mn B, sin| —— [cos| —
o (% [COENN (ke x)eos(l,y) = [(a)/c)z—kfmn}( a J ( a j ( b j
- —iKp (K, ) ik Nz mzx ry
B, (X Y)= n /B, cos(k, x)sin(k, y = [ jBocos(— sin[—j
m (63)= [COENN (ke xjsin(k,¥)= [(o/c) -2 ]\ b a a
o mrzX nrzy
B Y) = B k k,y)= B —- =7
o (%Y) 0cos( me)cos( yny) 0cos( " cos( . j
= 1 = =, Note: All time dependence
Then: |(S(x,y, 2.t WelE(xy,2,0)x B (x,y.2.0)
en < (X Y )> 2,uO ¢ (X V.2 )X (X Ve ) < vamshes{e ikz-ot) factor}
XxY=7 | yxX=-12 XxX=0
Very Useful Table: |yxZ=X | ixy=-X yxy=0
IxX=y | Xxi=-y Zx7=0
Then: (é EX>“<+Ey§/+EZZ)><(I§*:B:>2+B;“+B:2
=E,B; (X ¥)+EB; (Xx2)=E,B)Z-E,B;§
+E,B; (§xX)+E,B; (§x2)-E,BZ+E,B;%
+E,B; (2xX)+E,B; (2x¥)-E,B,y-E,BX
=(Ey§:—ézl§;)i+(ézl§:—EXB;)9+(EXI§;—EYE§:)2

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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But|E, =0|for TEmn modes, and skipping (much) algebra:
1 izwB?  (m) . (mzx Mz nzy,
mn X mm): 7———| — |sin| —— |cos| —— cos’ X
2u, (a)/c) _|<Zmn a a a b
; 2
Then: +—|7m2)B° (chosz(mﬁxjsin(n”yjcos(n”y]9
(e -2 )" La )0
wlak, B nY  L(mzx) . ,(nz mY . ,(mzx)_ L(nzy)|.
+ ’ =|| = | cos”| ——|sin°| —= |+| — | sin"| —— |cos"| — | |Z
[(a)/c)2 -k } b a b a a b

Then: <%m]n (x,y, z,t)> = Ziiﬁe{émyn (xy,z,t)xB,, (XY, z,t)}

0

on

[
—_
M

Note that: <#m’n(x, y,z,t)>:<§m’n(x, y,z,t)‘>2 < points in +Z direction, as it should!!

Then: <Pn‘[ﬁ"s (z,t)>:jAL<*m’n (x,y,2,t > I < (xY,2, t)> -fidxdy| |dd, =1 dxdy = Z dxdy

A [(%Tfsrff:::cosz(%n( Yo (3 21 (22 o 2

i 2u [(w/c)

But: J‘:sinz(%jdxﬂ?cos{%}dx:(gJ and: I sin ( jdy Icos ( Exjdx=£%J

rans z’wk, Bjab _[m=0,1,2,... (m,n not both =0
<Pmn (z,t)> = (Watts) with: _
' 8,u a)/c n =0,1,2,... simultaneously!)
mrz w ¢Vl (mzY (nz)
a c W a b
Now: (Q =Kk, :Z—E where: k, =vacuum wavenumber k, = (%j ky = (n_;:}
c A - " a " b

= |4 =27Z[£j where: A, = vacuum wavelength

20 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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(zﬂ GG EIRE: J} {(zﬂ) (2 () ()]
s (o)== (2] ("] (2 J L) r;ﬁﬂ
TN ET NN EY)

(P (z.1)) =

)

81, (/)" = K2, |

2p2(14\(1 2 2 2 2
or: <Ptrans(z t)> 1 o Bo(Za)(sz (mﬂ'j +(n_7fj ko 1— (mﬂvoj +(n2,0]
20,0 [(w/C)Z_sz a b 2a 2b
But: I <I§ (x,y zt)2>dxdy_wzkjan(ﬁa)(%b)=w252(§a)(%b)(n_”)2 with: [k E(n_ﬁj
A (oey -k, [ [(wrey -k Lo )] " L
A ooy - | oy JLa)| 7 La
Defining:
\
Ema| wk, B, wB, (nﬂj —
o | T - T agnitudes
(/) k2, | [(w/e) k2 [\ D | ofx
Enal wk, B, B wB, [m,,j electri_cfield
o, _[(a)/c) _kzzmn} [(W/C)Z—kfm} a amplitudes
J
2 2
Then: |(Pr™(z,t)) a (E',"”ZJr E?”ZJ(E)(E)\/lhmi"j +(M°j:l
' 2u,o\! > ! 2)\ 2 2a 2a
ut o=t 5| ke =i(£j= L | and:jc= |2 K _1_ “g°ﬂ°=\/§
@ C lLlOa) ILIO lLlOC 80/10 /JOa) ﬂOC /JO /LlO
1 (e, (11cmn? 1lzmal? mi Y (ni Y ||| 4 =vacuum wave
(P (z,t)) == |2 [ S|EDT +SED fab 1| | = | | =
, 2 i, 41 % 41 % a b Iength =C/f

= The time-averaged power transported down the hollow rectangular waveguide for the
TEmn™ mode is proportional to the square of the E-field amplitudes in the X and § direction!!

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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The {scalar} EM wave impedance of free space is:
(OB (7) | =

(n.b. Z_is a purely real, quantity - because 3 no dissipation in the vacuum!).

|T|11

(F)= 11,/€, =1207 Q =377Q

For TEmn modes of EM wave propagation in a waveguide that has perfectly conducting walls
(i.e. no dissipation/no losses), the EM wave impedance of the waveguide is also purely real:

ﬂmn ﬂo)zzo(ko/kzm,n (a))) )

l —>

Zy' (o) B (F)/ | = 2

Then since:

oV ) ) [ (]

or equivalently | 4" (@) > 4,| we see that: | Z{" (@) = Z, (4" (0)/4,) = Z (k k.. ( ) > 3770
for TEmn modes of EM wave propagation in a waveguide.

We can thus write the EM power transmitted down the waveguide for TEmn modes as:
1

<Pn§fi”5(z,t)>=2—;)(z E ZJA{@?’(@)J=;G E ZJAL/ZT”"E‘” ()

Where A =ab= cross-sectional area of the rectangular waveguide.
/R for electrical circuits, since

1
4

m,n 2
0,

m,n 2
0,

1
4

Em,n
Oy

=m,n
X X Eoy

Note also that this expression is analogous to (P)=4V2,,
E?A, ~ (Volts/m)? * m? = Volts?,

22  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Ay, z,t)> Stored in a Rectangular Waveguide - TEmn Mode

1

—

fg)

Again, from Griffiths Problem 9.11 (p. 382) since

toe{fg

*

——

Then: [{u(x, y,z,t)>=%‘ﬁe{goé(x y, z,t)E (x Y. Z, t)} %iﬁe{

(2 th (i) |

Then in the (m,n) " TE mode:

(Upn (X,y,2,1)) = ;SRe{ . (xy,2, t) A (X y,z,t)}+4jl0 SRe{ L (Xy.2, t) A% y,z,t)}
_, 0 for TE modes
Where: E,.=E, X+ Eymvn9+E7;m2 nb. [[A =A-A°
And: ém,n =B, X+B, §+B, 17
_, 0 for TE modes
g 2 2 1 2
Then: |(u,, (% y,2,t))= E)%e{[ LB +[EL }}+4—ﬂome{[ 8, [ +[8,.| +[B... M

ornB

0

(w/c)z—kfm,nj

1 k, 7B,
+ _ m,n2 _
A, (w/c) —kfmn
+ B2 cos® (%
° a

B
(&)
()

The time-averaged energy per unit

length (Joules/m) in the waveguide for the (m,n) " TE mode is:

xyzt>dxdy

Uno(2))/L=], (v

mn (X5 y,z,t)>dal =J‘ j

where L (meters) is the length of the waveguide.

(Un, (zt))/L EL\L<UM“ (xy,z.t))da,

_G| B

4 [(w/c)Z_k;mJ
N K, B,

A, [(a)/c)z—kfm}

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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(Un (20} =], (Una(xy.20))ca, =2 —[(w/g“fok;n} [% @{2)
o el DRGNS
Now: <Pnt,”;“s (z,t)> :J. L < Snn (XY z,t)>-d”l = » [Zﬁ;ﬂ:;gf; T K n:;jz +(%[jz}
wa (2] (53] = (8- (TG %)
Thus: (P (z,t)) = <am (XY, z,t)>-dél = g):wr?? c’B’
and: <Um‘“EZ’t)> =in<umn(X, y,z,t))da, :82222nt
(Pie(z,t))  watts _ Joules/sec  m

Note that the ratio of:

sec

(i.e. dimensions = speed)

(U, (z.t))/L  Joules/m  Joules/m
wk, ab 22
<Pﬁt1r,?1ns(z’t)> _ 8/an)r$1,n - ’ _ km,nC2 _(E] Kk C)
Uno(zt))/L ofab go 0 Lo (.
Bu,@,
But: |k ¢ =0’ -w),| or |k,_c=.0-0],
Pngr?]ns Z't m,n i m,n
W{%) o -, =¢ 1—[”0)' j VI ()| 11

. m,n
or: |Vg,

()=

_ (P (z.y)

a)m n

or:

;

[0

(P (2)) =" (@) U ()1

(Una(z,1))/L

24  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005-2015. All Rights Reserved.



UIUC Physics 436 EM Fields & Sources Il Fall Semester, 2015  Lect. Notes 10 Prof. Steven Errede

Case I1: Propagation of TM Waves in a Perfectly Conducting Hollow Rectangular Wavegquide:

For propagation TM waves in a perfectly conducting hollow waveguide: E, =0, but: B, =0.

& (w)
. We need to solve the 3-D wave equation: —2+—2+(—j —k? |E, =0
ox~ oy c

I
Il

OandB, =0

subject to boundary conditions on the inner walls of rectangular waveguide:

Following the same procedure that we developed for the TE mode case, let: Ii (%, y)=X(x)-Y(y)

X (x)= A cosk,x+B,sink,x=0{atx=0andx=a} = A =0 = |X(x)=B,sink,x
Y(y)=A, cosk,y+B,sinky=0{aty=0andy=b} = A =0 = V(y)=B,sink,y

N

Because m,n=0,1,2,3... the lowest non-trivial TMmn mode is TM11

kxz(%} m=123... nb.m=0is NOT allowed here!!! (=X (x)=0 everywhere!!!)
kyz[%”j, n=123... nb.n=0isNOT allowed here!!! (=Y (y)=0 everywhere!!!)

Then: |E, (x, y)=Eosin(kxx)sin(kyy)zEosin(mzxjsin(nzxj with: [m,n=1,2,3,..

We can then determine the other components of E and B for the TM case, following the same
procedure that we used for the TE case:

- +ikk, =~ . mz nz\l |(m=0123,...
E, (Xxy)=——>—E k k ith: [k =| — ||, |k, =] — ||,
@ 1. () (w/c) -K? ocos(lxsin k) with: ( a j ' (bj n=0123,...
. +ik,k, o ?
(b) |E,, (X, y)z(w/c)—z_yszoan(kxx)cos(kyy) and: kfz(%) —ki —k;
©) |E, (xy)= E, sin(k,x)sin(k,y) E— -
Tk nb. E, =|E e =Ee"* .
(d) |B, (x,y)=—7"—E,sin(kx)cos(k,y) However, we can always
(a’/ C) -k absorb/“rotate away” the phase ¢
= +iwk ~ i .
e) 1B (xy)= x__E cos(k x)sin(k e.g. by a global re-definition of the
(®) |8, (x¥) (w/c) -k ° () ( yy) zero of time and/or a global
= — translation of the coordinate system.
® [B, (x.y)=0 Hence, let: E, > E, .

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 25
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(@) E, (x.y.2.t)=E, (x,y)e'“ ™ = (;L”;—kszo cos (k,x)sin (k,y)e"
w/c
: e ol - - ik k |
E= Exi-l- Eyy-l- EZZ (b) Ey(x, y’z’t) o (X y) i(k,z-at) _ (a);:)—;wao Sin(kxx)cos(kyy)el(kzz—wt)
©) E, (xy,2,t)=E, (x,y)e" ) = E, sin(k.x)sin (k,y)e'“
- ik,
(d) B, (x,y,z,t) =B, (x,y)e' ——( /I;Z " E, sin(k,x)cos(k, y) i(kz-ot)
w/c) -
é: Bx)z-F By9+ Bzi (E) By()(’ y’Z’t) ~0 (X y) i(k,z—ot) _(CUZ:I)%E COS(k X)Sln(k y) i(k,z—at)
() B, (xy,2,t) =B, (xy)e® ™ =0

Note that {agaln} for the TM mode(s) of propagation of EM waves in a rectangular
wavegmde the E and B -fields are in-phase with each other — the x, y and z-components of E

and B all have the common phase factor el

k,z— a)t)

All the rest is {nearly} the same as that for TE waves:

Z-component wavenumber:

k. =y(@/c) —(mz/a)’ —(nz/by

(same as before, for TE waves)

The angular cutoff frequency: (@, , = c\/(mfz/a)2 +(nz/b)’| = Kk, :% o’ -k,
. [y,mn 1 . V;Yn(a)): 1—(0)m‘n/0))2
Phase speed: v, =¢ =| Group speed: | ™
1-(@,, /o) and: v (w)-vy" (@) =¢?

One difference for TM modes vs. TE modes is the EM wave impedance of the waveguide:

o[/ 2" (@))=2

Zy (0)=2

VS.

o[k,

Ze"(w) =

(@)/k.)

Z, (A" (@)/2,)=Z,(k [k, . (@)

Since 4" (w)> 4, and

2, =Ju, /e, =1207 Q=377Q)

then we see that:

Zy' (0)=2

(ﬂ/lmn

)) <377Q| whereas:

Ze" (0) =

Z, (A" (0)/2,)>377Q

The ratio of the lowest TM mode to the lowest TE mode is:

(@nn/@n

W)=

("

a’lo )—

+(1b)’/|(va)

\/l+ a/b

Use the above E and B-field components to compute TM <u

nn (%,,2,0)), (P (2,1)), etc.
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Case I11: Propagation of TEM Waves in a Perfectly Conducting Coaxial Transmission Line:

e We have previously shown that a hollow waveguide cannot support TEM waves {EZ =B, = O}

e However, a coaxial transmission line, consisting of an inner, long straight wire of radius a,
surrounded by a cylindrical conducting sheath of radius b > a does support the propagation
of TEM waves:

b L)

_Ju%rwz

For TEM waves: k = w/c. TEM waves travel at the speed of light c = non-dispersive!

For TEM waves, Maxwell’s equations give:

(1) Gauss’ Law: V+E =0 (2) No monopoles: V+B =0

aéox + 6EOY _O aéox + aBOV _O
OX d, OX oy
0E, OB, 0B, 0B,
j— = — = = —
OX oy OX oy
(3) Faraday’s Law: VxE--8B (4) Ampere’s Law: ?xE:E:%@
ot c” ot
=0 =0
oE = - oB 3 i -
() [ 2 - i =0 () |22 -Pe =10/ <0
OX oy OX oy c
=0 =0
(i %Eé—ikéofiwéox v |Pe-_2g
oy oy c
=0 =0
L~ OEL . = . oB o =
iii) [IkKE , ——7%=iwB vi) [ikB, ——F%=——FE
( ) 0X % oy ( ) 0x 6X CZ oy
which can be rewritten:
0 OE,, _OE, Gw(%wzaax
OX oy OX oy
o | K ~ 1- ~ 0 =~ 1=
i) |[B,=——E =—--E \% =—E_ =-—E
() ox P oy c oy><() oy C2k ox c ox
o |2 K ~ 1= e W = 1=
(“I) Boy =;on =+EE0>< (VI) Box =_WEoy =_EEoy
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Note that equations (iii) and (v) above give the same relation |B,,

|H

LE,

as do equations (ii) and (vi), |B,, =—1E,, |

Four of the following six relations are precisely the same equations of electrostatics and
magnetostatics for empty space (i.e. the vacuum) in two dimensions — for the infinite-length line
charge, and the infinite-length line current problems, respectively:

- 1 -~ - 1 -~
B,, = - ~E, B,, :_EE"V
oE,  OE, o8, 0B,
oy OX oy OX
OB, OE, 0B, 0B,
OX oy OX oy

Since a coaxial cable has cylindrical geometry/cylindrical/axial symmetry, the TEM electric
field (as in case of the infinite-length line charge problem) must be of the form:

A . . . - A - A
(p.9)=—p| where: A=constant (Volts), 5 =cosgX+sin@y, thus: |E, =—cose|, |E, =—sing|.
Yo,

M
o

oy

P p

Similarly, the TEM magnetic field (as in the case of infinite-length line current) must be of the form:

A . - N " ~ A . ~ A
(p.@)=—¢|, where: ¢ =—sinpX+cospy, thus: |B, =——sing||B, =—cosp|
pC pC pC

on
o

Thus, for TEM wave propagation in a coaxial transmission line, the E and B fields are:

E(pp 2t)=E, (pp)e ™™ = A it 5
o
=1 B i(ke-ot) _ A i(kz-ot) ~ N 1.0z
2
.. . 2 w [0 @
Characteristic equation: |k = (?j or: |k= (FJ , phase speed: |V, P C|, group speed:

Yy :1/(dk(a’)/da’):1/(1/c)zc , hence: |v, =V, =c = fcn(@)| = no dispersion for TEM waves!

Note also that there are no restrictions on the value of k /3 no mode cutoff frequencies for TEM
waves propagating in a coaxial cable/waveguide/transmission line.

For TEM wave propagation in a hollow coaxial waveguide/transmission line that has perfectly
conducting walls (i.e. no dissipation/no losses), the EM wave impedance is (again) purely real:

CICRGE
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We explicitly show that the above E and B field TEM coaxial waveguide solutions do indeed
satisfy Maxwell’s equations and the boundary conditions:

= A z-wt) ~ 5 z-ot)
E(p.o.z,t)= e 5 and: B(p, co,zt) et
Gauss’ law: V-E=+ ﬁie("z ot) _ii ! *“")) -0
popl R p 0
No Mag.Chgs: GBot O Agwa | gy
p Opxpc
Faraday’s law: V x E--% note that {here} kz( j

Boundary Condition 1: Tangential E”(p (a, ) ,Z, t) 0 «<i.e.in Z and/or ¢ direction(s).

But {here}: E(p,¢,z,t): A ') 5 Hence this BC is satisfied!
e,

Boundary Condition 2: Normal B, (o =(a,b),¢,2,t)=0 «< i..in / direction.

But {here}: é(p,(p, z,t) - A pl(kz—et) gp Hence this BC is satisfied! \
pC

Boundary Condition 3: Normal D (p=(a,b),p,z,t)=0c,(p=(a,b),@,z,t) (D"=0)

A e
At P=a: O (p =a,Q, Z,t) =+&, —e'( 2-at) n.b. the total free charge on
a inner vs. outer conducting
A surfaces must be equal, but
. _ _ i(kz-ot) opposite in sign!
At p=b: O'free(p—b,go,z,t)——goge
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Boundary Condition 4: Tangential H™ (p=(a,b),p,2,t)=K xfi (H/"=0), i||p

A iot)s

Z n.b. the total free currents
flowing on inner vs. outer
conductors must be equal,

but opposite in sign!

At p=a: l‘zfree(pZa,(D,Z,t)Z“r——e
Ho AC

At p=b: K. (p=b.p.2t)=
#, be
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