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LECTURE NOTES 12

THE LIENARD-WIECHERT RETARDED POTENTIALS ¥, (7,t) AND 4, (7,7
FOR A MOVING POINT CHARGE

Suppose a point electric charge ¢ is moving along a specified trajectory = locus of points of
W (¢, )= retarded position vector (SI units = meters) of the point charge ¢ at retarded time ¢, .

The retarded time (in free space/vacuum) from point charge ¢ to observer is determined by:

cAt=h= ‘)_i’ ‘ where the time interval [Af=17—1,

and: )?=7(t)—7'(tr)=1;(t)—\7v tr)

Observation / field point position of the point charge ¢ at the retarded time #
at time 7 (doesn’t move) W (¢, )= retarded position of charge at retarded time #

=[] =[F (6)- (2,

» = separation distance of point charge ¢ at the retarded position w(7,) at the retarded time #
to the observer’s position at the field point P(F (t)) , which is at the present time, 1 =1 +*/c.

—

=cAt=c(t-t,)

% = vector separation distance between the two points, as shown in the figure below:

Position of pt. charge Position of pt. charge
g at retarded time, tr q at present time, t

N>

N
>

Trajectory of pt.
charge, w(tr) Source Pt. . /
l S (W (

M Field Pt.
w " P(F(1))

X

n.b. At most one point (one and only one point) on the trajectory w(¢,) of the charged
particle can be “in communication” with the (stationary) observer at field point P(F (t)) at the
present time #, because it takes a finite/causal amount of time Az =¢—¢_for EM “news” to

propagate from w (7, ) at the retarded time # to the observation/field point P(F (t)) at position
7 at the present time ¢ =¢ +1/c.
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In order to make this point conceptually clear, imagine replacing the point charge ¢ moving
along the retarded trajectory w (tr) with a moving point light source. The stationary observer at

the field point P(F , t) at the present time ¢ will see the point light source move along the retarded
trajectory w (tr) ; but it takes a finite time interval for the light (EM “news”) to propagate from
where the light source was at the retarded source point location S(7'(z,)=/(t,)) at the retarded

time ¢, to the observer’s location at the field point P(F , t) at the present time ¢.

This situation is precisely what an observer sees when looking at stars, planets, efc. in the night sky!

Suppose that {somehow} there were e.g. two such source points along the trajectory w (tr)
“in communication” with the observer at the field point P(F (t)) at the present time ¢ with

retarded times 7, and ¢, respectively.

Then: |1, =c(t—t, )| and: |1, =c(t-¢, )| thus: 1, =k, =c(t—1,)—c(t-1, ) =c(z, —1,)

= The average velocity of this charged particle in the direction of the observer at 7 is ¢ !!!
{n.b. the velocity component(s) of this particle in other directions are not counted here}.
However, we know that nothing can move faster than the speed of light ¢ !!!

. Only one retarded point W (%, ) can contribute to the potentials ¥, (7,¢) and 4, (7,t) at the

field point P(F (t)) at any given moment in the present time, ¢ forv <c!

= For v <c, an observer at the field point P (17 (t)) at a given present time ¢ “sees” the moving

charged particle ¢ in only one place.

{Note that a massless particle, such as a photon (which in free space/vacuum does move at the speed of light, ¢)
could/can be “seen” by a stationary observer as being at more than one place at a given {present} time, ¢ !!!
Note further that it is also possible that N0 points along the trajectory of the photon are accessible to an observer....}

A “naive” / cursory reading of the formula for the retarded scalar potential

- 1 ptot(’_;"tr) !
V(r,t)= d
(7.0) 4re, IV’ b ‘

1 ¢
4re, X
(as in the static case), except that % = the separation distance is from observer position to the
retarded position of the charge ¢.

might suggest that the retarded scalar potential for a moving point charge is {also}

However, this would be wrong — for a subtle conceptual reason!

It is true that for a moving point charge ¢, the denominator factor 1/% can be taken outside of

the integral, but note that {even} for a moving point charge, the integral: J.,,Om[ (F’,tr)dr' zq| !
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In order to calculate the total charge of a configuration, one must integrate p,, (7,7, ) over the

entire charge distribution at one instant of time, but {here} the retardation 7 =¢—*/c forces

us to evaluate p,, (7,t,) at different times for different parts of the charge configuration!!!

Thus, if the source is moving, we will obtain a distorted picture of the total charge!

Before integration: ~ |% = ‘F(z) —7'(¢,)|| is a function of 7(¢) and 7(z,)

After integration: |F'=w(¢,) is fixed after integration: | p,,, (¥,1,) =5 (W(t,))
w=[F () - (z,)

One might think that this problem would be understandable e.g. for a moving extended charge
distribution, but that it would disappear/go away/vanish for point charges. However it doesn’t !!!

is a function of 7 and ¢ because |t =t—*/c|.

In Maxwell’s equations of electrodynamics, formulated in terms of electric charge and current

densities ( p,, and J, ) , a point charge = limit of extended charge when the size — zero.

For an extended charge distribution, the retardation effect in J- P (F',t.)d7’ throws in a factor of:
1 1 - v(z,)
—= here: t)=
- (1 T /c) (1 7 ﬂ )) where: | 3(¢,) -

We define the retardation factor |x =1-%e¥(t,) / c|, where ¥(z,) {more precisely ¥(7'(z,))}

is the velocity of the moving charged particle at the source position 7 (tr) at the retarded time 7, .

This is a purely geometrical effect, one which is analogous/similar to the Doppler effect.
{However, it is not due to special / general relativity (yet)!!}

Consider a long train moving towards a stationary observer. Due to the finite propagation
time of EM signals, the train actually appears (a little) longer than it really is! (If ¢~ 10 m/s
rather than 3 x 10® m/s, this motional effect would be readily apparent in the everyday world!!)

As shown in the figure below, light emitted from the caboose (end of the train) arriving at the
observer at time # must leave the caboose earlier (tr , ) than light emitted from the front of the

rain (¢, ], both arrive simultaneously at the observer at the same present time ¢. The train is
t trll both It ly at the ob t th {t t. Thet

further away from the observer when light from the end of the train is emitted at the earlier time
(z‘r , ), compared to the train’s location for the light emitted from the front of the train at the later

time (trf ( ) . The observer thus sees a distorted picture of the moving train at the present time ¢.
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In the time interval Az, that the light from the caboose takes to travel the distance L’ (see figure
above) the train moves a distance AL =(L'—L). Then since cAt, = L', then: Az, =L'/c.

But during the same time interval Az, the train moves a distance AL =vAz, =(L'—L), or:

At, =—=-——=| but: |A7, =—| thus: |At, =—=—="—""2| = |L'=

AL (L'-L) L L' AL (L'-L) _ 1
v v c c v v 1-v/c

= Trains moving towards / approaching an observer appear longer, by a factor of 1/ (1-v/c).

= Conversely, it can similarly be shown that trains moving away / receding from an observer
appear shorter by a factor of 1/(1+v/c).

= In general, if the train’s velocity vector ¥ makes an angle 6 with the observer’s line of sight %
(n.b. assuming that the train is far enough away from the observer that the solid angle subtended by
the train is such that rays of light emitted from both ends of train are parallel) the extra distance that
light from the caboose must cover is L'cos @ (see figure below). The corresponding time interval is
At, = L'cos@/c. Note that the train also moves a distance AL = L'— L in this same time interval.

| —v

A
To
observer

s

At,=L'cos@/c| but: |At, _AL_L-L oA = Licoso AL _L-L i.e. Lcos§ L-L
v v c v v c 1%
Or: L'(l—COSHJ=£ or: lL'(I—VCOSHJ:£ or:|L'= ! L= ! L|with|f =
v ¢ v v c v (1_vcos9j (1-Bcosb)
c
From the above figure, the angle |€ = cos™ (i-ﬁ) = opening angle between % and 7.
~ = ~ y 1 1
Thus: | cos @ = e |where: | [ = Y| Hence: |L' = L= L|
c

(l—ﬂcose) (1_)2.3)

Again, this retardation effect is due solely to the finite propagation time of the speed of light — it
has nothing to do with special / general relativity — e.g. Lorentz contraction and/or time dilation
and simultaneity.
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The apparent volume 7’ of the train is related to the actual volume of train 7’ by:

,_ 1 f 1 1
1-hev(t,)/c

T

o

1-hef(t) " «

! =—1!|where ﬂ(tr)zv(tr) and | =1-hei (1) fe=1-Re (1)

and where |1 =X / n=Xx / ‘)? ‘ = unit vector associated with the separation distance between the

position of a {stationary} observer 7 (t) at the present time ¢ to a position somewhere on the

train 7'(7,) at the retarded time ¢, . Explicitly:

n=xfn=xfk] = (7 (6)-7(1,))/|F (1) -7 (t)

The stationary observer’s position vector 7 (¢) is constant in time, whereas the retarded position

vector of the moving train 7'(¢,) changes in time.

Hence, whenever we carry out integrals of the type J.,sz (7,¢.) dt’ {or J.,jmt (7,t,) dr’"}

where the integrand(s) p,, (¥',¢,) {or J, (7,¢.) } are associated with {some kind of} moving

charge {current} distribution(s), evaluated at the retarded time,, the apparent volume z" of these

integrals is modified by the factor 1 ! = ! where: | £ ()= v(t) and the
s Y K -k (r))c 1-hep(r,) T
retardation factor |k =1- 47 (¢, ) /e =1- e (t,), i.e. dr’:%drj = 1—)?-171(tr)/c dr) = l—i-lﬁ(tr)

The figure shown below graphically depicts this effect, for a snapshot-in-time 7 =¢_+*/c:

...l Observer position. .
-~ P(rt)at present.
S time r(fixed)

° present time ¢ *

rue volume atthe - - ¢ Apparent volume at ;'
* the retarded time 7, §

= See animated demo of this effect: https://en.wikipedia.org/wiki/Relativistic_Doppler_effect

Note that because the motional correction factor makes no reference to the actual physical
size of the “particle”, it is also relevant/important for point charged particles.
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The retarded scalar potential associated with a point electric charge ¢ moving along a
retarded trajectory W (t, ), with: | o, (¥,,) = 5" (W(z,))

p— o

S:

- v -
V,(7,t)= ! I’pq(r’tf)df' 11 ’q5 (W(tr))dr’— 11 q5° (w(t,))
ok Are, h o A

Where: |&=x/n=k/|x|| ¥ =7 ()7 (1) =F(r)-w(t,)

And:  |x=1-K5(W (1)) /e =1-heB(W(2,))| with: B(w(tr))sv(w(tf))

Where: v (\7v (z‘r )) = velocity vector of charged particle evaluated at the retarded time |, =7 —%/c|.

The retarded current density J,, (7,¢.) for a rigid object is related to its retarded charge
density p,,(7,t,) and its retarded velocity v(7',¢,) by the relation:

jtoz (F,’tr) = ptot (F” tr)‘_;(?”tr) X

The retarded vector potential associated with a point electric charge ¢ moving with retarded velocity

V(W (t,)) along a retarded trajectory W (z, ), with: J,(7.)=p, (7.0.)V(F.t,) =gV (¥.1,)5° (W(zr))

—

S:

A(F’t):f_;-"v'jq(j’tr) dz.r:f_;;jv,pq(?’tr))bv(?”tr) dT’:f_;jv'qv(?l,tr)f3(€v(tr)) dr'
i PP, ,&{ 7 (%(1)) J
4r oa(1=Rei(e)fe) 0 Ax| (1-A(W(1,))/c)
| v (%(1)) , (V) g
f_ﬁ[(l_g.[;(w(tr)))%] fn K ‘fm%v(w(tf))

Thus, we have obtained the so-called Liénard-Wiechert retarded potentials for a point electric
charge ¢ moving with retarded velocity v (W(tr)) along a retarded trajectory w(7,):

6 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Where: [k =1-4e(W(z,)) e =1-RB (% (1,))| with: |B(w(t,))=

<

)|

Note that: |4, (7,1) =———=V,

or: |4 (7.0)=B(%())~

wi

th: [B(W(1))=—=——

Prof. Steven Errede

using:

Where V. is in Volts, ,er is in Newtons/Ampere (=momentum per Coulomb); they are related to

each other by a factor of /¢ and B for the case of a moving point electric charge g.

Recall that the relativistic four-potential is:

four-potential for a moving point charge is

Griffith’s Example 10.3:

Find/determine the Liénard-Wiechert retarded potentials associated with point charge ¢

moving with constant velocity v .

A" = (V/c,;l) , hence {here} the retarded relativistic

|4 =(V e, 4)=(V)e. B(W (1)) [e)|

For convenience sake, define 7. =0 = retarded time the charged particle passes through the origin.

Then: |W (£, ) =v(t,)t, = Vt,| because ¥(t,)

r

=7V 1s a constant vector.

The retarded time is: £, =¢—*/c| or: |t

=c(t—t)=cAt,| with:

But: |t = ‘F -7(t,)

:‘F—W(tr)

but we also have: [v=c(t—t)=c

At =t—t, j
At.

N e

Solve for the retarded time # by relating:

w=[F-vt| = c(t-t,)

Square both sides: F—vt| = (t-1) =¢ (t2 —2tt + tf)

But: |7 =Vt | = (7=t )o(F =, ) = 1> = 27 o7t, +171

Thus: PP =27t +V = (£ =21, +1])

Solve this quadratic equation for ¢, : (c2 -y’ )tf - 2(02t - F-?)tr + (czt2 - rz) =0
T =bh =c

—b++/b* —4ac (czt—F.ﬁ)i\/(czt—?-ﬁ)z +(c2 —vz)(r2 —0212)

tr = - tr =
2a

Which sign do we choose? + or — ?? Must

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Consider the limit as v — 0: |¢, =¢—%/c|« what we want!

And, if v = 0, the point charge ¢ is at rest at the origin (#' =0, because it is there at time 7. =0.

Then: |h= |17 -7

:|]/'|:}’

Thus, its retarded time should be: |t =¢—*/c| — |t. =t—r/c|whenv — 0.

. We must choose the — sign on physical grounds, i.e. we must choose:

;= (Czt—Foﬁ)—\/(czt—F.ﬁ)z +(02 —Vz)(rz —cztz)

T 2 2

Now: |h=cAt. =c(t—t )| and: 5=

Therefore, the quantity:

)L(l—)z-ﬁ/c)cht{l— F__w‘ -z}:c(t—tr){l—:(;_v;‘)-% :c(t—tr)—?+‘7jt

Then, insert the retarded time ¢, from the expression (**) {above} with the minus sign, i.e.:

(Ct=Fov)—(C1=75) +(2 =077 =)
t =

T 2 2
c —V

into the above formula & carry out the algebra:

(1=fe) ==L [t =Fev ) + (=) (- ith: | xc = (1= £e7
Thus: )L(l }cv/c) Kh y (czt rv) +(02 \/2)(r2 cztz) Wlth.K_(l }cv/c) {here}

=K

The general form of the Liénard-Wiechert retarded scalar and vector potentials associated with a
point electric charge ¢ moving with a time-dependent velocity ¥ (W (z,)) are:

Where: KE(l—)@'ﬁ(W(tr))/c)=(1—)€’,B(\7v(tr))) with: ,B(w(tr))s

8 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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The Liénard-Wiechert retarded scalar and vector potentials associated with a point charge ¢

moving with constant velocity v are:

qc

V(o) =— ¢ |- L. 1
T ane (1—)2-17/0)& dre, kh  dre, \/(czt—F.v)z+(c2—v2)(r2—czt2)

A(f)= M| 4| K& _ A qcv
A 4r (1—)2-\7/0)% A kh 4r \/(czt—f-\_i)2+(cz—v2)(r2—cztz)
where: |« =(1-4¥/c)| = retardation factor {here} and: [ = k]
S =¥/c|= constant vector.

A (F.t)= B (V.(7.1)/c)| where:

Note again that {here}:
The Electromagnetic Fields Associated with a Moving Point Charge

We are now in a position to derive the retarded electric and magnetic fields associated with a moving
point charge using the Liénard-Wiechert retarded potentials associated with a moving point charge:

N q 1 q
Vr(r,f)_ dre, (1_)2.13(@(2)))& B dre, KN
o ) ) ma
A= o4 (1-AB (% (2))n | 47rmv(w(tf))
and: [c = 1/«/80;10 {in free space}

with: |4, (7.2) = B(% (1)),
where: | = ‘77 -w(t,)
and: [f, =t—/c|=retarded time  and: |« =(1-£+%(¥(t,))/c)| = retardation factor.

The equations for the retarded E and B -fields in terms of their retarded potentials are:

Er(F,t):—VVr(F,t)—% |B.(7,t)=V x4 (F,t)

and:

Again, the differentiation has various subtleties associated with it because:

v=r(t)-7(t)=7(t)-w(t
( ) ( r) ( )~ r) both quantities are evaluated at
the retarded time ¢, =t —*/c

= %(s)

and: V(tr)= o

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Note that: )i=m=‘7—77'(l‘r) =‘F—W(fr) =cAt, =c(t—t.)| = xis a function of both 7 and +.
Now: ﬁVr(F,t): 9 v 1 A; with: |[Wh =X
dre, | n| (1-4e5(1,)/c)
~ q = 1 q -1 = -
Thus: |VV, (r,t)= \% —— = V(rt=rev(t )/c
( ) 4re, {)L—)L'V(lr)/C} 4re, [&—&’ﬁ(tr)/c:'z ( ( )/)
But: |t=c(t-t)| . [Vi=Ve(t—t )=Vt

Then, using Griffiths “Product Rule # 4” |V

()/e)

on the second term |V ()? oy

ot
Ox

y

h dv( )61‘
dt.

h dv( )61
dt, 0z

Oy

(17 (1)) = LT )7 ()4 L) TV e+ L (T (e )+ L (T 07
V()i.v(tr)/c> c(& V)v(tr)+c(v(tr)V))L+C)L><(V><v(tr))+Cv(tr)x(Vx&)
For term (1
L o 0 0 ). d
()L.V)v(rr){&xamy5%25}(@):@ vd(zr)
Again %=% since: |t, =t—*/c

_a’v(z‘r){)L %_’_)L 6t‘+)t atr}:c_i(tr)()?'ﬁfr)

dt Tox Yoy oz
where: |d () = v (1) _ dv(t,)
dt dt
Second term (2): }°Z’7—7'(tr)=77—*(t)

Thus:

Term (2a):

10  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Term (2b):
(9= n ) S () S ) 2 Jwle)

— dﬁ/(tr)atr dw(tr)étr
=) dt.  ox w (%) dt. 8y+vz(tr) dt. oz

ot, ot |dw(t,
:{vx(zr) 2 +vy(tr)a—;+vz(tr)6—zr}%

Thus: —(ﬁ(tr)-ﬁ)\if(tr):—ﬁ(tr){vx(tr) r+vy(tr)ayr+vz(tr)gﬂ=—v(tr)(\7(tr).wr)

n.b. |=(¥(£,)V )% (t,) == (2,)(¥(4 )*Vt, )| is analogous / similar to: |(%+V )¥(t,) = (%+Vt,)

Third term (3): )TX(ﬁxﬁ(tr))

First, work out: [V x¥(t,)| Since:(dxB=(A4,B,~ AB,)i+(A4.B,~AB.)j+(A4B,—AB,):

Then:

<>

ﬁxv(tr):(ﬁvz(tr)_ﬁvy(tr)}fc_i_(@vx(tr)_avz(tr)] +(8vy(tr)_8vx(tr)]2

0z ox ox oy

:[dvz(tr)%_dvy(tr)%])e_'_(dvx(tr)%_dvz(tr)6tr]j;+[dvy(tr)%_dvx(tr)%jé
e

dt. 0z dt.  oOx

or, o). or, o). or, o).
o (t) —ay(tr)azjan (ax(tr)az—az(tr)axjy v (ay(tr)ax—ax(tr) jz

Ot n 8tr_ % A atr_ atr 5
ayJH (aZ(tr)ax a*(tf)asz " (aX(tr)ay a’V(tr)ax]Z}

Il
|
Q) ——
~~ s N 7 _
KﬁQ
—
~
~
S
|
[N}
—
~
~
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First, work out: (?x)?) =Vx(F-w(1,))=
o/ -0 o/ =g o/ =0 Of course!!! Because 7 is
=~ 0 .~ | 0 ot | . 0 or | . position vector of field
But: |Vx7= e - b y+ e y z=0] = point/observer P(7)
T 7 = constant vector !!!
| Vzﬁ+ﬁ+ﬁ
From the result of term (3) above: |V x ¥ (¢,) = —a(t,)x V¢, | we see that: [V x W (¢,)=—v (¢, )x V(t,
“ e
v (1) (? \?v(tr))z+v(tr)x(\7(tr)x?tr)

ﬁ(tr)x(ﬁx)_{)zﬁ(tr)x{ >

Collecting all of the above individual results (1) — (4) for the term

V(r-Ee (1) e)=

&——?(

v(t)

But:

And:

ﬁx(ﬁxﬁtr)=

B (VVt, )= Vi, (¥

017) <

Then, some truly amazing/fortuitous cancellations occur

( /c)——th ——

c

{a Wi,

2005-2015. All Rights Reserved.
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Thus:
- q -1 ol
VI t)_47u9,, [)L—)_{.\?(tr)/cT ()L_}“V(tr)/c)
q +1 = Ir. - =
-~ dme, [n—ien (1) e | {th Flr ) () ) ve ]}
__ 49 1 v(tr) l _ Y o7 Vi
—47&90 [)L—)_{ﬁ(tr)/c]z{ : +c[c2 vz(t)+h a(tr)]Vt}
Now, what is @tr {here}?? |t =t—£:t—"7_7(tr)‘:t—‘F_W(tr)‘
c c ¢
But we already found that: Vh=—cVt | and noting that: |4 =~/xex
o= 1 1 e 1=
Then: |Vi= VIl = g.gv(a-&)zz—kv(&-&)
Now: |V(AB)=Ax(VxB)+B(VxA)+(4=V)B+(B+V)A| {Griffiths Product Rule # 4}
?()?o)?)=Ex(?x)T)Jr)?x(?x)?)Jr()?ﬁ))?Jr()?-?))?=2)?x(?x)?)+2<)?ﬁ))?
Dhm 9 (T = 27 (V7) 4 219 )T ] = [F(V )4 (749 7]
But: (ﬁx)_[)=\7(tr)><§t {from term (4) above} .. EX<§XE)=}_{X(\7(1‘)X§t)
(7eV ) =5V (7 =7 (1)) =XV (F = (2,))
=<)? Vv 7—<)?'6)\7V(t) < B from (2) above:
: o)W (e) =5 () (T,
And = )Lngcmya_y + _Zz}—v(tr)()?%) (95 (0) = (e ) (551
ox oy A
== (t,)(¥+V1,)
eV, =V = [T (VR ) (79)7 ]
=;[}?x\7(tr)x?tr+)?—v(t )(7eVe )J
3 BAC — CAB rule
\ \
Thus: |—cVt, =l[i—W+W—ﬁq ()?-ﬁ(tr))} more cancellations occur!!

r
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Or:  |-cVi, =%[}?—(}Z’-§(zr))wr]

Lect. Notes 12

Prof. Steven Errede

_ 1= A S 1 X
Now solve for Vz,: [—c+—()m7(tr))}wr:—=)t = |Vt =— ==
% % )i 1(E.v(t )-e [ 735 (2,) e ]
)L T
po_ Mk ok I _1 4 __A
C()-ne] [re=iev(n)] re[1-den(e)/e] e [1-dew(s,)/e]  xe
_ 1 b o O -
Thus: Vtr:_;[l—i-;(tr)/c]:_%’ &:% % =i |and [x =1-£+¥(t,) /c| = retardation factor
v (Fay=—d L I T )]
' dre, (K)L)z c ! ' '
Then: 4( ) |
—_ q 1 v tr Y = A
e v et
2 2 P 3
Thus: —ﬁVr(F,t): - 1 z{c V() a(tr)}t—v(tr)}
4re, (K)L) Kc c
2 T = -
o |Lor(ry-—t] Hl[vw} w@]mw}
4re, (K)L) K c c c
J (e aV() u, 4 (1) L), o
: = £ = £ b=y
Now: |4.(7) 47:(1—5-17(@)/0)& dr  Kh " c (7.0)
04 (F,t) u, o v(t) 1 0 v(t,)
= q— A = q9— i
o Amiar h (1-hev(e)fc) | Amar| (n=Eei(t,)/e)
Then:
_ M, _ 1 ﬁv(tr)+ (tr)g _ 1
az " | (h-Hew(1,)/c) o ar| (n-xev(z,)/c)
Now: () = dv(tr)%:cﬁz(z‘r)atr where: Zz(tr):—dv(tr)
o di ot o dt,
What is 2 {here} 22
ot

14  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois

2005-2015. All Rights Reserved.



UIUC Physics 436 EM Fields & Sources I1 Fall Semester, 2015  Lect. Notes 12 Prof. Steven Errede

Now: |cAt, =c(t—t)=n
Or:  |c*A? =c*(t—1,) =x* =X+%| < differentiate this expression with respect to 7.
O 2,0 , O 2 0 (= -
A= (t=t) == (eh
t( tr) ‘ at(t ") at( )
= 26'2 (t—tr)[l— atr ] = 2_’06&
ot ot
But: |hv=[x|=[F(t)-7 (1) =|F (t)- (1) = cAt, =c(t—1,)| andalso: |¥ =7 (¢)-¥(t,)
Y Y
o - r N
5 o, oY -k -0, . .
Thus: 5(02&‘3):20 c(t-t, )(1— af}:zm@- 8tj=2)“8t :2&-5(r(t)—w(tr))
[ =0
c&(l— ot j i oy ow (t,) b, or _ Because 7 =vector-to ﬁelc? point P ()
ot ¢ ot ot is a constant vector — i.e. stationary observer!
Thus: c&(l—atrj:)w l—atrj:—)? Gw(tr) =% dw(tr)%:_)‘{.‘j(tr)atr ‘_;(tr): dw(tr)
ot o o i or o1 .
&c(l _o j =—hev(t,) o, < Solve for 2
ot ot ot
_ \ Ot ~ ot Ot he
he =he—— K = he—he 5 A
‘ ! V(Z‘)az [ (x)] o) = [ he—hev(t,)
ot he [ W J 1 1
Thus: L= — =| = = _ -
ot he-rev(t) X (1—&-v(tr)/c) (1—)“‘7(2)/0) K

where: |K El—’2°\7(tr )/C = retardation factor

Then:

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 15
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1y 8u(x) :—_lau(x)

Using:

Lect. Notes 12

Prof. Steven Errede

ox ox Ox u’  ox
Then:
o 1 -1 o B}
5{(4—2"7@)/0)}_(&—)?-V(tr)/c)z 5(%—&- (fr)/C)
1 [on 10,
(k1) 575(% (r))}
e (o - o(e,)
" (k) _E_Z(V(” oo H
But: |h=cAt, =c(1-1,)
o0 _0(t-t,) Jor et ot, o, 1 1
a aclt) =g [a_i_ atz}_‘{l_atz} where: (;t Tk 1he(r))e
Thus: %:c{l—%}:cilclzlj: ( _&.v(’zr)/c_/l/):_)z"jk(tr): )?’Z)(Lfr)
o |oE_a(Fws) F () dw(t)ar, _ (1) - Gﬁ(tr)de(tr)%za(t N
ot ot ot ot dt, ot K | ot dt, ot s
Thus:
o 1 1 8&_1\7 Lov . ov(t,)
at((&)?q?(tr)/c)} (K)L)Z[at c[ (t) a " o H
o {_Y’ﬁ(tr)_l{_vz(tr)Jr)_{oﬁ(tr)}}
B (K)L)2 Kh c K K
R 1)2 {50+ [ )+ 7]}
A0 _u, Lav(tr)w(t)g{ I J}
. ot 4" | (kn) ot "ot (&—)_[oﬁ(tr)/c)
a1 oal) V) (eooy I B}
N2 (;,r):4;go (Cizj’((;) {a(tr){i’;)) (}zoﬁ(trﬁ—%[_‘} (zr)m.a(fr)]j} using |1, =

16 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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04 (7t
- (r ) , eqn 10.63 bottom of page 437 ?? YES, it does!

Does this expression = Griffiths result for

4,(F1) 1 g {xm(zrﬁ(i.v(tr))v(tr)Vz(tr)v(t‘)+():'a(tr))§(tr)}

c C

But: |e(1=x)¥ () =c(f =(X A7 (2,)/c) )5 (1) = (45 (1)) ¥ ()

Thus:

3,2 2]

dre, K'hc c c
1 g . n N
=, o | ) A+ L 1)+ (R (1))

1
4715 K

?‘ Q
%
|
<l

—
N
A —
+
g
—~
-
N—
=
o

N—
+
|

—_
o
[\ ]
|
<
3]
—
N
N—
+

—
>
(d
Q
—~
N
A —

N—
<l
—
-
N —
%ﬁ_/

But: |xche = ( — R (1 /c) ()L P tr)/c)c=()w—)f-17(tr))

o 4ms, (re-iev (1))

= QGriffiths Equation 10.63 on page 437
Then {“finally”!} the retarded electric field for a moving point electric charge ¢:

E (F,t):—ﬁV (F,t)—%

B 4;150 K(im) [c%j{a(tr)+ vrg)(g'ﬁ(a)%[_vz o )M(tr)}j}

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 17
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With some more algebra, more vector identities, and defining a retarded vector | (fr) =ch— ﬁ(fr) ,

the retarded electric field for a moving point charge can equivalently be written as:

)= (€ ()i ) () <a(0)

Since: A(F,z):ﬁ(w(tr))m?’t) with: B(\Tv(tr))z‘j(w(tr)) then: Ar(?,t)zv(?)r/r(?,t)

The retarded magnetic field of a moving point charge g can be written as:

é(r,r)zﬁxzr(f,t):iﬁx(v(tr)vr(f,t)):—2[Vr(f,z)(ﬁxa(tr))_v(zr)iwr(f,t)]

n.b. The relation on the RHS used Griffiths Product Rule # 7: |V X(fgl) = f(? X ;1) —AxVf

We already calculated |V x ¥ (¢,) = —a (¢, )x Vz| {term (3) above, page 11 of these lecture notes}

and we found that: |V, = —— =——| {see page 14 of these lecture notes}:

Hence: §X17(tr)=—c7(tr)x§tr=—d(tr)><[—i}=+[@] where: KEI—)Eoﬁ(tr)/c
Kc

V.(F.1) 9 {from page 9} and —VV,(#,¢) is as given above {on page 14}.

o2 1 (20l Est)l st

After some more algebra, and again using the retarded vector: | (Ir) =ch—¥ (tr)
the retarded magnetic field of a moving point electric charge ¢ is:

B (7.0)=—1 4 i x| (2 =2 V(t)+(red(t
TR A O

Compare this expression to that for the retarded electric field of a moving point electric charge:

E(r)= (e (1) (1) + Fx(i(r,)<a(1,))]

4z, (o (1,))

<l
—~
o~
~
+
—_—
S
4
<)
—~
o~
~
Q)
—~~
=~
~—
N —
 I—

18  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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The terms in the sguare brackets have some striking similarities between B, (F,t) vs. E, (7.1).

Because of the cross product of terms such as £ x v (¢,) contained in the square brackets of the

expression for B, (7,t), notice that since: |ii (¢, )= ch =V (¢, )| or: [V (¢, ) =ch—ii(t,)

Then: )QX\7(tr)=)?><(c)€—it(tr)):c)zx)f—)fxﬁ(tr):—&xﬁ(tr),i.e. )€><17(tr):—)2xﬁ(tr).

Then, using the Zx(BxC)zf?(;I-é)—é(;l-E) rule, and |4 x ¥ (1, ) =~ xii (¢, )| we see that:

A

X x (02 —? (tr))V(tr)—ir()f-d(tr))fz(tr)+()_{.lj(;r)5(tr))

Il
x>
X

|

—_—
9
[\8]
|
<
|8}
—_
o~
N—
SN—
NI}
—_
o~
N—
|
—~
|

[

QY
—_
=~
N—"
N—
NI
—_
=~
N—"
+
—
Sl
(J
N
—~
=~
N—
Q
—
~
N
N—

Il
<>
X

1
|
—_—
o

[\8]
|
<
[\S]
—~
o~
N—
SN—
NI}
—~
o~
N—
|
|
X
—~
NI}
—~
o~
N—
X
QY
—~
o~
N—
N—
L1

Thus: 1§r('7,f)=l 9 * )ZX[(CZ_V2(tr))ﬁ(tr)+Ex(ﬁ(tr)xa(tr))]

But B (Fu)= —L (v (1) )i (1) + 7 x(ii (1, )xa(1,))

. We again see that: | B, (7.,t) =LA x E_(7,1)] i.e. B.is L E. ;note also that B, is | % where

¥ =F—7(t,)=F—W(t, )| = separation distance vector from retarded source point to field point.

e The first term in E, (7,t) involving (02 -V’ (tr))ﬁ (,) falls off / decreases as %*. If both the

. . . T - 1 ~
velocity and acceleration are zero, then we obtain the static limit result: |E (7 ) = 2 %)L
e,

e The first term in E, (7,) is known as the “Generalized” Coulomb field, a.k.a. velocity field

which describes the macroscopic, collective behavior of virtual photons!!

e The second term in Er (;7 , t) , involving the triple product X x (1,7 xXd ) falls off / decreases as

1/% — i.e. this term dominates at large separation distances!

e The second term in E, (7,t) is responsible for radiation — hence the 2" term is known as the

radiation field. Since it is also proportional to a(z,) it is also known as the acceleration field

which describes the macroscopic, collective behavior of real photons!!

e The same terminology obviously also applies to the retarded magnetic field Er (17 , t) .

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 19
2005-2015. All Rights Reserved.



UIUC Physics 436 EM Fields & Sources I1 Fall Semester, 2015  Lect. Notes 12 Prof. Steven Errede

The EM force exerted on a point test charge ¢, at the observation/field point 7 at the present
time, ¢ due to the retarded electric and magnetic fields associated with a moving point charge ¢

is given by the retarded Lorentz force law: F, (F,t)= q.E, (F.)+ v, (7,1)x B, (7.1)| where
v, (7,t) = the velocity of the point test charge ¢, at the observation/field point 7 at the present

time, .

F (7,t)=q,E (F.t)+q,V, (F,t)x B (7,t)

gg, il it ox(ate)<at)]

as, (7aa(1,)
20

v, (

C

L= )ate) (a0 )<a0) ]

where: EZF—F'(tr)Z?—\_’(’(Z‘r) and: ﬁ(tr)Ec)L_‘j(tr)

The Lorentz force F“r (17 , t) is the net force acting on a point test charge gr moving with

velocity v, (7,t) {n.b. which is evaluated at the present time {i.e. the non-retarded} time # }.

The Lorentz Force F, (7,¢) is due to the retarded electric and magnetic fields E, (7,¢) and

Pt
B, (F ,t) associated with the point charge ¢ moving with {its own} retarded velocity v (tr) and

acceleration a(t,).

n.b. The lower-case quantities ¥ (z.)=7—W(t.), ¥(¢,), @(t,)=ch—¥(,) and a(z,) are all
evaluated at the retarded time ¢, =¢—1/c.

20 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Griffiths Example 10.4:

Lect. Notes 12 Prof. Steven Errede

Calculate the electric and magnetic fields of a point charge ¢ moving with constant velocity.

Constant velocity = d(#,) =0 (no acceleration).

Then:

with:

Trajectory:

for constant velocity.

an

(t,)=F-w(t,)=7F-

and:

v(1,)t,

n=cAt, =c(t—t,)

Since: [ii (¢, )= ¢k —¥(t, )|, then
)Lﬁ(tr)Z)L(C),L\—\j(l‘r))

zc)_[—)f(tr)
—e(F-7(1) 55(1)
=C‘17—C\7v(tr —&ﬁ(rr)
=cr—cv(t)t, —c(t—1,)v(z,)
:cF—M—cﬁ(tr)Jr ct AT,
=c(7F-¥ (1))

Note also:  |%eii (¢, ):)?-(c)f—ﬁ(tr)):c)n—)?-ﬁ(tr)

It can be shown that, since {here} v(z,)=v = constant velocity vector, then: |V

and thus:

X

ii(1,) = (Cr=Fo5) +(e2 =) (P =)

(See p. 8 above, i.e. Griffiths

%
Example 10.3, p. 433)

— Re1-12sin? @/ ¢* <

= Rcy1-Bsin’ @ where f=v/c

(See Griffiths Problem 10.14, p. 434)

R=r—vt

where

= vector from the present location of the point electric charged particle to the

observation/field point P(z7 (t)) at the present time ¢ moving with constant velocity v .

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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The angle is the opening angle between R and the constant velocity vector ¥,

6 =cos™ (R.V)

as shown in the figure below:

P (E, t) Observation/Field Point

Present position R
of point charge ¢ 0 =Jcos (R'V)
@ time ¢ " ¥ = constant velocity vector
. 1-p R v
Thus: |E(7.t)= c ( ) | — || with: |#= [—j = constant
47[80 (1_[82 Sin2 Q)A R c

This expression for E(7,¢) shows that E(7,¢) points along the line from the present position of

the point charged particle to the observation/field point P(E,t) — which is strange, since the “EM

news” came from the retarded position of the point charge. We will see/learn that the explanation
for this is due to {special} relativity — peek ahead in Physics 436 Lect. Notes 18.5, p. 10-17.

Due to the S?sin’ @ term in the denominator of this expression, the E -field of a fast-moving
point charged particle is flattened/compressed into a “pancake” L to the direction of motion,

increasing the E -field strength in the L direction by a factor of y =1 / J1-* , whereas in the
forward/backward directions { i.e. || and/or anti-|| to the direction of motion} the strength of the

E -field is reduced by a factor of 1— 3 relative to that of the E -field strength when the point
electric charge is at rest, as shown in the figure:

¢ (1-7)

E

/

A

R

>%(

47[80 (1_ﬂ2 Sinz 2]

R

|

with:

= constant

| B

Lines of E are compressed into a “pancake” L to the direction of motion as v — ¢

For B(#,t) we have: polt IV :(r—vt)—i-(t—tr)v _RY since |t, =t —X/c|or |k = cAt,
2 h h o
Thus:
- :I\O 1
= Lin =, I{(R V)| =,. I~ - V) =L e
B(r,t):Z(&XE(F’Z‘)):Z([;—'_;]XE(F’Z‘)JZZW—FZ(ZJXE(V’Z‘) <= n.b. R”E
- A - 1- 4 Bx R xpressi
T T 1=7) (/”fj s i o £and
clc c 4re, c (1_ A sin® 9)5 R Oliver Heaviside in 1888.

22  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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The lines of B circle around the point charge g as shown in the figure: 4 v
When v < ¢ (i.e. < 1) the Heaviside expressions for £ and B reduce to:

—— 1 g ;4 ) . .

E (” 4 ) = e PR <« essentially Coulomb’s law for a point electric charge

< essentially Biot-Savart law for a point electric charge

S——"

= ILI() - A
B(r,t) = (472_)%(va

The figure below shows a “snapshot-in-time” at time ¢, (sec) of the classical/macroscopic

electric field lines associated with a point electric charge g, initially at rest {at ¢, =0 (sec) , where

the dot e is located}, that undergoes an abrupt, momentary acceleration {i.e. a short impulse
lasting Az =¢, —t, =1, (sec), where the dot o is located} in the horizontal direction, to the

left in the figure. After the impulse has been applied, the charge continues to move to the left with
constant velocity v, at time #, (sec) the charge is where the pink dote is located.

-

-

The classical/macroscopic electric field lines associated with one “epoch” in time must
connect to their counterparts in another “epoch” of time. Here, in this situation, the spatial slopes
of the E-field lines are discontinuous due to the abrupt, momentary nature of the acceleration.
The spherical shell associated with the discontinuity(ies) in the electric field lines in the
“transition” region between the two “epochs” expands at the speed of light, as the EM “news”
propagates outward/away from the accelerated charge.
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Note that this picture also meshes in nicely (and naturally!) with the microscopic perspective —
namely that, when a point charge is accelerated it radiates real photons, which subsequently
propagate away from the electric charge at the speed of light. Real photons have a transverse
electric field relative to their propagation direction (whereas virtual photons associated with the
static/Coulomb field are longitudinally polarized). The spherical shell associated with the
discontinuity(ies) in the electric field lines of the “transition” region is precisely where the real
photons are located in this “snapshot-in-time” picture, having propagated that far out from the
charge after application of the abrupt, momentary impulse-type acceleration of the electric charge.
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