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LECTURE NOTES 13.5

M(1) Magnetic Dipole Radiation:

A harmonically time-varying retarded current /(¢,) = cos(at, ) flows in a circular loop of

radius b {chosen for convenience’s sake in to lie in the x-y plane} as shown in the figure below,
and has associated with it an oscillating magnetic dipole moment:

2 ~ ~
= bl cos(t, ) 2| where: |4, = 4,7,

m(t)=1(t,)4

loop

Or:  |m(t,)=mcos(at,)Z| where:

2 A . N N
=zb’z| with:|n,,, =Z|

m(t)|l 2
Observation /,/'"
/ Field Point Jotianl P
P = ",’ .....
(7) ) p )
liesin r A Ty |1 2
x-z plane; I ( tr)
i X
i ) g .
i N =7F—7 ,l// >y
| (™ 7 = b = bb
: ................... ¢ \‘ d‘é,
A e —— »,
X

Note that there is N0 volume electric charge density p(? tr) associated with the current flowing

in the loop, thus the retarded scalar potential " (#,#)=0 and thus V¥ (7,£)=0 {here}.

The retarded vector potential is:

with: |t, =t—%/c| and: |k =7 —7'(z,)

20(r) [ )]

4z

n.b. A" (7,t) follows the direction of (conventional) current flow = A¥" (7,¢)]| ¢ -direction.
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For convenience’s sake, the observation / field point P(f) is chosen directly above the
X -axis in the x-z plane (see above figure). From (azimuthal / circular symmetry) associated with
this problem, one can see that e.g. the X -component contributions to ;11;4(1> (F , t) from

symmetrically-placed current segments / (t)d 7" on either side of the % -axis will cancel each
other, ;11:“1) (17 , t) at this observation point in the x-z plane will point in the p -direction, but for

an arbitrary field point, we see that A" (7,¢) points in the ¢ -direction since:

@ =—sin@x +cos @y | (in spherical-polar and/or cylindrical coordinates)
(n.b. the angle @ =0 for points in the x-z plane!)

Thus, for the choice of the observation / field point P(F ) in x-z plane

—

(see figure above):|d /' =bdp y-cosp =bcospde 3 |(n.b. the cos @ term simply

picks off the §-component of d7"), but note that d ¢'is actually || to ¢.

- . 1
Then: A’;“”(F,t)=(f_0][bj:02 cos[a)(; /C)]
T =

cospdo ¢

From the Law of Cosines: |} = \/r2 +b*> —2rbcosy | where: |y =cos™ (19-1;) {See above figure}

7 lies in the x-z plane: |7 =rsin@i+rcosfz]and b lies in x-y plane: b = bcos pi +bsin g

. [Feb =rbcosy =(rsin 0% +rcos 0% )«(bcos pi +bsin @) = rbsin O cos ¢

. )L:\/r2+b2—2rbCOS[// :\/}"2+b2—27"b5in9005¢

Here again, we are interested in far-zone EM radiation solutions, i.e. the observer is far away
from source, such that the characteristic dimension of the source is such that .

Then keeping only the 1% non-trivial term in the Taylor series expansion of r with b < r:

2
Jl—e=1-1L
h=r 1+% —2[éjsin¢9cos¢):r\/l—2(éjsin6c0s¢) with: (éJ«l and: l-e=1-7¢
" " " r for ex1

AL r[l—(éJsin Hcoswj for: (éj <1
r r

And: 1 ~ ! ~ l[l + (éj sin & cos (oj since: 1 =1+€ for exl1.
03 b) . r r I-€
r (1 - [j sin @ cos (pj

r
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Now:

R R
S e e ] e

e b A<

Here (again) we assume for “far-zone” radiation that |b < /1\ and |/1 <r

andsince and|A=c/f =2nc/w| = b<<| or w—b<<1.

P R = e
i ) i |

Then:

Thus:

cospdo ¢

U, IbJ.(p:z” cos [w()tb— )L/C)]

»=0

= u‘;j%j:_zjﬁ(l + Gj sin @ cos (pj
*{co{w(z—gﬂ —(%bj sin@coswsin{w(f—%ﬂ}cos 0do ¢
(I ol pmomomnl of )

+ (éj sin @ cos ¢ cos {w(f - zj —L Y7 |sin® 6 cos? @sin {a)(t —zﬂ} cospdp ¢
r c)| rc c
\\ & Jl
2
However, note that: (éj < ljand: (a)_bj < 1|, thus: [a)b ] = éj (a)_b) SCHl
r c rc r)\ c

rc

;11:/[(1) (F,t) ~ (f" jﬁj.w_;”{cos{a)(t—zﬂ _(a)_bj sin@cosgpsin{a)(t—zﬂ
) = c c c
b . r .
+(—jsm9cosgpcos{w(f——H}cowpd(p(p
r c

b’ b b \|. )
ie. (0) ] = (—j (a)_j is a 2"9-order term, so we drop/neglect it !!!
r)\ c
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Note that the first term in the above integral:
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COS
c

r p=2r
t——ﬂ LZO cospdp=0

\

The second term 1is:

e

7
t——
Cj_

J.w:z” cos’ pdo
¢=0

The third term is:

el

But:

J(:z” cos’ pdo I(:M cos’pdo=r

J

Thus: ;1?4(1) (F,t) ~ (

4

A

2
jﬂ(ﬁsin 0){1005
r

r

el

But: |m=xb’I=A4 I

loop

H,

AMO (7.t) = (

T

—jﬂsin 0{1 cos
4 r 7

&k

A

EERIRREG):

Note that in the static limit (w — 0), only the 1° term in the { ..

. } brackets survives:

;llr"“) (;7 ) ~ %sin 6 ¢|= vector potential for a (static) magnetic dipole.
r
Note also that in the “far-zone” for M(1) EM radiation, with or: | =< r
[0}
0] 1 . ) . - -
If | << r , then |—> (—j - Drop the 1 term in { ... } in the above expression for 4" (r,t):
@ c r
) . r .
(el
c c
Thus: |AY" (7,¢)~ - (/‘oj mn@sm{w(f—zﬂ(ﬁ
4 ) cr c
M) (= umo(sing ) . r\| .
Or: ANV (F ) m —— sin| w| t—— ||
4rc r c
M(]) M) (=
ot
Thus: [ (7.0) = + 4 [ej { (rlﬂ@
c
4 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois

2005-2015. All Rights Reserved



UIUC Physics 436 EM Fields & Sources 11 Fall Semester, 2015

Lect. Notes 13.5

Prof. Steven Errede

And:
BYO (7,6) = Vx AN (F,1)
=0 =0 0 =0
smé’A _ %% fl _1 a’—i(rA)é+li 67)—a’ D
" rsin® 1) r|sin@ 060 or' * r| or 0
Or:
1 [ umo)0

B (7,1) ~

rsin@ der )00

i

(sin’ H)Sin[a)(

V(—umo) . o((F [ )
——| L2 |sinf@—| | & [sin t—7 J 2]
V[ 4re ) ar(L/] ( /é)]
Or:
BMO (7or)~— H,ma 2§h1~Qc050 a)(t—zj ;
4rer® SinQ c
ﬂgma)( a’jsmeco{w(t_ﬁﬂé
drer \ c c
Or:
BN (7.1) ~ _(mj{z(ljcosesm{w[t_zﬂ H(gjm eco{w(t_iﬂé}
4rcr r c - c
1 —
Again, |— > (—J ~. Drop the 1 term in { ... } in the above expression for BM" (7,¢)
c r
540 (7.0 z_(ﬂo_WHQG [T H(gjmeco{ (r——ﬂé}
4rcr r c - .
BM) (5 u,me’ (sin@ 1
Thus: |BM" (7,1)~ ———— cosl ol -2 118
4rc r c

Note that in the static limit (= — 0), first going back to using the expression for ;11;4(1) (17 , t)

as given in ** on the previous page, and then using B (7,1) =V x A" (7,¢)|, we do indeed
obtain the familiar result: ErM o (17 ) ~ —[%j (2 cos 07 +sin Hé) .
zr

Therefore, for M(1) magnetic dipole radiation in the “far-zone” limit, with , we have:

VrM(l) (;;’

1)=0

Hu,me | sin@

A

®»

A (7.1) = -

(5l

4rc r

where:

m=nb’l
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The retarded electric and magnetic fields associated with M(1) magnetic dipole radiation in the
“far-zone” limit, with are:

“M() (= 2/
ErM“)(F,t):—aAr (7,1) AL (sm@ cos{a)(t—zj P
c

ot 4rc r
AM(1 = ~M(1 ,lea)z Sine r 2
BMY(F,1) =V x AV (F, 1)~ - 22— cos|w| t——| |0
4rc r c

Here again, note that: Ey(l)(?,l‘)=%f><ﬁfm)(?,t) with: (fxéz—é)

{since: Fx0=¢ GxF=0 Oxp="r}

Note that £ (7,¢) and BM" (7,¢):
a) both have same ~ 1/r dependence (as does 2[1:4“) (F,t) ).
b) both have same ~ sin 6 dependence (as does A" (7,t)).
¢) both are in-phase with each other — both have same cos [a)(t —r/ c)] factors.
d) both are 90° out-of-phase with A¥" (7,¢).
e) BMV(#,t)is L to EMV(7,¢) as it must be.

Note also that: A" (7.1), EMO (7,t) and BM® (7,¢) vanish (i.e.=0) when =0and =7

i.e. at the poles, along the Z -axis (as we also saw in the case of E(1) electric dipole radiation).

z
A
Ml A
- . EV o
< BM || -0
9 ) . k|7
r : A
0
Re >y
¥ (0 v : (5

=
N~
—_
~
N
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M(1)

The EM radiation energy density u
for far-zone EM radiation {b <K A < r} is:

5
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(7,t) associated with the oscillating M1 magnetic dipole

- - - | RN . R - N B -
iy () = (7o)l (F-0) E(E (B o)+ B (B (m)}
0
1 2.2 4/( . 2 1 Z 2 4/( . 2
~—{¢g, ,uomza)z sm20 cos?| w| 1= L ||+ —He mzaj sm20 cos?| | t-L
2 lérz c r c }{ lérx c r c
1 1 ) " NE
But: |’ = or: |¢, =——|, so again we see that uﬁ(l) (r,t) = uf,f(l) (r,t) in the “far-zone”
Eoldy H,C
limit b < A < r, and thus:
d wum’w' \( sin>@ ) r Joules 2
wih, (F,t) = 106 — — |cos’ | o t—— ( j for |b < A < r|with |m = zb’1
e r c

The EM energy radiated by oscillating magnetic dipole in the far-zone limit {h < A <7} is

given by Poynting’s vector:
S'rad (,7' t)—LEM(l) (17 t)XEM(l)(I—; t)~— 1 ,U(,Zmza)“ SinZH Cosz . t_z /|:_A—;—<r?:| ;/);9}\_3)
M@ \" > 1, r B r > % 167[203 rz - [0 \8/’\
pxi=0
2 4 )
St (7.) = 20 500 1] 5 (e
l167°¢c v c m2

= Radial outward flow of EM energy for: |b < A < r|“far zone” limit

The EM radiation linear momentum density associated with an oscillating magnetic dipole, in

the far zone limit { b < A < r } is given by:

1

y0m2w4

kg

A

sin’ @
r

{——

S’gf(dl)(F,t)z+

— rad

M)

)

(F’t) = 'Llogoglcll(dl) (F’t) c

167%¢

5

2
r

Jor o= (5

|

= Radial outward EM linear momentum flow for: |b < A < r|“far zone” limit

The EM radiation angular momentum density associated with an oscillating magnetic dipole, in

the far zone {bh < A <« r} 1s given by:

2 4 c 2
um-@" [ sin” @

h 167%c°

“yrad
Ly (r,t r

|

=

kg
m-SecC

r
t——
c

[fxf]zO
e

Jeea-o 55

= No angular momentum flow for: |6 < A < r|“far zone” limit

n.b. Again, the exact /¢ (7.t) £0 i.e. ignore restrictions on far-zone limit, keep all higher-

order terms . . . we have neglected EM" ~ 7 term which is non-negligible in the near-zone

(d ~ r) and also in the so-called intermediate, or inductive zone (4 ~r).
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Time-Averaged Quantities for M(1) Radiation from an Oscillating Magnetic Dipole:

The time-averaged EM radiation energy density associated with an oscillating magnetic dipole is:
2 4 .2
red (= ,m @ | sin” @ e
<“M71) (”af)> ~ [2127[2 2 j[ 2 J (Joufesj for: |b < A < r| “far-zone” limit, with: .
C r m

The time-averaged |Poynting’s vector|, which is also the intensity 7;** of EM radiation

M(1)

associated with an oscillating magnetic dipole is:

o 1 INY wum’w' | sin® @
Sty (7)) = e, (220 (7.0) >z( i J[ "

St (Pt = e ugty (7o) (W“?Sj.

m

Il%)(F)E<

2 “far-zone” limit
m

(Watts} b ixkr
for:

We also see that: 11%) (#) <

The time-averaged EM radiated power associated with an oscillating magnetic dipole is:

<P1\T([f)(# )> J'<S1(ff’1)( )>.ak7l ’Z;;;;I LO sin’ @sin OdOd ¢

". The time-averaged radiated power is:

Piad

2 4 R
<P h%)(ﬁ )>=[uj (Watts) for: “far-zone” limit < i (7 )>

127¢ has no r-dependence!

The time-averaged EM radiation linear momentum density associated with an oscillating
magnetic dipole is:

y 1 /g oo 1/ i 1=\ n [ ume* |[sin’@) . k
(it (7o) = cz<SM(dl)(r,t)>:z<qul)(r,t)>rz(3272_203 ]( : ]r( ke jfor: Jsher

r m -S€C

The time-averaged EM radiation angular momentum density associated with an oscillating
magnetic dipole is:

2 4 . 2
—ad { = vad (= um |[sin" 6| . .
(Bt () =7 {650, )= A | 2 e

r

0( kg jfor: b ikr

m-sec “far-zone” limit

n.b. Again, the exact <2;;’;’D (77 )> Z0 ie. ignore restrictions on far-zone limit, keep all higher-

order terms . . . we have neglected the E*" ~ 7 term which is non-negligible in the near-zone

(d ~ r) and also in the so-called intermediate, or inductive zone (4 ~r).
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[ Watts )
m2

= <§ﬁ’(dl) (r,0= 0,(p)> = <§1\%) (r,0= ﬂ,(p)> =0] since: ‘sin2 0=sin’ 7 = 0‘

] ~ o R 2_4 s 2 6
Again, note that because: 131, (7 )= <‘Sﬁfﬁ) (F,I)D ~ (/;”2’7;26; j[snrlz ]

i.e. N0 EM radiation occurs along the axis of the magnetic dipole (Z axis)

EM radiation for M(1) electric dipole is {also} peaked/maximum at & = 7/2 (then sin*@=1)
i.e. maximum EM radiation occurs L to the axis of the magnetic dipole:

(IS, (0)) 5

e
3277 r?
0=0 0=r/2 O=r

—

Thus, the intensity profile [1\’,}’(”’1) (r) in 3-D {for fixed r} for M(1) magnetic dipole EM radiation

is {again} donut-shaped {as in the case of E(1) electric dipole EM radiation} - it is rotationally
invariant in ¢, as shown in the figure below:

A

Dipale axis
Dipole axis

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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It is useful / illuminating to compare sources, retarded potentials, retarded fields, energy
densities, Poynting’s Vector, power radiated, linear and angular-momentum densities associated
with E(1) electric dipole radiation vs. M(1) magnetic dipole radiation in the far-zone limit, with

d=rb< i<rl

E(1) Oscillating Electric Dipole

M (1) Oscillating Magnetic Dipole

Source Charge:

q(7,t.)=q5(z+d/2)cos(ar,)

q(?,tr)=0

Source Currents:

I(7,t.)=—qosin(wt,)

I(7,t.)=1cos(at,)

{on Z -axis, |z|<d/2} {in x-y plane, radius b}
EM Moments: p(F.t)=q(F.t.)d, d =d2 (7ot ) = 1(7ot,) 4, = 7b*1 (F,1,)
p=gd=|p|=q|d m = zb*1 =]
Retarded
Scalar VEO(F,t) =~ Po (Cosgjsin{a)(t—zﬂ MO (Fr)=0
Potential drec\ r c
Retarded | - - i ]
Vector APV (1) _Pof G o =2 |2 AV (F 1)~ _pmofsmO el ol = - ®
Potential 4 \r c 4rc r c)]
Retarded 20 20
Ee'e?;rfc EFV (1)~ P (sin0) ol =L EMO (F,t) = pHme (SO ol =" )
Field 4r r c 4rc r c
Retarded | — 2 (gi _ 2 /s A
Magnetic B*V (F,t)~ _Hopo” [sin0 os|w| t-L || BMV (F,t) = _,uomaz) S Veos| o| t-L 1|0
Field 4rc r c 4rc r c
Time-Avg'd up'w' \( sin>@ J um'w' \( sin>@
EME 1)) ~| =2 o t .
Denziet;/gy <”E(1)(r’ )> £327z'2(32 2 <”M(1)(r’ )> 30720 2
Time-A.Vg’d rad (= arad (= ILI p2w4 Sinz 9 rad — orad - /u mza)4 Sinz 9
Poynt 1L (7 E<S r,t >z . I r <S r >z 2
Vect:r);?nltg?lsity E(l)( ) E(l)( )‘ ( 3271°c r’ M(])( ) M(l)( )‘ 327°c r
Time-Avg'd rad [ — p2w4 J - )7 mza)4
diated ~| s ra ~ 0
Re Fizf/serEM <PE(1) (r’t)> [ 127z¢ <PM(1) (l’,t)> 127¢°
Time-Avg'dEM |, wp'o \(sin’6). o d wme' \(sin*0) .
Linear M t ) =| == ) =| ==
|nealr3encs)irpjn um <((<)E(1) (r )> ( 3970 2 r <<§OM(1) (” )> 30720 2 r
Time-Avg'd EM = =
AngILrJTI]:r Mvgmentum <f]r5a(0f) (7,t)> =0 <€{\Z?l) (F,t)> =0
Density
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2005-2015. All Rights Reserved




UIUC Physics 436 EM Fields & Sources 11

Fall Semester, 2015

Lect. Notes 13.5 Prof. Steven Errede

Note for “equal” strength EM moments, where , , and we let :

Then: <P%’(F’t)>: p,m’ o' p,p’ o’ _ m’ _|m 2: ZbI Y
(e () 122 ol e i bl Bl ors
(P (7)) \e

But in the “far-zone” limit ‘d =rh< Ak r‘ we have:

<P;Z?1)(’7=t)> ([ wb
(F,t)>

rad
<PE(1)

(=) <

Thus, for “equal” strength EM dipole moments (as defined above), the oscillating E(1)
electric dipole radiates vastly more power in the form of EM waves than does an oscillating M(1)

magnetic dipole.

= This is why e.g. all commercial radio & television stations use electric dipole antennae to

broadcast their signals!

Note also that the structure of the £ and B fields for E(1) electric dipole vs. M(1) magnetic
dipole radiation, in the “far-zone” limit |d =rh<k Ak r‘ are very similar, except that the £ and
B field vectors for the M(1) case are rotated by 90° (i.e. 0 and ¢ are interchanged), compared

to the E(1) case:

E(1) Electric dipole:
M(1) Magnetic dipole:

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Y

BE() ~
B~ ¢

M(1)
EMO ~

A

4

BMY ~ -6
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The {scalar} EM wave characteristic radiation impedance of an antenna is exactly as we
defined the characteristic impedance of a waveguide; noting here that we are dealing with
manifestly transverse waves for EM wave radiation from e.g. either an E(1) electric dipole or
M(1) magnetic dipole antenna:

Y e L)
AR e )

For both E(1) electric dipole and M(1) magnetic dipole radiation, we see that the EM wave
characteristic radiation impedances of these antennae in the “far-zone” limit (d =7b < A < r)

with|c = 1/1/8()#0 are:

ZEO (F)=ZM0 (F)=pe= A =Z,=120r Q=377Q

antenna antenna g
o

Where:
1, =47x107  Henrys/m = magnetic permeability of free space / vacuum

g, =8.85x10"" Farads/m = electric permittivity of free space / vacuum

7 = {scalar} characteristi
And: |2, = [ - \/ Am>10 Henrys/m _ 150, 023770 frpedimceot e
&, 8.85x10" “Farads/m space/the vacuum.

Thus we see that E(1) electric dipole and M(1) magnetic dipole antennae (in the “far-zone”
limit (d = 7b < A < r)) are perfectly impedance-matched for propagation of E(1) and/or M(1)
EM waves into free space / vacuum!

Note also that in the “far-zone” (d = 7b < A < r), both the E(1) and M(1) EM wave
characteristic radiation impedances Z,. ... (7 ), Z., (7) have no spatial and/or frequency

antenna antenna

dependence.

12  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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The EM Wave Radiation Resistance of an Antenna:

The {scalar} EM wave radiation resistance of an antenna R4 is defined in terms of the antenna
power Py and the amplitude of the current / flowing in the antenna:

Pantenna — IZR(II’I[C"H’I(I

rad rad

or:

rad

Ranterma — Pantenna /]2

rad

p=yqd
m =nb*l For M(1) magnetic dipole antenna: /=

In the “far-zone” limit, i.e. d =7b<K A K r:

(Ohms)

For E(1) electric dipole antenna: /= gw = amplitude of current flowing in dipole

amplitude of current flowing in loop

2 4 2 g2 A 2 12
By M,P O /lob\d o pod
R = DAl 127zc>2\;o/2/ = lore (Q)] <——| nb. REOMO are both
frequency-dependent
M) umao' ,L107T2/b4\]<a)4 _ uro'b’ (Q) /
rad "~ 372 3\ 2 - 3
1276’ 124 R, 12¢
In the “far-zone” limit, i.e. d =7b<K A K r:
EQ) . Iuoa)2d2 _ a)ZdZ (lu c): a)ZdZ & _ a)2d2 E)
rad 2zc 1222777 12zt \e, 12z
474 474 414 474
b" 7o' nw'b” |u, @b U
MO HTOD c)= o _ Ml gz = [He = zE0 2 o)
rad 12c3 12c4 (ﬂo ) 1204 80 1204 rad ut: 0 : rad rad
.. In the “far-zone” limit, d =7b <K A <K r:
272 2 474 4
d 1 d b 1 b
ES) ~ = 2 Zo = (Q_J Zo and: Ri\:d(l) ~ = 4 Zo = 3 (a)ﬂ.
127c 127\ ¢ 12¢ 127 c

However, in the “far-zone” limit, d =zb <K A <K r

we have:

e

orh

C

j<<1

Thus, we see that both the radiation resistances R"*™" associated with E(1) electric dipole

and M(1) magnetic dipole antennae in the “far-zone” limit (d = 7b <« A < r) are much less than

of these antennae:

Z, =120m Q=377 Q

the characteristic radiation impedances |z
1 (wdY
E() z_(w_] Z,<Z, =377Q] and:
127\ ¢

M) _ worh

1
R ~—_—
rad 1271_3 (

4
j Z,<7Z,=377TQ
c

Taking the ratio of these EM wave radiation resistances {in the “far-zone” limit, i.e.

d =7nb< A < r} we also see that for d = nb:

or:

RM) 1 (wdY {
RO "7 )<

2
RMO) _ | (od RED o RED
rad 72_2 c rad rad

i.e. the M(1) magnetic dipole EM radiation resistance is much less than the E(1) electric dipole
EM radiation resistance, for “equal” strength moments, as defined by |/ = gw|and |d = 7b|.
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Polarization of E(1) Electric Dipole and M(1) Magnetic Dipole EM Radiation:

The EM radiation from E(1) electric dipole and/or M(1) magnetic dipole is linearly polarized
in the “far-zone” limit d =rb <K A K r:

2 : 2 .
Ef(”(F,t)z——ﬂ”pw (—Smgjcos a)(t—zj 0 Ef“”(?,t)z+w(smgjcos a)(t—z) o
4r r c 4rc r c

But: |k = w/c|and note also that cos (x) = cos (—x) = even fcn (x).

A
FEM (3 ). _ _ 5 C | EMO 5y ) 4 & @
EXV(F,t)~—cos(kr—at)0| and: |EM"(F,t)~cos(kr—awt)p z >

Note that: cos(kr - a)t)/r is associated with spherical outgoing waves (lg = kf) a‘\ %

A

However for r — oo, spherical outgoing waves — plane outgoing waves. 5.\

If: 7 = propagation direction, e.g. 7 =z, then: cos (kr — wt) — cos (kz — wt). ¢

Thus, in the “far-zone” limit, (d =zb <k A < r) forr —» o (i.e. r> A): X

Polarization of 1 to Polarization of
E(1) Electric Dipole Radiation: M(1) Magnetic Dipole Radiation:

+9, 4%

x -8
x

A~

?okseﬂnﬂl‘

k¥

)

EFV |- {|| p = qd? when 6=90"} EMV N @ {&B Y || = mz when 6 =90}
SEO ~ fx—p=+7 SMO _ Hx—0 = +7

Recall from P435 Lecture Notes 8 on the {generalized} multipole expansion of V' (77 ,t)

{and A(7,t)} the order ¢ of the multipole was related to the spherical harmonic ¥, , (6,¢).
e E(1) linear electric dipole and M(1) linear magnetic dipole radiation corresponds to the
¢ =1,m=0 terms in the multipole expansion.

e Rotating electric and magnetic dipoles (see e.g. Griffiths Problem 11.4, p. 450) correspond to
¢ =1,m ==1 terms in the multipole expansion.

e Electric and magnetic guadrupoles {of various kinds} correspond to ¢/ =2,m=12,+1,0 terms in
the multipole expansion, and so on...

e The polarization of the EM radiation associated with each such multipole therefore depends on the
¢ & m values, and thus on the associated spherical harmonic Y, , (6,¢), and thus can be linearly

polarized (LP), or circularly polarized (RCP and/or LCP) !!!

14  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005-2015. All Rights Reserved



UIUC Physics 436 EM Fields & Sources 11 Fall Semester, 2015  Lect. Notes 13.5 Prof. Steven Errede

The Time-Averaged Power Radiated by an EM Source:

The time-averaged EM radiated power associated with an oscillating electric and/or magnetic
multipole of order / {in the “far-zone” limit d = 7b K< A <K r }is:

<P/r—ajole (’7 )> _[ <Sz’aio/e( ’t)>'d‘_i¢

dd, =r’sin0d0dpi = r’dcos0d i = rde(H, (p)f

Where:

dQ(0,¢) = dcosOdp = sin 0d0d p| = solid angle (units = steradians)

O=r =27 O=r =2z
[do(6.0)=]" j::; deostdp=|" j::: sin 0d0dg = 4x | (steradians)

o
lscu%“rk Form

e’

o SUWFG-“!' fah ¢ -F-N
S rd<e) (rd
—(id(‘e&ed?’ P

=t d L

Since: <Q_pole r, 70

rad (» t)>:.|'g(d<P’mz0’€(a >} J"/’ 2”{ <P”MZUIE(4 )>Jdc089d(0 (WattS)

We see that the angular power associated with an ¢ -order multipole is:

d <me;iUle (a )> rad orad - rad - 2 A Watts
dQ ]é pole S/ pole ( )‘> ro= <S€ pole (I" Z)>'I" r (WJ

Then, in the “far-zone” limit {d =7rb <K A K r }:

d Prad — —
oy deint LT

Irad [ﬂopzza)4 ]Sinz 9 ( WattS j
327 c steradian
d <P1\2a(7) (_’ )> Irad (’7)7/,2 _<

. 20* \( sin? @ wm’ o Watts
5 (7.0) 2 um- o || sin _| & sin2g| | s
10 M(1) M(l)( )D [ 327120 }/ / 327 steradian
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Again, in the “far-zone” limit {d = 7b < A < r } the ratio:

d(Biiy (7)) [ (B FEO))_(m ) _(ap1) _[®b*fo)_ ( w_b) il T= 00
dQ dQ pc qdc /X\Ixc c d=rb
Thus, we see that for the same 6 and ¢, the time-averaged angular power radiated by an M(1)

magnetic dipole is < than the angular power radiated by an E(1) electric dipole in the “far-zone”
limit {d =7b <« A < r}, for “equal” strength moments, as defined by |/ =gw|and |d = 7b|.

(d<P&if>(f,f)q:(w_bj(d(f’éfﬁ(f,f)>}<<(d<1’£?f§(ﬂf)>}

ie.

dQ c dQ dQ

for|/ = gqw|and |d = 7b|in the “far-zone” limit {d =7b <K A K r }.
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