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LECTURE NOTES 13.75

EM Radiation Fields Associated with a Rotating E(1) Electric Dipole
Griffiths Problem 11.4:

A static electric dipole (p = qd) rotates CCW {as viewed from above} in the x-y plane with
constant angular frequency @ =2~ f , as shown in the figure below:

Fal
AY

EA

We show that a rotating static electric dipole is equivalent to two crossed guadrature-oscillating
non-rotating electric dipoles, one || to the X axis, one || to the y axis, the latter of which is 90° = z/2

radians out-of-phase with the former. The rotating static electric dipole moment| Py, (t,) = P f, (t,)

where: |0, (t,) = cosp(t, )X +sing(t,) ¥|and {here}: |o(t, ) = wt,|where: |t, =t+1/c|is the retarded
time, the time-dependence of the rotating static electric dipole can be mathematically described by:

Prot () = P Pree ()
=qd[cosg(t, ) X+sing(t,) V]
=qd [cos(a)t,)>2+sin(a)tr)9] B, (t.)=psin(at,)y
=qcos(at, )d X +qsin(et,)d §

P, ()= pcos(at, )X
= q,(t)dXx + q,(t)dy

— R —
= p(t)X + p,(t)¥
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3-D geometry for rotating static electric dipole vs. crossed guadrature-oscillating dipole pair:
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By the principle of linear superposition, we can add the separate contributions associated with
P, and p, to obtain the {total(ly)} retarded scalar and vector potentials. We could simply brute-

force/explicitly work this out from {either of} the above equivalent geometries, but we instead
show {here} a different approach to solving this problem:

Recall for the linear oscillating electric dipole aligned along the 7 -axis | B, (F.t,) = pcos(«t, )2
{in the “far-zone” limit, d < A < r } we obtained:

VrE(l)(F,t)z— P [ﬁjsin a)(t—ij :_ﬂ(rcozsejsin “’(t_ij
: dre,C\ T c drec\ T C

But: z=rcosé

VrE(l)(f,t)z—4pw (izjsin[a)(t—iﬂ
. R ’ mE,C\ I c

. For:|p,(F,t, )= pcos(at,)Z
RE (1, 1) = - LaP2 [ljsin[w[t_iﬂz
: dr \r c
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Since: x=rsindcose and: y=rsindsing, then:

Prof. Steven Errede

P, (r,t,)=psin(at, )X

VEO (Ft)~ - po (izjsin w(t—ij __ P (smecosw
" 4rec\r c 4re,C r

Jole{-2)

And:

p,(rt)= psin(at, )y

AT (T, t) = - uzrpa) (r]cos{ (t—%ﬂy
Y v

VrE(l)(F,t)z—p—(lzjcos a{t—LJ ___Po (Smesmgojcos a)(
y drge c\ r C 4re,C r

t——
C

)

Then the totally retarded potentials {in the “far-zone” limit, d < A < r } are:

vE<1>(r t)= vE<1)(r,t)+vE<1>(r,t)

W{ Jo t-EJHrszw{w(t-Eﬂ}

il T J{W'“M o

e o] (e

Ji

And:
AL (F )= ARO(F,t)+ AT9 (T 1)
el el
4z \r C c
Bt % = 5in 6c0s f + c0s c0s b —sin g

§ = sin @sin of +cos #.cos pd + cos p@

Thus: At® (F,t)= big mess in spherical coordinates!!!
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Instead of {mindlessly} bulldozing/grinding our way thru this, we can obtain

aAE(l) rt —
% and Brifl)(r’t) VxAiil)(l’ t) by:

ECO(F,t)=-VV O (T .t)-

Tot Tot

a.) Using the already known form of Er'f(l) ( F,t) that we have previously obtained from the
single oscillating dipole aligned along the 7 -axis, p, = pcos(at,)Z —i.e. we simply rotate the
E-® (,t)solution by 90° {and change the phase relation in the § -direction} to obtain
Ec®(F,t) and EZ® (F,t) associated with the B, = pcos(at, )% and P, = psin(at,)§ electric
dipole moments respectively, and then:

L(FxES (1,1)

b.) obtain the corresponding/associated B-fields using the relation |BF® (T, t) = -

Thus, recall for p, = pcos(at,)Z in the “far-zone” limit {d < 4 < r } that we obtained:

2 -
EF® (F.t)= —M(wj cos[a)(t —Lﬂ 6| however, note that: [sin@ @ =coséf — 2
: c

A r
ESO(Ft)~- Lo PO [Coser cos{ (t L but: [cos 6 ==
: 4rr CJ r
Ef(l)(r,t)z—ﬂf’pa) F— }cos{a{t L
: 4rr c
Ef(l)(r’t)z_ﬂo peo’ | x}co{a)(t <for|p, = pcos(a)t,)i
x A7xr
And: E,f(l)(F,t)z—”ZZi) { }| { (t—— «<for|p, = psin(at, )y

Thus, the totally retarded electric field {in the “far-zone” limit, d < A < r } is:

EcO(F,t)=EFO(F, 1)+ ESV(F 1)
2 (el 2]

And: BE<1>(r,t):1( xEf®(7,1))

Ttot C frot
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Thus, the totally retarded Poynting’s vector for the rotating E(1) electric dipole is:

_E?f)tot (F’t) = ﬂi(Efm(l) (r’t)x érifl) (F’t))
1 r= -
=—|EfO(F,t)(FxESW (F,t
S B (F(PXE ()
But: Axéxézg(/&é)—é(/& I§)
AT :%{( £ (r,t))z F—(EC® (T,t)F ) ES® (r,t)}
K; f—i}-f:(éjﬂf—f(-?:%—ézo
But: |EF® (F,t)+f = 0| because:
Kl f_y}.f:(l)f.f_y.f=l_lzo
r r r r
o rad ('—; t):i(EE(l)(F t))zf
E() ot ! 1, C Ttot !

In the “far-zone” limit {d < A < r }:

X

r

H, PO°
Ay

EQ)

Ttot

e -2 {7

2 r . 2 2 2
Then: Kijf—i =K%)F—f( . (é)f—f( =[X—2j—2(—) +1:1—[ij < p? term
r | r JL\r 1 \r r r
AN AN AN ANEA) vY
==Y =|| S IT-Y | S |F-V|=| 5 |-2|=| +1=1-| = 2
And _(rjr | Krzjr y_ _(rzjr y_ (er (rj + (rj < p, term
T A P N TN . 2 DU
And: _[rjr x} KrJr y} e | < P, <> P, interference term
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et (555 i ool (2] o fofe-2)
e gfe2]

(E

Tot

o (7 ]
Sl vl ol
(el

A7r o c

H, PO’
Ay

r
t——

r
t——

C C

oo

i

[
2
But: x=rsin@cose and: y =rsinédsing

4, PO’
Arxr

EE®

Ttot

(e ) <

jz l_SinzH{COWCOS[”@_EH*S‘n(psin{w(t_gmz}

H, PO’

A7r

(2wl o2)]

Thus, in the “far-zone” limit, where d < 4 < r, the totally retarded Poynting’s vector for the

rotating E(1) electric dipole is:

i

>

o rad
E()ot

1
HoC

H, PO’
Axr

(r,t)z

[

Watts

m2

J

Then the time-averaged totally retarded Poynting’s vector in the “far-zone” limit {d <« A < r }

for the rotating E(1) electric dipole is:

-3

1
HoC

1

Lanzp s (Watts
2

m2

M, PO
Axr

rad

E@ \F

(

[

)
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The time-averaged total power radiated per unit solid angle in the “far-zon

{d <« 4 < r } for the rotating dipole is:
2 2
i M |:1_15in2 0}
uc\ 4r 2

rad
PE Dot

(r,t)>=

d
d0
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e” limit

Watts
steradian

J

Note that the power angular distribution varies as:

(1-4sin® 0)

I.e. is associated with the /=1, m=41 spherical h

armonic [Y,"7 (6, )

= z-component of EM angular momentum (L, # 0

here !

I Wil
! 'iuﬂlt"u' i
LTI

masE

ii:-.:-'f_ 5

The total time-averaged power radiated into 4 ste

radians in the

rad

R (7.1)

rad
E (1)101

“far-zone” limit {d < A< r}is:
— d< E(L)r -
(Fo) =] o —hdo= [.(Se., (F.1))d

( Jj/(l——sm HJy[smedﬁd(p

<Prad

EW)a a,

4, P’ 0"
67C

:’u"pzw Zz['[”sined&—lj”sinsede}
167°c 0 270
:M(z_l ﬂj M(z_EJZM(ﬂj:
8rc 2 3 8zc 3 8zc \3
ral v ILIO p2a)4 ra H
Thus, we see that <PE(1")W (r, t)>zW=2 <F’E({; (r,t)> = 2 times the

time-averaged

radiated power (in the “far-zone” limit) for a single E(1) oscillating electric dipole.

E

Note that in general, using the principle of linear superposition: |E,,

=E, +

E,

and |B,,

thus, the total Poynting’s vector is:

§tot ﬂiémxam =ﬂi[(|§ +E ) (41 é2):|
:ﬂi[élx _’1+E2XB>2+ _’1><B>2+E>2>< #1}
or: (S, §1+§z+ﬂio(él><§2)+ﬂio(é2x )

In general, the cross terms {i.e. interference terms} in Poynting’s vector will not always cancel!!!

In the case (here) with the rotating physical electric dipole, they do vanish, because the fields of
1) and 2) are 90° out of phase with each other, the cross-term(s) vanish in the time-averaging

EQL) _
PToT

EQ) E(2)
=R+ P)

procedure. = Total power: {here}.
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EM Radiation — Low-Order Anqgular Distributions:

Table 9.1 Some Angular Distributions: [X,,.(6, &)’

m
I 0 +1 +2
- 3
D'l | o sin*# e (1 + cos®8)
ipole T T
Eiateinal g Sm 6 cos~¢ 16 (1 cos cos'd) Tom
uadrupale T
z vofa."f:\h"l
Uy LikesAS
:le,-iw- o ol L
Ko A
w- m"i?g""' :;- b
. ’Mﬁ
P &
% +9 -‘5‘ Z) f%ﬂw
=2, m=212"
2z
r A
2
Lu\cm’
¢'h~
P s
'h’ 2 PDQC
11 "
2 i=2,m=0 ,{.o'\'-m)(\'
LN‘&‘( é’\.?ot&
p'[m\é e S
f’ 8 plone, 3
< TAZ .%;% "
=1ms= w
=1, o] > F
I=lmm=tl
Figure 9.5 Dipole and quadrupole radiation patterns for pure (I, m) multipoles.
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“Far-Zone” EM Radiation Fields Associated with a
Oscillating Linear Electric Quadrupole, E(2)

Griffith’s Problem 11.11:

Construct a linear electric quadrupole from two opposing linear electric dipoles.
Take two oppositely-oriented oscillating dipoles, one with p, (t,)= pcos(et,)Z {where p = qd}

with its center located at z, =+d/2 and another with p_(t,)=—pcos(wt,)Z with its center
located at z, =—d/2 as shown in the figure below:

(}S’e,v\lad'.
F aaam
&

i:‘? cm(.h)&‘(}%
p=%9

P==p Calict)) 2

x>

For EM radiation associated with this linear oscillating E(2) electric quadrupole in the “far-zone

limit {d < A4 < r }, keeping terms only to first order in d/r, i.e. %>>% , using the principle of

linear superposition, the total(ly) retarded scalar potential is: |V,"® (F,t) =V,"® (F,t)+V,*® (F t)

Ttot

+

where: V::(l)(f't)z 4pa’c(cof9j { (t—?ﬂ (see P436 Lecture Notes 13.5, p. 10)
) 72-80 +

1) Now: riz\/r (%)2 2r((y)cose—r\/1+(cy ) (%)cos@

r.~r 11(%)0050 but: %<<1, we will keep only linear terms in (%)

z%(li(%r)cose)

And: l ~
L.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 9
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2) And:
rcosd (4
cosé, =J ~ \(c059¢1j1(1iicosﬁj
: r, 2r Jx U 2r

2
—cosa+icos 6+i— % c059~c056+icos 6+i
2r 2r r 2r 2r

—_—

~C0SOT (%)(1— cos” 0) =

<1

coseitijsinz 2]
2r

3) Then:

{15 ) -snfof 1 g

=sin {m(t—%)i(?—gcos 0} but: sin(Ai B) =sin Acos B +cos Asin B

=sin [a)(t —%)} cos KCZ—SJ cos 6?} + cos[a)(t —%)}sin Kaz)—gj cos 9}

But:

in the “far-zone” limit {d < A <r} ..

cos(~0)=~1

(a)_dj <1
c

cosS H@j cosS 6’} ~1|since;
2C

And:

sin Kw—d) coS 0} ~ (@j coséd
2C 2C

since [sina = a | for | < 1],

3 sin[m(t— %ﬂ =sin [a’(t‘%)}

+ (%} cosecos[a)(t - %)}

Then, keeping only terms linear in (d/r):

Vrf(l) (F’t) ~

+

pw (cos&’ ]sm{ (t__iﬂ

drec\ . C

cosej(cosei(i)sinze
2r

-H

~F

cosH+ sin 6+( d jcosze—
47rg cr 2r

sl
[t (5o
|

%))
{sm[a,(t_ %)}i(%jcosecos[w(t—%)ﬂ}
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Thus:
e G o G )
oot st ]
I )
«{ 5 oot o-sivejsnof )
, % (cos? 6—sin* 6)cos cos| o(t- /)|
Finally: )
e e L A C T B A
i(%)(cosz@_s”‘zH)Si”[“’(t‘%ﬂ}
Then: V5@ (F,t) =V, " (F,t) +V,"V (F.t)
i ] (2 ot el 7]
+(%)(00529 sin® 0)sin a’(t %)}
+47fg‘:’cr{cosasi =77 —(C;)S]COS ocos| oft- 1))
(31 Jeosto-sino)sin[ ot 7|
g {28 o gcs - 54)]- (& fosto-sin o) o 5}
- B Lo oot %)}—@(cosze—sinz9>sin[w(t—%)}}

In the “far-zone” limit {d < A < r}

or:

(LJ <1
or

keep only linear terms!

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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w e . . (d wd c ).
. In the “far-zone” limit {d <« A < r }, to leading orderin| — |, | — |, | — |:
r C or
2 2
. o°d ) cos g
VI (7 1)~ —| RS cos[w(t—yﬂ
o Are,C r c

Now let’s work on obtaining: [AL® (7,t)= AS® (7,t)+ AT® (T t)

Ttot

Where: |AS® (7,t) = ¢Zl°—rrmc)sin{w(t— %ﬂi (see P436 Lecture Notes 13.5, p.10)
. T,

Carrying out the same methodology as above, keeping only linear terms in (%) and (“’de :
R e A e C
2520 linfoft ) Joosoess ot 54

e AN CELE R BA)

S ———
<1

- ot ] et ] et 7]

Then in the “far-zone” limit {d «< 4 < r }, with (3] <r|or: (%) <1
(4 @

Q

00~ 22 anf =] 2 emocas ot )] & famos]oft- )]
(2 anf o] —(Z—SJcosecosjwo—%)J—(%Jcowsm[wo—%)}}
R E AT S )
{8 ol oft- )]+ [ sl o))

\_ﬁf_J
<1

. In the “far-zone” limit {d < 4 < r }, to leading order in (gj (w—dj (LJ
r C r
AEQ?) (7 +) o | Ho pcozd coséd T R
Armt (r’t)~ ( 47Z'C ]( r COS|:a)(t A):|Z
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Then the totally retarded electric and magnetic fields associated with E(2) “far-zone” EM

radiation from an oscillating linear electric quadrupole are:

and

Ttot

BE@ (F (

t)=Vx A (1 1)

mt

Note that:

]cos 7

AE(Z)(rt ~_ (/’lopa)

has no explicit ¢ -dependence

Note that: - cose COS (t %)}2 also has no explicit ¢ -dependence,
and also note that AL® (F,t)={ }Z,i.e. Al (F,t)]lZ.
Now:
TVED (1) = 6\/5512)(”) P 18\/5;2)( ’t)e
~— 47[8(: ]cos 6{——005[ (t %)}%(%)sm[m(t—%)}}f
B 4;2:;: j Zcosesme os[w(t—%)}é
~— 4'2’: ]{ cos Hsm[a)(t %)}f—%cos%cos[m(t—%ﬂf
—riz(ZCosHsine)cos[a)(t—%)}é’}
~ _[%:Cdzj GJ (%j{cosz dsin [a)(t —%)Jf

<1

—@cose[cos Or +2sin 0@} COS[w(t _%ﬂ}

In the “far-zone” limit {d < A< r}: or:

(Lj <1
or

. In the “far-zone” limit {d < A < r }, to leading order in (Qj [—j (Lj :
r

pw’d

Al

?vfﬂf”(r,t)z_(

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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8/5\';:(2)( 0 1, pw’d \( cosé 'n[ (t V)JA 0F —sindd
(P t) o | 22 sin| o(t— z D|Z= -
Next: ot Arc . c But: |Z=cosér —sin
OAE@ 3 0 .
o (w4 | Mo PO cosd ) . oy } . ) _ .
= (r,t)~+( pi. J( ; jsm[a)(t A) [cos@r sm@ﬁ] in spherical coordinates
. OAE@ (F t
hen: [E20 (7, t) =9V (1)~ P ()
tot ‘tot 6t
Thus:
EX?(r,t)~ cos? Hsm —r Jf
r £_ i i _r )
( pp ]cos Hsm t A)}r cosesmesm[a}(t %)Je}
But: [c?=—1| or: —Z:eouo
80/10 C
. 3 " T\ E(2)
EE(Z)(f,t)z(%pa)dJCOSZHSi AL nb. VV.¢
ot 4pcr term cancels with
st QAE® /ot
( mypa’d - AT . [ r JA 12 0AF® /.
(Wj{wr cos@sin @sin a)(t A) 6 fermi!

wd
C

Thus, in the “far-zone” limit {d < 4 < r }, to leading order in (gj [—J (— :
r

=5(2) [ pope’d ) cosBsing . [ r JA
B (T ,t)~+( - }( . sin a)(t %) i
Now let’s work on obtaining: |B}® (F,t) =V x AT® (F,t)

Note that Aﬁ:f) (F,t) hasonly a Z component and has no explicit ¢ -dependence.

However, in spherical coordinates: |Z = cos 8 —sin 66|,

Hence, in the “far-zone” limit {d <« A1 < r} Aﬁf) (F.1):

AE(2)

Ttot

(F t)z—(’uo pa)2d

47C

H, po’d

J 22 e oo 2]

cosd

.

|

4rc

r

Jcos[a)(t —%ﬂ[cos or —sin 663}
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Thus in spherical coordinates:

s 1 0 (. oA/ |. 1] 1 o 0 A
BE® —Vx APD == | ~ (sing & )- F+ —(r 0
fo P rsin@{ae( %) ngo:l erH 2 ar( %)}
1| 0 oA

+=| —(r
r{@r( AQ) 86’}

E(2)
B ()= 2 (eap) - 2

Thus, in the “far-zone” limit {d < A < r }, to leading order in (2) (a)_d] and (ij :
r C r

B]:f) (F.t)~ _(/‘Zi’z—f:d]{—(%j cos@sin@sin [a)(t —%)J +%(2cos€sin e)cos[a)(t —%)}}(ﬁ
~ +(%jcos Gsin H{Sin [a)(t —%)}—@ZCOS[w(t —%)J}(/A’

<1

BE(Z)( ’ ) (yopafd](cosﬁsmej (/3

4rc?

And: [EE® (£ t)~ 1, po’d (cos@sm@j é
) Ttot 47Z'C

; REQ2) (¢ 1 =E(2) A~ A

NOteagaln that Brlot (r’t) c Ehm ( t) p— rX9:¢

Note also that: [EF@ (F,t)ef =0|,|BE® (¥,t)ef =0|and |[E}? (T,t)-B*? (F,t)=0

Ttot Ttot Ttot Ttot

Note also that: E;® and B} have the same angular dependence: ~ cos&sin 6

= E(2) electric quadrupole E}® and B;® fields both vanish for |0 =0, %7, z| 1!l

Note also that: E;® and B} both vary as ~ %

Note also that: E}® and B} are in-phase with each other ~ sin [a)(t —%)}

= linearly polarized EM radiation from linear/axial electric quadrupole.
{n.b. NOT true for all types of electric quadrupoles!'}

Now let’s calculate: ug, (T,t), S5, (T.t), @rg, (F.t), (55 (F.t), Py (F.t) etc. for “far-field”

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 15
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EM radiation associated with the linear oscillating E(2) electric quadrupole:

EM Enerqy Density for E(2) Linear Oscillating Electric Quadupole:

Ut (F11) =5 (2, (FL)-EE (7,0)) = (BE (1, )85 (1)) [ 22088
2 y7A m
2
. 1 1, pw’d ) (cos®@sin’ 6 ) . ( rj
ul (r,t)~=4e | =2 sin?| w| t——
o (1) 2{ { 4rc r2 c
L[ po’d ) ( cos? @sin? 0 ( _Lj but: 1
u,\ 4nc? r? c o 1,C*
2 642 2 6472 2 Nein?
_1jmp az)fl uopc;)? cos stm 4 sinZ[a)(t—Vﬂ
2| 16r7°c 167°c r ¢
_ —
n.b. EM radiation energy is {again} carried equally by EF® and BF®®
wd (= [ M P°@°d? ) cos®@sin® ) ., oy } Joules
uE(z)(r’t)N( 1672c* r2 sin [a)(t %) m?
. . . (d wd c
In the “far-zone” limit {d < 4 < r }, to leading order in [—j (—j and (—J
r c wr
Poynting’s Vector for E(2) Linear Oscillating Electric Quadrupole:
=f

Do
167°c?

52, (1,1) - sin’| o(t- 1) ](0x5)

cos? @sin” @
r2

i =E(Q2) L RE(2) zi
,Uo(Er <677) ﬂo[

H, P*0°d

S}?%(F,tﬁ(

167°c®

)|

cos? fzsin2 Hjsinz [a)(t _%)}f

(Watts

J

In the “far-zone” limit {d <« A < r }, to leading order in [ j (a)_j ( J
c

rad

Note again that: |Stig, (F.t)=cugs, (F,t)| where: [c =cf], |f ]k
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EM Linear Momentum Density for E(2) Linear Oscillating Electric Quadrupole:
Pre (F1) = 14,6,5¢0) (F,1) =S¢ (T 1)

kg j
2 642
N ﬂopcgsd cos” 4925”1 0 \gin2 a)(t—ij [mz-sec
167°c r c

In the “far-zone” limit {d < A < r }, to leading order in [Ej (a)_dj and (ij
r C r

1
e

-

EM Anqular Momentum Density for E(2) Linear Oscillating Electric Quadrupole:

“ra r ra F k ra
8% (F.1)=Fx e (F,t)=0 (m-zec] n.b. exact EE("Z)(r,t)ﬁo.

In the “far-zone” limit {d < 4 < r }, to leading order in [gj (a)d j nd( j
r C r

Time-Averaged Quantities for E(2) Linear Oscillating Electric Quadrupole Radiation

. 1 - 2 _l T .2 _1
Recall: ;J.O cos (cot)dt—;_[o sin (a)t)dt_E

Define electric quadrupole moment: |Q;, =qdd = pd (Coulomb— mz)
ad 1, p?d?e® \( cos® Gsin* 6 Uy fja)e cos? @sin? @ Joules
<uE(2)(r,t)>z 2.4 2 = 2.4 2 3
327z°C r 32x°C r m
ORI 4, p?d%0® \(cos?Osin? ), [ 4,Q% " |( cos?@sin?0 )| (watts
< E(2) ( )‘> ~ 3271_2(;4 r.2 r= 3272_2(:3 r.2 m2

<

Time-averaged radiated power: |(Pef) (1)) = .fs,<§§§) (?,t)>odaL

le (7)

| rad

E(2) (F)

Sé?g) ( —» )‘> =C <uéa((;) ( F, t)> Quadrupole radiation pattern, 1=2, m=0

where: [dd, =r’dQ | and: |dQ=sinddéde

<P£?§>(F)> ;;;Ca;{ /%I (cos” @sin® 9)sin od o

(R (Tt )>“%J‘::COS 6(1-cos? §)sin de = £ Zdzwej' J' [ cos® 0 cos* 9 ]sin gd o
T

Let: \u=cosd, du=-sinode|, then: |[§=0:u=+1] and: |§=7: u=-1|
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Then:

<

P rad

E(2)

+1
'[0 ”[cosze cos 49]sm¢9d¢9 j u —u“)du:(lus—luf’j _2.2_10-6_4
0=0 3 5 o 3 5 15 15
- A’A%ﬁd%f P’’’ Qe
(r:0)= ( W 60rc’  60rc (Watts)

Note that time-averaged E(2) EM power radiated in the “far-zone” limit is proportional to the

square of the electric quadrupole moment

pd = qdd =qd?

Q;, = (Coulomb-m?)

Note also that time averaged E(2) EM radiated power ~o° (cf. with ~ " for E(1) EM radiation.

The time-averaged EM angular power radiated by E(2) linear electric quadrupole (Z =2, m=0 Y;“) :

d(P™ (F t . 242 6 e )0

d{Re (r) = (S5, (F.1))r’f ~ #PC O Ci Y |cos? Bsin® 6 = HoQy @ 9 |cos? gsin? o[ [ _Watts
dQ 32z°c 32r°c steradian

Note that <PE’§‘§) (F.1) >/dQ has zeros when |0 =0, 37, 7| !!!

The time-averaged E(2) EM linear momentum density in the “far-zone” limit is:

rad

e

(¢

%pw%z

cos’@sin’ 0 ). | u,Q: @° | cos®Gsin® O

kg

-

r0)=|

327%

[t | (7

r? 327%ct r? -sec

The time-averaged E(2) EM angular momentum density in the “far-zone” limit is:

<2§("2)(f,t)>:0

kg
m-Sec

[

J

The EM wave characteristic impedance of an E(2) oscillating linear electric quadrupole antenna:

ZE(Z)

antenna

\EF(” (F,t)‘

(F)

= uC= Z, =1207Q=377Q

(r,t)\

The EM wave radiation resistance of an E(2) oscillating linear electric quadrupole antenna:
Recall that for a linear oscillating linear electric dipole (also true here).

rad 242 6 292 6
rad Ho p2d2 rad rad <PE(2)> - H, P d°w H, P d“w
<PE(2)> 60”—(:3 =2 RE(Z) = RE(Z) =TT T 0a0 2 = 6072'C3(q60)2 but:
rad :uo/q/d 4d4 1 C()d 1 wd )
=D S0ne o . 60 ¢ 60 M=ozl ¢ )
C T T T
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Where: |Z, = u,C = /% =120z Q = 377Q| = impedance of free space / vacuum

d : -
But: (%) <1} in the “far-zone” limit {d <« 4 < r }, thus we see that:

1 (wdY
RIS, ~ W(_) Z,<Z,=3771Q
7w\ C
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Comparison of EM Quantities for E(1) Oscillating Linear Electric Dipole vs. E(2) Oscillating
Linear Electric Quadrupole in the “far-zone” limit d < 4 < r, to leading order in

()5 ()
r) (c or
/=1 m=0 (=2, m=0
Oscillating E(1) Linear Electric Dipole Oscillating E(2) Linear Electric Quadrupole
Moments ﬁ(t)ZQ(t)d, d :dz7 p :qd sz _q( )dd Q qdd
Retarded & 2 2
Scalar VEO (£ 1) -2 050 \sin| o[ t -~ VO (P t)~ - Q“wz €050l cos| | t—F
Potential 472'800 r C 47Z'€0C r C
Retarded | — ¢ w®
Vecor. A (1)~ —£2P2( L lsin| o -1 |2 REO) (7 ) | 2222|0080 Jooq) (L |5
Potential A r C !’\\ 47cC r\_&
A:cosef—sineé
Retarded | _. 2 (qj ~ ° n
Electic ErE‘l)(F,t)z—M SING ) cos| wf t-L](6 EF® (7,t) ~ +| Lo=z? cosgsing o[ t-L1(6
Field A r c 4drc c
Retarded | — 2 (sj -
Magnetic BrE(l)(F,t)z—M SING N cos| wf t -~ ol |BFO(F,t)~+ #eQu” cosOsind il ot - P
Field 47c r o 4xc? C
Time-Avgd |, u,p’w* \(sin’ @ wd (= 1,Q% ° | cos? esm 0
S o (r0) s | (Ul (M) = | G
Time-Avgd | PP’ \(sin O] g /oy Jl@rad " cos dsin® 6
oo, 'E<1><f>=<SE<1><”>\>z[ e | ) |l (D=8 )~ 5 | T
Time-Avg’d 2 5% e b
. rad [ = - ,Uopa) rad P ~/J0 0 @O
" ower <PE<“(r’t)>~[ 127 } (P (1) = “oores
Time-Avg’d EM 2 4 Y e 6 2 s 2
. ~rad (= )\ | P @[ SIN7E | ~rad (= )\ | H4eQp @ |[ €0sTESINT ).
i e o) = e | ) <@E<2>(“”>N( e J( 7
Time-Avg’d EM ~
rad —- rad =
AnguIaDre?]/IS(i)tn;entum <£E(1) ( t)> =0 <€E(2) (r ,t)> =0
Ch isti
Atena |ZE =7, = [Ho 21207023770 = [z2E@ =7, = [* —12070=3770
Impedance &, &,
Antenna 1 wd 2 1 wd 4
Radiation REEjl) z—(—} Z RESZ) ~ (—J Z
Resistance ra 127\ ¢ 0 o 607\ ¢ °
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Note the ratios of EM power radiated:
# 10 200) 1(Q2Y w? 1(qdd) @* 1fawdY
prad \ //prad\ | Hop @ HPo |\ 119, | @ _1f9d4d _:_(—j <1
<E<2)>/ < E<”> [ 607¢C’ 127¢ 5{ p ) ¢ 5\lqd ) c® 5\c
Recall/compare to:
2 4 2 4 2
(P (s )= ) /[ 46270 (D ) where [p=0d]and[m =071
127c 127c c
and |l =qw| and |d =zb| or:|b=d/x|
. rad rad \ _ /uomza)4 ﬂonezza)6 ~ b 2~ 1 2~ 5 ~1...
Then: <PM<”>/<PE<2>>~( 127" j/( eorc )~ 2la) “) T 2700

General comments for the ¢™ -order, m =0 electric multipole in “far-zone” limit, d < A < r:

Each successive/higher power of ¢ brings in a multiplicative factor of (a)d/c) <« 1 to the
retarded EM potentials and retarded EM fields, and thus brings in a multiplicative factor of
(a)d/c)2 < 1to the retarded EM energy densities, Poynting’s vector, EM power radiated/ EM
intensity, EM linear momentum density, etc.

e By similar methodology of above {plus suitable space-rotations}, we can obtain all of the
above results for the oscillating E(2) quadrupole e.g. lying in the x-y plane as shown in the
figure below:

e Similarly, we can also e.g. take the linear E(2) electric quadrupole (along Z axis) = place it
in the x-y plane and have it rotate at angular frequency o:

[

= Get E(2) ¢ =2,m=+1results, analogous to linear E(1)
electric dipole rotating in x-y plane (¢=1,m=+1):

= See angular distribution radiation patterns on page 8 of these P436 Lecture Notes.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 21
2005-2015. All Rights Reserved



UIUC Physics 436 EM Fields & Sources Il Fall Semester, 2015  Lect. Notes 13.75  Prof. Steven Errede

“Far-Zone” EM Radiation Fields Associated with a
Oscillating Linear Magnetic Quadrupole, M(2)

Instead of blindly/mindlessly grinding out the “far-zone” EM radiation field results for the
oscillating linear magnetic quadrupole, we can, via use of the duality transform, we can use the
results from the oscillating E(2) linear electric quadrupole to obtain results for oscillating M(2)
linear magnetic quadrupole, i.e. we will use the duality transform on the E(2) electric charge/
current density distributions/EM moments and the “far-zone” E(2) electric and magnetic fields:

Q. = Qi/c
(E5® (7,1),GBE? (7 ,1)} = (£ (7,1),cB"® (F. 1)}

Duality Transform {From P435 Lecture Notes #18 page 7-9}:

EM® EE@ cosp +sing\( EF® -
[Céwz) = Rm(<0) CéE(z) = _sing  cosp c|§rE(2) where: |9 =90" = 7/2|

| EMe 0 1)\( E=@ EM® — BE®
Thus: || gvea |=( _1 o)\ cBF@ )| = || caMo ——gF@

n.b. ¢ is not a physical/space angle here!
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The corresponding duality transform associated with the electric and magnetic charges is:

e e cosp +sing (e ;
= R = here: |p=90" = 7/2|,
(Cgm] DT((D)(Cgmj (—Sln(o coswj(cgmj Where: 19 7/

e ()2 ) ~[E2) » e

Hence for ¢ =90" = z/2:

e = -g,/c for electric vs. magnetic monopole moments {E(0) & M(0)}.
p=qd = —g,d/c=—m'/c forelectric vs. magnetic dipole moments {E(1) & M(1)}.
Q;, =edd = —g,dd/c=-Q." /c for electric vs. magnetic guadrupole moments {E(2) & M(2)}.

Note also that, as we saw for the case of the M(1) magnetic dipole, where the scalar potential
was VMY (F,t) =0, likewise, for the case of the M(2) magnetic quadrupole, the scalar potential

is also zero, i.e. V'@ (F,t) =0.

We can then {easily} obtain A¥® (F,t) from EM® (7 ,t), since:

E'rM(Z) (f,t) _ _§W_ 5'5}'\/'(;)'[(?1) _ _GAM(;(F,'[)

| —
=0

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 23
2005-2015. All Rights Reserved



UIUC Physics 436 EM Fields & Sources Il Fall Semester, 2015 Lect. Notes 13.75  Prof. Steven Errede
Comparison of EM Quantities for E(2) Oscillating Linear Electric Quadrupole vs. M(2) Oscillating

Linear Magnetic Quadrupole in the “far-zone” limit d = zb < 4 < r, to leading order in

() (5 ()
— |, |—]and | —
r c or
(=2, m=0 (=2, m=0
Oscillating E(2) Linear Electric Quadrupole Oscillating M(2) Linear Magnetic Quadrupole
Moments (jfz = q(t)aa’ Q; =qdd Q; =QZ”Z1/C 62 = |Amop, Vvoop = = 7b’%, Q=
Retarded & 2 2 r 1
Scalar V,E(z)(f,t)z—( a)zj[COS e)cos[a)(t——] V,M(z)(f,t)zo
Potential 472'800 r C/|
Raarsd || e [ o ot )(e0s8) [ (1M M@ ﬂonTiOZ cos0sind) ool o115
Potential 4rc r C/)| X 4rc r L c)|
\ - os¢9r sin 66
Retarded i - [ )
I;eac:r?c EE(2)~+ Hoez® cospsing sin| w t—L 7] EM(Z)~ COS@SII"I@ sin| w t—L (5
Field 47c r c r L C/.
Retarded i -~
Magnetic |BE? ~ 1| Ho<a? CosOSING \sin| | t -~ P|BF? ~ COSQS'”Q o[ t-L1(6
Field 47c? r C r C
Time-Avg'd “w° | cos? @sin® @ " »° )( cos? @sin? @
EME rad = ~ /uo 2z rad = ~ :uo 7z
oy [l (70) ( 2 ]( = (s (R O)=| et |
Time-Avgd | 1,Q5 0% |(cos?0Sin® 0|, vaa [y /larad 14,QN @° |( cos® @sin* 6
F G o e e R e B e
Time-Avg'd e 6 m? 6
! rad (= N M, O rad (= ~ My @
Rt e (R (7))~ o (Rt (1) = "o
Time-Avg’d EM e” 6 2 HJ m* 6 2 P02
. ~rad (o | Q@ |[ COS”@sIn” g —rad (o | A o’ |[ cos“@sin“ @ .
LlnearDlg/rI](SJ?;ntum <80|r5a(2)(r't)>~[ 3027;22 s j[ rz Jr <(§0,r\2(2)(l’,t)>~[ 3027;22 - ]( r2 r
Time-Avg’d EM . ~
rad (& _ rad (& _
AnguIaDrel;]/Isci)tr;entum <£Ea(2)(r t)>_0 <£E'°;2)(r,t)>—0
Ch teristi
amena [ZE@ =7 = [P _12070=377Q| = |20 =7, = [% -12070=377Q
Impedance &, &,
6
anee lrew o L (@d)', u@ L (@) 5
. rad 0 rad 0
Resistance 6072' 6072' C
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In the “far-zone” limit {d = zb < 4 < r }, to leading order in KEJ (a)_dj and (ij
r C wr

we (again) see that:

B (7,t) =

ol

and: B,Mm(r,t):%fxEM<2>(r,t) [Fxp=-—0

-
X
>
Il
>

PxEE (7 1) | =

. o i [ ora bY (wd
Ratio of EM wave radiation resistances: RME’Z) / RE(S) :(mj :(wj <1

2 2
Ratio of time-averaged EM power radiated: <Ph7}dz)>/ <PE?§)> :(a)ﬂbj :(wd) <1
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