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LECTURE NOTES 18.5

The Lorentz Transformation of £ and B Fields:

We have seen that one observer’s E -field is another’s B -field (or a mixture of the two),
as viewed from different inertial reference frames (IRF’s).

What are the mathematical rules / physical laws of {special} relativity that govern the
transformations of £ = B in going from one IRF(S) to another IRF(S") 727

In the immediately preceding lecture notes, the reader may have noticed some tacit / implicit
assumptions were made, which we now make explicit:

1) Electric charge ¢ (like ¢, the speed of light) is a Lorentz invariant scalar quantity.
No matter how fast/slow an electrically-charged particle is moving, the strength of its

electric charge is always the same, viewed from any/all IRF’s: e=1.602x10"" Coulombs.

{n.b. electric charge is also a conserved quantity, valid in any/all IRF’s.}

Since the speed of light ¢ is a Lorentz invariant quantity, then since ¢ = 1/ €, 1, thensois
= 1/&,u, ; the scalar EM properties of the vacuum - &, and z, are separately Lorentz

invariant scalar quantities, i.e.
&, =8.85x107" Farads/meter
u, = 4rx107 Henrys/meter

same in any/all IRF’s

2) The Lorentz transformation rules for E and B are the same, no matter how the £ and B fields
are produced - e.g. from sources: ¢ (charges) and/or currents 7, or from fields:

eg. VxE= —6§/6t , etc.

The Relativistic Parallel-Plate Capacitor:

The simplest possible electric field: Consider a large ||-plate capacitor at rest in IRF(So).
It has surface charge density Fo, (Coul/m*) on the top/bottom plates respectively and has plate

dimensions 7, and w, {in IRF(So)!} separated by a small distance d </, w,.

In IRF(So): Electric field as seen in IRF(So):
Eoon)A’zﬂ); E0:ﬂ
g() g()

No B -field is present in IRF(So):

B, =0|= no currents present!

n.b. E, is non-zero only in the
gap region between || -plates
{i.e. neglect fringe field}
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Now consider examining this same capacitor setup from a different IRF(S), one which is
moving to the right at speed vo (as viewed from the rest frame IRF(So) of the || -plate capacitor)

i.e. v =+v,x is the velocity of IRF(S) relative to IRF(So).

Viewed from the moving frame IRF(S), the || -plate capacitor is moving to the left
(i.e. along the —x -axis) with speed —vo.

The plates along the direction of motion have Lorentz-contracted by a factor of |y, = 1/ J1- (v0 / c)2 ,

i.e. the length of plates as seen by an observer in IRF(S) is: [£ = £, /7, = /1= (v /) £, |

{n.b. the plate separation d and plate width w are unchanged in IRF(S), since both d and w are
1 to direction of motion!!}

Since: |0 = Qo = O but: QOrnr = Lorentz invariant quantity
Area [(*w
And: |0, = %:‘ J Qo but: w=wo and d=do since both L to direction of motion.
* W,
0 0

Thus: Qm,=a€%=00£0% = |ol=0yl,| = |o=0,({,/!)

But: |(=(,/y| = 0'=00{AJ=}/00'0
0

The surface charge density on the plates of capacitor in IRF(S)
Thus: |0 =y,0,| butsince: |y, >1| =|o >0, _ >
is higher than in IRF(So) by factor of y, =1/ /1 - (Vo /c)

To an observer in IRF(S), the plates of the || -plate capacitor are moving in the —v,x direction.

Thus the electric field £ in IRF(S) is:

EL :_y:yo_y:yOEd_ Where: 0-2700-0

The superscript L is to explicitly remind us that|E* = y,E; | is for E -fields L to the direction
of motion. Here, v =+v,x between IRF’s.
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Now consider what happens when we rotate the {isolated} ||-plate capacitor by 90°

in IRF(So), then

but:

The plate separation distance d is Lorentz-contracted in IRF(S):

(=1,
w=w,

— O A~ —
E=—%x=E
go
_ Qtot _ Qtot _ Qtot =0
- - - - Yo
Area (w [ w,
= O . Oy. =
E'=—3%="3=E)
80 80
gl —
E'=E,

<— E -field in IRF(So)

X|in rest frame IRF(So), but in the moving frame IRF(S):

9N
&
p3
& (]-=
T o ! >4
Es! i
7
— w
s¥ VI
- d s
d=d,/y,| but has no effect on

E {in IRF(S)}, because E does not depend on d! Why??? Because here, the || -plates were first
charged up (e.g. from a battery) and then disconnected from the battery!

= Potential difference:

Since:

AV (IRE(S))# AV, (IRE(S,))

(-5

Ay
dO

d  d,

AV AV}

AV (IRF(S))=y,A¥, (IRF(S,))

but:

n.b. IRF choice has intimate

— connection to gauge invariance!!!
AV AV

d=d,/y,| = =—2
dy /70 d,

The || -plate capacitor is deliberately not connected to an external battery (which would keep
AV = constant, but then we would have o =0o,, inthe L case and o # o, in the || case.

Currents would then flow (transitorially) in both situations. ..

Note that we also want to hang on to/utilize the Lorentz-invariant nature of Qrr, which is
another reason why the battery is disconnected...
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But wait !!! This isn’t the entire story for the £M fields in IRF(S) !!!
In the first example of the “horizontal” || -plate capacitor, which was moving with relative

velocity ¥ =—v,x as seen by an observer in IRF(S), shown in the figure below:

The moving surface-charged plates of the || -plate capacitor as
viewed by an observer in IRF(S) constitute surface currents:

Ié =t+0ov,X| (Amps/m) with: |0 = y,0,| (Coul/m?).

The two surface currents create a magnetic field in IRF(S)
between the plates of the||-plate capacitor !!!

Side / edge-on view: B-fields produced (use right-hand rule):
. Sode 7
T IRF(S): 3 A 2:?0'\5?_ k\- ®r$¢u* !?“‘Ke'ﬁ )
NG -— *————'—_ﬂ____,m! d=d - %
° 4 @F—- —é;u'\'ow("%\
g +q % - faNY
2 -y ~ v ("2
poge K =TRX Yo < Be Bidorsps 2
By O Bodid pugetr?)
-D VIEwW,
orl Lt Ampere’s Circuital Law:
TTOM
+T Plade’

. ¢C E’d? = lLl0[€’1Cl = luo J.Ow Kidw
=2Bw=pu K,w

B, B (v>d)=stos =y 20
_ K 1OV, .
B B d)=- =

- (yed)=-"=t=mm

Add §+ and B_ to get the total B -field:
(

B (r>d)-AT: AT

In IRF(S): < |B,, (0<y<d)=- “0‘2”0 5 ”U;VO E=—y vyt
B, (0<y) =+£T0: A%h:_g
L 2 2
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Thus, in IRF(S) {which moves with velocity v =+v,X relative to IRF(So)}

we have for the horizontal || -plate capacitor:

E exists only in region 0< y<d:

B exists only in region 0< y<d:

In IRF(S):

The fact that B exists / is non-zero only where E exists / is non-zero is not an accident / not a “mere

EZIBO')%

coincidence! Note also that {here}:

1

O O, - ~
=% OyzyoEoy
& &

o

<>

where:

and:

O =700,

B=—p0v,z=~y,1,0,V,Z2=—

%VOﬂoEoé

where:

B=1pxE

and:

— A A o- A
E:Ey:%Eoy:]/og_oy-

o

The space-time properties associated with rest frame IRF(So) are rotated (Lorentz-transformed)

in going to IRF(S).

EO in IRF(So) only exists between plates in rest frame IRF(So) {neglecting fringe field}
Gets space-time rotated (Lorentz-transformed) in going to moving frame IRF(S)
— E and B in IRF(S) exist only between the capacitor plates in IRE(S).

E and B between plates in IRF(S) comes from / is associated with EO between plates in IRF(So)

Point is: EM field energy density uem (x,y,z,t) must be non-zero in a given IRF in order to have
EM fields present at space-time point (x,y,z,t)!

EM field energy densities Uo and u
# 0 only in region between plates of
||-plate capacitor.

In IRF(So0):

uy (7 ty) =36, =50,

<« E,only

SN

bh

: u (77, t)

In IRF

=18, B (F,t)+ 5B (7.1)

=le, By +ie, i BiEy =te,ve (1+ 87 ) Eq

n.b. If EM energy density uo = 0 in one IRF(So) — u = 0 in another IRF(S).

Poyntings Vector:

In IRF(So0):

Sy (7, ):%E (7,2, )% Bk#71,) =0

In IRE(S): [S (7,

t) =L E(F,t)x B(F,t)=—

70_ 70}'/0-0"0

2

2 O, 2 %
—_70 Vox__yogoE Vo X

0
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Momentary Aside: Hidden Momentum Associated with the Relativistic Parallel Plate Capacitor.

N N o A 1
Between plates of E=—y=y,—y| where: |0 =y,0,| and: |y, =
. & E l_ﬂZ
|| -plate capacitor 0 0 \ 0
n RECS): B= —H,0VyZ =~ 14,00VyZ By =v,/c
U . , OV Tiﬁ VoV, . )fxy:f
Between plates of || -plate capacitor (only!): |S =—ExB=—y; =% (pxz)=—"22L3% @
Hy ) €y

IXX=Y

Poynting’s vector points in the direction of motion of the || -plate capacitor, as seen by an observer

in IRF(S), and only exists/is non-zero in the region between plates of the || -plate capacitor.

EM field linear momentum density in IRF(S):

- _ < _ 2 2 2
8OEM - goluoS - _70/uoo-0 VO'x .

- Points in the direction of motion of the || -plate capacitor, as seen by an observer in IRF(S),
- Only exists/is non-zero in the region between plates of the || -plate capacitor.

- n.b. In rest frame IRF(So0): Bo=0 = Poynting’s vector 50 =0 and thus §9,, =0!

EM field linear momentum in IRF(S):

Dey = SEEM *Volume(IRF(S)) = @EM Vs

!
Volume (in IRF(S)): |V = twd =—w,d,|, where: |{ =, /7,|,|w=w,|and: |d =d,| {here}.
7o
Volume (in IRF(So): |V, = ¢ wyd,|. Thus: |V =V, /7, |
s 2 2 A 2 2 Lomd, 2 - 2 -
NPy = VoM, OV VsX = =Y 00V ¥ ———X ==Y 1,04V, (gowodo)x ==V MoO VoV opX
0 N
- /. = -
The “hidden momentum” in IRF(S) is: | Ppiven = —z(m xE ) where 7 = magnetic dipole moment
c
where: |m =—14,Z| with: |/ zjlz-d% = Kw|where: |K = ov,|. Note that: |m || B|
. . l, .
The cross-sectional area is: [ A, = (+d =| =% |d,| since: [{ ={,/y,| and:|d =d,|, |w=w,|.
Yo
Side view (in IRF(S)):
N 7000

r X7 4

r ;‘ - r71:—IALE:—wad=—(Gv0)w0€—°d02

A ® + 7/0

K, A
— X

6
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. In IRF(S):
. 1 P e V.00, . NER!
Praien = ——50oVo (LoWody ) * 7y —2 (2% D) =+ 220 (L wydy ) X = +y, 14,0, vV, X using | = €, 4,
c g, N c
. - | . - — .
Thus in IRF(S): | Pyigsen = c_z(mx B) =47, 1,00V, Vo k| But: Py, =¢, (EX B) Vg = 1 Oy VoV ok
Thus, we (again) see that: | p,.... = —Pxy| for the relativistic || -plate capacitor !!!
: = s 1 = = -
Note that in IRF(So0): |B, =0| =|S, =—E,xB, =0|=|p,, =0/
H,
. 1, = = —— . e
But note that:| P, = —2(m0 X BO) =0}, thus | P},usen = —Prr| 18 @IS0 valid in IRF(So).
c

= The numerical value of hidden momentum is reference frame dependent, i.e. it is NOt a
Lorentz-invariant quantity, just as relativistic momentum p {in general} is reference frame

dependent/is not a Lorentz-invariant quantity.

Now let us return to task of determining the Lorentz transformation rules for £ and B :

For the case of the relativistic horizontal || -plate capacitor, let us consider a third IRF(S") that
travels to the right (i.e. in the +x -direction) with velocity v =+vx relative to IRF(S).

In IRF(S"), the EM fields are:

E'=

O_!

—¥| and:
£

B'=—pohiz

o

From use of Einstein’s velocity addition rule: V' is the velocity of IRF(S”) relative to IRF(So):

, v+,

1%

_1+vv0/02

with: |y

!

1—(v'/c)2

1
and:

o' =yo,

We need to express £’ and B’ {defined in IRF(S")} in terms of £ and B {defined in IRF(S)}.

' R ) ) , 1 1
E'=Z5=L205 where: |y = | and: 0, =—|and: 7, B e

80 go 1_(‘}'/0) 7/0 1—(V0/C)
= ( ~ = N ol "z ' o .
E'=LZ 5| but: |[E=Z5|{inIRF(S)} -~ [E :(LJE:(L}_

7/080 80 7/0 7/0 80
B'=—p0V:=—yu o,z but: |o, = o/,
B = _[;—j w,oV'E| but: |B= —Vold,OoVoZ = —p,0V,z| {in IRF(S)}

0
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v+,

Wc/z

Z=—po(v+v,)2

' 1_ 2 2
Now (after some algebra): (L]: (VO/C)Z = 1+W°/62 :}/(1+v—v2° where: |y =
) \1=(¥)e) \1=(v/e) ‘
But: V'Z(V—i_—vo)2 and: || L =)/(1+vv0/cz) with: 7/5;2
(1+vv0/c ) 7o 1—(v/c)
q
E’:ELJE: r zj/:)/(1+vvo/cz)£f/
70 7/0 50 80

. In IRF(S"):<

.

Compare these to the E and B fields in IRF(S):

. . . 1
E:Ey:yoﬁy where: |0 = y,0,| and: |y, = -
In IRF % % -5
5 . s v
B =—p,0v,z2 ==y 1,00v,2 By = %
Using: |, = 1/ c’e, | we can rewrite E' in IRF(S") as: Very Useful Table(s):
XXP=Z| |pxxX=-Z
=, o . - o . . o allao A s
E'=y—3 + mwoy=y|—F |- rv(-1,0v,)F pxZ=R||Exy=-%
g, £, — Ala AATO A RN
=B. zxx:y<x><z:—y)
—E. in IRF(S)
in IRF(S) /v
where: and:|B=B.z| = [VxB=vB, (¥x2)=-vB.J
—
==y
E'=E$=(yE,~yvB,)9=y(E,~vB,)5|  Orsimply: |E, =7(E,—-vB.)
Likewise, again using: |1, = l/ c’e, | we can rewrite B’ in IRF(S") as:
=) . . . . v (o).
B'=—yu,0(v+v,)Z=—y,0v2 — yu,ovi=y(-p,0vz) — y—|— |2
—_— C 80
—B=B.? -2
in IRE(S) =E,
in IRF(S)
= ' a R Vo . % A . ' v
B'=Bz=yBz—-y—Ez= V(BZ ——zEij Or simply: |B. = }/(BZ —?Ey)
c c

Thus, we now know how the E), and B: fields transform.

8
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Next, in order to obtain the Lorentz transformation rules for E: and By, we align the capacitor
plates parallel to x-y plane instead of x-z plane as shown in the figure below:

o~

_T 3 In IRF(S) the {now} rotated fields are:
[(By | R B =9 5= g
E &
A &= / A —
° —z> A B =+u,0v,3 =By
+ ) )
S Use the right-hand rule to get correct sign !!!
—-q
Fas
=

The corresponding £ and B’ fields in IRF(S’) are (repeating the above methodology):

! ! v
E =y(E.+vB,)| and: B},:;/(Bywtc—zEZj

As we have already seen by orienting the plates of capacitor parallel to y-z plane:

E! =E | — n.b. there was n0o accompanying B -field in this case!

= Thus we are not able to deduce the Lorentz transformation for Bx (|| to direction of motion)
from the || -plate capacitor problem...

So alternatively, let us consider the long solenoid problem, with solenoid {and current flow}
oriented as shown in the figure below:

In IRF(S): g In IRF(S):
E=0
§=/w“3: % (Gsicte. C““Q - A A
£ B =B x=punlx

We want to view this from IRF(S"), which is moving with velocity relative to IRF(S).

In IRF(S): |n = N/L|= # turns/unit length, N = total # of turns, L = length of solenoid in IRF(S).

Viewed by an observer in IRF(S"), the solenoid length contracts: L' = L/y| in IRF(S")

N N

. In IRF(S"): |n' =— = y — = yn|= # turns/unit length in IRF(S"), where:

T
L L SN J1I=(v/e)

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 9
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However, time also dilates in IRF(S") relative to IRF(S) — affects currents:

I—d—Q in IRF(S)= I’:d—Q:(ﬁjd—Q:(ﬂjl in IRF(S"). But: (ﬁj:

iray

1
dr dt’ \ar')dr \dr dt') vl y

B'=Bx=unlx=p, (Xn)(iljfc =unlk=Bx=B| . |B.=B,

Longitudinal / parallel-to-boost direction B-field does not change !!!

Thus, we now have a complete set of Lorentz transformation rules for E and B, for a Lorentz

transformation from IRF(S) to IRF(S"), where IRF(S’) is moving with velocity relative
to IRF(S):

E =E. B =B, y=1/1-p
E =y(E, ~vB)) B}',:;/(Bﬁc%EZj ﬂ:%
E =y(E,-vB,)) B :y(BZ—Cleyj

Just stare at/ponder these relations for a while — take your (proper) {space-}time...
Do you possibly see a wee bit of Maxwell’s equations afoot here ??? ;)

Two limiting cases warrant special attention:
1.) If |B=0/in lab IRF(S), then in IRF(S") we have: |B' = ylz(E P-Ez)= %(E;y—E;é)
c

But: B’=—L2(vxE') in IRF(S") 11

C

2.) If |E =0]in lab IRF(S), then in IRF(S") we have: |E'=—yv(B.j— B 2)=—v(B.y-B,%)

But: [V =+vi| . |E' =V xB'|in IRF(S) « i.e. the magnetic part of Lorentz force law !!!

Griffiths Example 12.13: The Electric Field of a Point Charge in Uniform Motion

A point charge ¢ is at rest in IRF(So). An observer is in IRF(S), which moves to the right

(i.e.in the +% direction) at speed vo relative to IRF(So). What is the E -field of the electric
charge ¢, as viewed from the moving frame IRF(S)?

10  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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In the rest frame IRF(So) of the point charge ¢, the {static} electric field of the point charge g is:

- 1 . .~ T
A E =4—%r0 where: |7y =x; +y; +z, |and: |7, =l
Y e, 1, To
— i E _ q xO d 7 — » 5 -
Tn IRF(S) b7 obsecver@f 0. =7 L, and: |7, = x X+ Y,y +z,2
€, ( + e+ )
(X‘,}go’&) Xo T Vo T2
,2. w~ TRF(Ss) P q Yo
0, = 3
A (e
CW < © . -
%- otigin~ (5 b EO: = 1 0 3
TRF(Se) o (xp+ys+2)”
But: [E* =7,Ey| and: |E' = E| |7, 21/\/1—(“0/0)2

Then in IRF(S), which is moving to right (i.e. in the+x direction) at speed vo relative to IRF(S):

E = E, =1 al )
! “ dge (2, 2, 2\
0 (xo +y, + ZO)
E—yEg -4 VoVo n.b. These relations are expressed
y T 7ok, A > in terms of the IRF(So) coordinates
4re, (x2+ 2+Zz)z
0 Yo T2 (x0, y0, z0) of the field point P.
q Yoz
E = 70Eoz = 4 0 4
o (wevira)” ]

However we want/need the IRF(S) E expressed in terms of the IRF(S) coordinates (x, y, z) of
the field point P. = Use the inverse Lorentz transformation on the coordinates:

. In IRF(S) at the IRF(S) present time ¢

’
[

£ (x,9,2)

Observation/field point in IRF(S) at present time ¢:

Inverse Lorentz Transformation:

% Xy =7y (x+v5t) = 7,R, R=RZX+R J+R:2
= ¢ 4
R (= X Yo=V=R, 7/0—1/ 1-(v,/c)
Zy,=z=R,
2
Then: |x; +y; +z; =7]| = ngj+Rj+Rj = |y¢R*cos’ @+ R*sin’ 0

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Then since: |R* = R’ +(Rj + Rf) = (Rf + Rzz) = R’sin’@| Since: |R* =R’ (cos2 0 +sin’ 9) .
.. In the moving frame IRF(S):
E = q Yok, 7 |— Picked up Lorentz factor ¥, from
are, ( }/g R? cos” @+ R* sin’ 19) ? Lorentz transformation of coordinate
\
E — q yOR,V
VAme, (2 p2 a2 22 g\
’ (7 o R" cos” 0+ R sin 6) > Picked up Lorentz factor y, from
g -4 VoR, Lorentz transformation of field
z 3
are, (7/§R2 cos” @+ R’ sin” 6)4
S
& q 70E . 5 A
E= 7 with: |[R=Rx+Ry+RZ
47z, (ijz cos’ 0+ R’ sin’ 0
. R R R ———— ~ R
or |E=-1 Y —| — || where: |— =—| since: [R=RR| or: |[R=—
4re, (7/2 cos? 0 +sin> 9)4 R R R R
0
a 2
= R 1
E=—1 % - —| with: |[—= 1—(ﬁj
4re, P ( , U s % R 7 c
75 "| cos H+/zsm 0
Yo
2 2
) )
- q C R q C R
Thus: |E= — = —
dre, 2 % R* 4re, o) % R
[l—sinz 49{1—(“)) ]sm2 9} (1—W+§M—(°] sin’ 9}
c c
2
(1 — (V‘)j ] . = Oliver Heaviside’s 1888 expression for the retarded
Thus: |E = q ¢ i — electric field Em (77 ,t) expressed in terms of the IRF(S)
4re, v\ , % R? present time ¢ !!! See/compare with Physics 436 Lect. Notes
1- (c‘)) sin” & 12, p.21-24/ Griffiths Ch. 10, Example 10.4, p. 439-440.

In the moving frame IRF(S), the unit vector R points along the line from the present position of

the charged particle at time 7 !!!

=

E|R

because the y, factor is present in the numerator of each of the x, y,Z components !!!
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Griffiths Example 12.14: Magnetic Field of a Point Charge in Uniform Motion

A point electric charge ¢ moves with constant velocity in the lab frame IRF(S).

Find the magnetic field B in IRF(S) associated with this moving point electric charge.

—

Note that in the rest frame of the electric charge {IRF(So)} that |B, = 0| everywhere.
= - = |
. In IRF(S) the electric charge ¢ is moving with velocity and: |B = ——2(\/ xE ) )
c
2
(v .
. . . . .z q (1 (4 ) j R |T1=
But the electric field of moving point charge ¢ in IRF(S) is: | £ = Are ; TR E|R
(See pages 3-6 above/Griffiths Example 12.13) ’ (1 —(%) sin’ 9)
2
(v ;
B=—1 (7xE)=2* qv(l (4) )Sme L 16| where: [0 T (5R) | xR =vsin 6 ¢
= - = —_— : = ° X = mn .
2 AWE @l where cos (v , |V Vs (1))

_E(l—(%)zsinz 9)

If the point electric charge ¢ is heading directly towards you (i.e. along the +z direction)

then ¢ points counter-clockwise:
A 2 (out of page)

NOTE: In the non-relativistic limit (v < ¢):|B = ( ad JQ(

The Biot-Savart Law for
a moving point charge !!!

NOTE ALSO: H.C. Qersted discovered the link between electricity and magnetism in 1820.
It wasn’t until 1905, with Einstein’s special relativity paper that a handful of humans on this
planet finally understood the profound nature of this relationship — a time span of 85 years —

approximately a human lifetime passed!

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 13
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Figure 6-9. Lines of force for a charge Q moving along the diameter of an
imaginary sphere. The dots show where lines emerge from the sphere at the
instant when the charge is at its center. The density of the dots is a measure of
the electric field intensity. The total number of dots is the same in all six ﬁgures,
so as o satisfy Gauss’s law (Section 6.8). Note how the field shifts to the region
of § = 90° as the velocity increases. For U = c the field is all concentrated at

# = 90°.

!

Figure 6-14. The electric field intensity
is the vector sum of —V} and
—dA4/ar.

14  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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e
P x-vi %
' an,
v
''''' > present
POSITION

Fig. 26-3. For a charge moving with
constant speed, the electric field points
radially from the “present” position of
the charge.

B =090

rigure o-15, Equipotential surfaces ¥ = Constant for a point charge Q moving
either to the right or to the left. The equipotentials near Q are not shown because
they are too close together. § Fig. 26-4. The electric fleld of @

charge moving with the constant speed
v = 0.9¢, part (b), compared with the
field of o charge at rest, part (a).

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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090

[ 1 L | i | L | 1 1 1 1

0° 30" 60° 90° 1200 1507 1807

Figure 6-10. The electric field intensity E of a moving point charge as a function
of the polar angle # of Figure 6-6, for seven values of 8 = U/c. The observer is
stationary and sees the charge moving at the uniform velocity V. For 8 = 0 the
field is isotropic. It is hardly disturbed at 8 = 0.25. As the velacily increases the
fleld increases near § = 907 and decreases both ahead of the charge (near 6 = 0)
and behind it (near # = 180°). At extremely high velocities most of the electric
field is concentrated near 8 = 90°, These curves explain qualitatively the validity
of Gauss’s law for moving charges: as the velocity increases, the flux of E shifts
from the regions where # =~ 0 and = 180° to # = 90° and the total flux of E
remains constant, (Then why are the areas under the curves not equal 7) Note that
the electric field is always symmetrical about 90°. This means that there is no
way of telling, from the shape of the field, whether the charge is moving to the
right or to the left. The vertical scale gives E divided by Q/4weyr.

B
E (6& - a) 06

04

30 60 90 120° 150° 180K

i
Figure 6-11. The magnetic induction B of a moving point charge as a function of
the polar angle 8 for seven values of A. For 8 = 0 there is no magnetic field. As
B increases, B first increases at all angles. Then B continues to increase near
6 = 90°, while decreasing both ahead of the charge and behind it. At extremely
high velocities, most of the magnetic field is concentrated near the plane # = 90°,
Note that the magnetic field is symmetrical with respect to € = %0°. The vertical
scale gives B divided by uQyc/dnr?, and thus the maximum ordinate on any
curve is .

16 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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(a) (b)

Figure 6-8. (a) Typical line of E, and (b) typical lines of B for a charge
©Q moving at a constant velocity U, as seen by a stationary observer.
The electric field is radial. The lines of B are circles centered on the
trajectory and perpendicular to it.

Fig. 26-5. The magnetic field near
@ moving charge is v X E. (Compare
with Fig. 26—4.)

The Electromagnetic Field Tensor F*’

The relations for the Lorentz transformation of E and B in the lab frame IRF(S) to £ and B’
in IRF(S"), where IRF(S’) is moving with velocity |\7 = +V33| relative to IRF(S) are:

E' components B" components

e =E e )
E =y(E,~pcB.) B, =y(B,+BE.[c) 7=i\1-p°

/ E! =y(E.+ pcB,) f B =y(B.-BE,|c) B=Y.

E* components B* components

It is readily apparent that the six components of E and B field certainly do not transform like
the spatial / 3-D vector parts of e.g. two separate contravariant 4-vectors ( E* and B*), because
the (orthogonal) components of £ and B L to the direction of the Lorentz transformation are

mixed together {as seen in the case for B=0 in IRF(S) resulting in|B' = —c%(fzx E') in IRF(S")

and the case for £ =0 in IRF(S) resulting in E' =V xB'|in IRF(S N}.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 17
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Note also that the form of the Lorentz transformation for || vs. L components is “switched”
{here} for the EM fields vs. 4-vectors!!!

v

Recall that true relativistic 4-vectors transform by the rule: |a"* = A* a"|,
e.g. for a Lorentz boost from IRF(S) — IRF(S’) along v =+vx .

Specifically, recall that |x" = A* x"|is explicitly:

ct' =y (ct— fx)
Parallel components: —>|x' = y (x — Bct) E' =E, B =B,
Perpendicular n E, = y(Ey —ﬂch) B, = ;/(By + ,BEZ/c)
Components: { [z =Z] E' :7(Ez+ﬂcBy) B :y(Bz—ﬂEy/c)

For a Lorentz transformation |x"* = A* x"| from IRF(S) — IRF(S’) along v = +vx,

the A” tensor has the form:

Row index
y =y 00
N — 0 0
}”V = ?(;ﬂ ](; Lol € n.b. A* is a symmetric matrix
0 0 0 1

Column index

Thus, there is N0 way that the six components of the £ and B fields can be construed as being
the spatial / 3-D vector components of contravariant 4-vectors, e.g. £“ and B”.

(What would be their temporal components/ scalar counterparts: E° and B’ = ???)

It turns out that the 3-D spatial vectors £ and B are the six unique components of a 4 x 4
rank-two EM field strength tensor, F*“"!!!

A 4 x 4 rank two tensor t*° Lorentz transforms via two A -factors (one for each index):

" = A "N’ | In matrix form: |’ = AtA” = AtA|because A is symmetric matrix

Where %7 is
Column# 0 1 2 3 Rowt#

00 01 02 03
Row t t t t 0 r-s, t- s, t-s. n.b. Bach
N 10 L1 L2 13 clement
1o t t t t 1 s.-t s -85 S.-8§ 8. -8, of tensor
TAT 0 21 2 3 = ) = 7 has
? t t t t 2 Sy, - ! S, =8, S,-8, 8, -8, tempgr?l—
spatia
Column t30 t31 t32 t33 3 s -t §.-8. 8. - S, 8.-8. meaning!

18  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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The 16 components of the 4 x 4 second rank tensor ¢*° need not all be different (e.g. A* )
— the 16 components of #*” may have symmetry / anti-symmetry properties:

Ao _ oA

Symmetric 4 x 4 rank two tensor: t +t

Anti-symmetric 4 x 4 rank two tensor:  |t* =—t”

e For the case of a symmetric 4 x 4 rank two tensor , of the 16 total components,
10 are unigue, but 6 are repeats:

PO =410 02— 20,03 _ 30

2= 21 A3
e

00

0

—_

sym.

t
t
tﬂo‘ 0
t
t

03

e For the case of an anti-symmetric 4 x 4 rank two tensor , of the 16 total
components, only 6 are unique, 6 are repeats (but with a minus sign!) and the 4 diagonal

elements must allbe = 0 (i.e. X =¢'"1=7£2=7£3 = 0):

Pl =10 02— _p0 03— _30

2

2= _p1 3= _pl

p2—_ 23

O tOI t02 t03

o _ PR PIERE
e L I =
PR R S

So it would seem that the six components of the spatial / 3-D E and B vectors can be
represented by an anti-symmetric 4 x 4 rank two contravariant tensor !!!

Let’s investigate how the Lorentz transformation rule | = A*,t*”A”_| for a 4 x 4 rank two

anti-symmetric tensor "%, works (6 unique non-zero components). Starting with |#'”' = A°,#*7A" |

sym.

Column # 0 1 2 3 Row#

\ 4

y =8 0 0)|0 o ™ ™

—~ 0 0|1 "0 M

A#i (01‘ Ava) - 7 tjnii - 02 12 23
0 0O 1 0 2 sym. | —t —t 0 ¢

0 0 0 1)v3 —+”® % P 0

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 19
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L Row # A_OO A_O1

We see that A’, =0, unless =0 or 1: y  —p
= Column #

Row # Alo Al1

We also see that Ali =0, unless 0=0 or 1: —_;/ﬂ y_

" Column #
.. There are only 4 non-zero terms in the sum:

t!Ol =A01tiO'A]O_ =A00t00AlO +A00t01A]1 +A01tIOA10 +A01t1]A11

But: /=0 and ¢'! =0, whereas: *' = —¢1°.

Prof. Steven Errede

101 _

Lt = =

(AOOAll—AOIAIO)tOI (7'7/—(—7/ﬂ)(—7/ﬂ))t012(72—72ﬂ2)t01 7/2(1_

ﬂz )tm

101 _ 01

But: [ :1/(1—ﬂ2) t

One (e.g. you!!!) can work through the remaining 5 of the 6 distinct cases for

. 1

(or for completeness’ sake, why not work out all 16 cases explicitly!!!) . ..

t!;tv — A#itiaAvo_

The complete set of Six rules for the Lorentz transformation of a 4 x 4 rank two contravariant

tryv — AHZZJUAVO_

anti-symmetric tensor are:
=" - |EZE
e R
e - [
7 =1 - BB
e T
e R

As can be seen, the above Lorentz transformation rules for this tensor are indeed precisely

those we derived on physical grounds for the EM fields!

Thus, we can now explicitly construct the so-called electromagnetic field ten

— a4 x 4 rank two contravariant anti-symmetric tensor:

FO —0 FO F FO3 0 E,

o FO — _po F'l'=0 F2 F - _p _ -E, 0
FO__p%n pr__po F2 =0 Fo _Ey —cB,
F3 _ _po F3 F® _ _p® F¥ =0 —E, cBy

sor F*
E, E.
cB. —cB,
0 cB,
-cB. 0

20 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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x v z
v -E 0 cB, —cB, E-field representation of
o= E, -cB. 0 ¢B. F*" (S units: Volts/m).

-E. B, -—cB 0

Note that there exist alternate/equivalent forms of the field tensor F**

If we divide our F'** by ¢, we get Griffith’s definition of F*:

0 EJ/c EJc E.Jc
i e F :lFOﬂV _ _Ex/c 0 B, -B, B-field representation of
- et —E e =B, 0 B, F* (SI units: Tesla)
-E.[c B, -B, 0

Note that there also exists an equivalent, but different way of embedding E and B in an
anti-symmetric 4 x 4 rank two tensor:

Instead of comparing:

a) |E,=E,[| |E =y(E,—pcB.), |E.=y(E.+pcB,)
with:  a") P ’ £ = y(toz _ﬂtlz) ’ £ = }/(t03 +ﬂt31)

and also comparing:

b) |cB.=cB,|, |cB, =y(cB,+ BE.)| |cB.=y(cB. - BE,)

with: b ’ /3 }/(t31 +,Bl‘03) = y(tlz _ﬂtoz)

We could instead compare {a) with b'")} and {b) with a')}, and thereby obtain the so-called
anti-symmetric rank-two dual tensor G*":

0 cB. B y cB

z

G" = —CB, 0 —E, Ey E-field representation of
| —-cB , E. 0 -E G"” (Sl units: Volts/m)

—~B. -E, E, 0

y x

Note further that the G** elements can be obtained directly from F** by carrying out
a duality transformation (!!!): |E — ¢B, cB — —E

Additionally note that a duality transformation leaves the Lorentz transformation of E and B
unchanged !!! (i.e. ¢ duality = 90°).

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 21
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Again, note that our representation of the dual tensor G** is simply related to Griffiths by

dividing ours by ¢, i.e.:

n.b. For the sake of
compatibility with
Griffiths book, we will use

his definitions of the field
strength tensors. Please
be aware that these tensor

G¢,

Griffiths —

1

c

G =

ours

definitions do vary in
different books!

0 B
B0
-B, E.Jc
-B. -E, / c

y
—-E./c
0
E Jc

BZ
Ey / ¢ B-field representation of
~E, [c G* (ST units: Tesla)
0

With Einstein’s 1905 publication of his paper on special relativity, physicists of that era soon

realized that the E and B -fields were indeed intimately related to each other, because of the
unique structure of space-time that is associated with the universe in which we live.

Prior to Qersted’s 1820 discovery that there was indeed a relation between electric vs.
magnetic phenomena, physicists thought that electricity and magnetism were separate / distinct
entities. Maxwell’s theory of electromagnetism “unified” these two phenomena as one, but it
was not until Einstein’s 1905 paper, that physicists truly understood why they were so-related!

It is indeed amazing that the electromagnetic field is a 4 x 4 rank two anti-symmetric
contravariant tensor, F** (or equivalently, G*") !!! (six components of which are unique.)

The contravariant and covariant forms of the field strength tensor are:

0 E /c Ey/c E. /c 0 -E Jc —Ey/c —E./c
~EJc 0 B -B +E [c 0 B. -B
F* = " | and: |F,, = g
~E Je -B. 0 B +E, [c  -B, 0 B,
~EJc B, -B. 0 +E.Jc B, -B, 0
The contravariant and covariant forms of the dual field strength tensor are:
0 B B, B. 0 -B, -B, -B
-B 0 -E /c E /c +B 0 -E /c E /c
G#v: X z/ y/ and: Gﬂv: X z/ y/
-B, E. /¢ 0 -E Jc +B, E. Jc 0 -E Jc
-B. —Ey/c E /c 0 +B, —Ey/c E /c 0

An arbitrary relativistic contravariant 4-vector x* is related to its covariant version x, by:

x, =g,X |and:|x" = g"x |, where the “flat” space-time metric g** = g, {here} is defined:
-1 0 0 0 57 is the 4-D space-time version of
0 1 0 Of . the 3-D Kroenecker é-function o,
g =g, = with: | g, g” =67 _
0 010 ie. 8’ =0if a# f and
0 001 5% =1 for =0,1,2,3.
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Likewise, the field strength tensors /" and F, , G and G, are formally related to each other

Hv?

by: |F,, =g, g,,|or F =g“”ngVﬂ and: |G, =g,,G"g,,| or G =g“”Gﬂngﬂ.

The dual field strength tensor G*” is formally related to the field strength tensor F'** by:

G =L "'F,, | where: g = —&,p,v| 18 the 4x4x4x4 = 256 element totally anti-symmetric

tensor of rank four, the 4-D generalization of the 2-D Levi-Civita symbol (¢g;): g = +1(-1)

for even (odd) permutations of 0-1-2-3, respectively, £ =0 if any two indices are equal/same.

We have learned that the 4-vector product of any two (bona-fide) relativistic 4-vectors,

e.g.|a"b, =a,b"|= Lorentz invariant quantity (i.e. |\a“b, = a,b"|= same value in all/any IRF’s)

: : Hv _ v e . .
Likewise, the tensor product |4 B,, = 4,,B" | of any two relativistic rank-2 tensors is also

a Lorentz invariant quantity.

Thus, the tensor products of EM field tensors F** and G**, namely: |F*'F,, |, |G"G,

and: |F*'G,, = F, G*"| are all Lorentz invariant quantities.

Specifically, it can be shown that (see Griffiths Problem 12.50, p. 537):

v v 1 . . .
F* F, = -G Gﬂv = 2(32 —c—zEzj oc (MM —ME) «— Lorentz invariant quantity !!!

v v 4 ~ D . . .
And: [F"G, =F,G" = _Z(E B ) « Lorentz invariant quantity !!!

Obviously, |F*'F,, = F, F*"|1G"G, =G,G"|and|F"'G,, = F, G"are the only Lorentz

invariants that can be formed / constructed using F** and G**!!!

Note that it is by no means obvious/clear how to form such Lorentz invariant EM field quantities
starting directly from the E and B fields themselves !!!

= n.b. Since EM energy density |u,,, =+&, E’ +ﬁ32 , Poynting’s vector |S = tﬁx B

>

EM field linear momentum density |{,,, = &,4,S |and EM field angular momentum density

v =7 X §,,| cannot be formed from any linear combinations of | F*"F, |,|G*'G | or [F*'G,

then u,,, S, ¢,, and /,, cannot be Lorentz invariant quantities!
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