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LECTURE NOTES 18.75

The Relativistic VVersion of Maxwell’s Stress Tensor T

Despite the fact that we know that the EM energy density |Ug,, =+ ¢&,E* + I B*|and

Poynting’s Vector, S= t E x B|are not Lorentz invariant quantities, we ask: Is there a related

entity, relativistic in nature, from which we can understand the transformation properties
of ug, and S,in going from one IRF(S) to another IRF(S")?

The answer is yes — the 4-dimensional relativistic generalization of the 3-dimensional

classical electrodynamics Maxwell’s stress tensor: |Tij — T“| 11!

Recall that the classical electrodynamics 3-dimensional Maxwell stress tensor is T ,
a 9-component, rank two 3 x 3 symmetric tensor (i.€. a matrix) whose elements are:

n.b. Tij elements 1 1 ) .
are symmetric: =T = [EE _55 E j P ( BB, —55“-8 j where:
Ti=Ti=T

- - 1 ifi=]
s a symmetric The 3-D Kroenecker & -function: |0; = . ... .
rank-2 tensor. 0ifi= ]

Physically, T is the force per unit area (or stress) acting on a surface of interest.

Tij = force per unit area in i direction acting on an element of surface in the j" direction.

= Thus: Txx, Tyy, Tz, physically represent pressures. (SI units: N/ mz) n.b. ST units of T all

same (= pressure)

= And: Txy, Txz, Tyx, Tyz, Tzx, Tzy physically represent shears. (SI units: N / mz) N kg m / S

2 2

m m ms

_I: has same SI units

as energy density
In classical electrodynamics, the force per unit volume (aka force density) is: J N-m N
m om om
=1 8S(Ft - 12\ aya
f(F,t)=V.T (l’,t)—c—2 (é’t ) where: [S(F.t)= " E(F,t)xB(F,t)|= Poynting’s Vector
(0]
SI units of force density: N / m’ ST units: Watts/ m?>
= o 58 r t SI units:
The total force is therefore: F(t)=J-v f(r,t)dr= j(V'T )dT——j N = kg-m/s’
: . = GS )
Use the divergence theorem on the 1% integral: |F (t)= C]SST (F,t)-d ——j dr
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In going from the classical electrodynamics 3-D spatial version of Maxwell’s stress tensor T

a 3 x 3 =9 element symmetric rank two tensor Tij

1

Ly cc

E,
E,E, —15ijE2j+—(BiBj —15“.32):50& Hi_w BiBj]
2 2

1

s
2

|

2
)

i,j=13

to the relativistic 4-dimensional space-time version of Maxwell’s stress tensor T —a 4 x4 =16
element symmetric tensor (v = 0:3) we expect the “new”/additional temporal components of T**

I.e. anew top row (row # x =0 column# v=0:3) and a new LHS column (row # x=0:3, column

#v=0) to:
a.) be symmetric, i.e. T =+T"°

b.) have the same physical SI units (N / m’ = pressure/energy density) as Ti
c.) have something to do with the temporal aspects of EM field energy flow
d.) be related to the EM field tensor, F** (or equivalently, G**)

We define the relativistic version of Maxwell’s stress tensor as:

T =g,c° {(—g*’*FMF“V)—%g*’V(Faﬁlzaﬂ)}:(c;oc2 {(—F”UF“V)—%g“V(FaﬂF“ﬂ)}

o | [+, F) -0 (R F)|

{n.b. implicit sum over repeated indices!}

Where the “flat” space-time metric tensor, g** is defined as:

-1
0
0
0

g/lv — gﬂv =

0O 0 O
+1 0 O
0 +1 O
0 0 +1

—lforu=v=0

9 =g, =+l foru=v=123

where:

0 for p#v

Note the similarities and differences in the physical appearance between definitions of the 3-D
classical EM stress tensor T and the 4-D relativistic EM stress tensor T*":

+1
E E. 1 E?
— 2 i 2 _
Tij =&,C KF?HL BiBij_Eé‘ij (C_z+ B ﬂ 5ij = +1 n.b. symmetric
+1 stress tensors,
SI units:
-1 kg
N/ —
T/JVEgCZ (F,u Fva)_lgyv(F Faﬁ) g/u\,: +1 /nz m—S2
° 7 4 @ +1
+1
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The differences arise from our (& Griffiths”) definition of the anti-symmetric EM field tensor, F*':

0 E,/c E/jjc EjJc

~-E,/Jc 0 B, -B 1 E’
F=l ’ g |\(F,F”)=2|B*-—E* |=-2| =-B’
B il i il

z

~E,)Jc B, -B, 0

y

(See Griftiths problem 12.50, p. 537)

For clarity’s sake, here we present the results for T** and place the (tedious!) calculational details in
Appendix “A” of these lecture notes.

i(ExB Watts 2:3/25: J _Nm_N
Hy m m--S m--S m-S

ST units:

3

Recall that Poynting’s Vector, S

Recall that EM field linear momentum density: |@ey = &, (E X B)

M, C C
g [ 1= o] 1[(E S)] E -
goEMC=—S=—[—(EXB)}:—H—XB] =£002(—><B
c Hq M |\ C ] c
: - 1= kg m kg
c==S: —= : |IN=kg-M
ST units of | gy, o T s s m_g but g Az
kg-m N | _IN-m _J|_ ,
=g | T Pressure = | =—5|= energy density

Recall also that the EM field energy density uy,, is defined as:

2 2
Ugy, ElgoEz—i-LBz:lgo(E-E)+LI§-I§:lgoc2 E—2 —i—lgocszzlgoc2 E—2 +B?
2 24, 2 C 2 2 c

N —m
3

ST units: i =

N . .
poe poc R = energy density = pressure = force per unit area

= {linear} momentum flux density
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Explicitly reminding the reader that the 3-D classical electrodynamics version of Maxwell’s

stress tensor T is defined as:

Column # | = 1.3

1=x 2=y 3=z Row#i=1:3
Txx Txy sz 1=x E E 1 E2 1 fl J
— ) . 1 =
T=T.=|T, T, T,|2=y|=lgc’|| =—L+BB, |-=6,| —=+B’ = S
/I]\ TYX TW TyZ 3_;’ 0 |:(C I 1 J] u(cz ]:| ij {0 iflij
X zy 2z -
Row # Column #
(1:3) (1:3)
2 2 E
&,c’ KE—; B; —l[E—2+ Bzﬂ &,c’ [E—“r BXBV} &,c’ 55+ BB,
c 2\ ¢ C C cc |
— [E ] E: 2 i
T= £,C’ 55, B, B, goc{(—zy+ B; —l(E—2+ Bzﬂ &,c’ 5E B, B,
lcc ] c 2 c ' ccC |
B ] E 2 2
g,C’ E&, B,B, gocz[E—MBZBy} goc{( : ij_l[E_ﬁBzﬂ
| C C | cC C c 2\ ¢C
Ef Ej E22 2 2 2 Ex Ey —Ex Ez
(C—z—c—z—c—z +(B; -B; -B;) 2 e B,B, 2 et B,B,
- [E ] E: E |
Toloe 2 —VE+ByBX L—zu Bj]+(—Bf+Bj—Bf) 2 —VE+ByBZ
| Cc¢C i C cC cC |
[ ) E 2 E! E2
2 E5+BZBX 2{E—V+BZBV} (— E; ——;+E;J+(—Bj—Bj+Bf)
L c ¢ i cC c ¢ ¢ ¢
= Note that the Tij elements are symmetric, i.e.|T; =+T;
Physically:
T; (i, j=1: 3) are pure space-space components.

T, = i" component of force across unit area perpendicular to ji direction.

T =Te Ty
T, = (Txy =T, ),(TXZ =T, ),(TyZ = sz) represent shear stresses on enclosing surfaces in the X, Y,
or Z directions.

,, represent pressures on enclosing surfaces in the X, y, z directions, respectively.

XX

But note also that physically:

T, = —ve of the rate of flow of the i"" component of EM field linear momentum f through unit area
whose normal is in the j" direction, i.e. —T;is the i component of the linear momentum
flux density transported in the j™ direction by the EM fields.
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Then, the relativistic 4-D space-time version of Maxwell’s stress tensor defined as:

T™ = 80C2 |:(FyUFva)_%gﬂv (FaﬁFaﬂ )}

gives:
Column #
Row# Column# 0=t I=x 2=y 3=z Row #
0:3 0:3 TOOTOL 702 TSN =t
\ / TlO ' Tll T12 T13 1=
T#V — T20 i TZ] T22 T23 2= y —
T30 i T3 T3 T3 ||3=

Txt
™
th

Now while we might hope that the { £,v =1:3} pure space-space elements of the relativistic

4-D space-time stress tensor T** would be identical to that of the 3-D classical electrodynamics /

Maxwell’s stress tensor T i, because of our definitions for T“'and F*'what we instead obtain is:

w

uv=13 1

‘i,j:l:3

Thus, we see that the pure space-space { x,v =1:3} components of the relativistic stress
tensor T*" physically represent EM field linear momentum flux densities, the negative of which

physically corresponds to stresses/shears on bounding surfaces!

The determination of the individual 4x4 = 16 elements of the relativistic 4-D space-time
stress tensor T** is carried out in Appendix A at the end of these Physics 436 Lecture notes.

The temporal components of T** are:

v=0 (lst column):

2
T —u, —LeE2 4B =1goc2(E—2+ BZJ
2u, 2 Cc
E E
Tloszczgocz[Tsz_?sz =EOC(EVBZ_EZBY)
T20=g0yC=EOCZ(EBX—EBZ =¢,c(E,B,—E/B,)
C C

1[E 5
s\ C

c

—xB

<

}zgoc(éxé)

E E
T =p,c=¢,C’ (?XBy ——B, =¢,c(E,B,-E,B,)
: : = 1= 5 1=
Recalling that Poynting’s Vector: |S = —( E x B) " ES =
Hy

1z 1
Thus: |-S=—

C C C C

sx>”<+lsyy+1szz =¢,c(E,B,-E,B,)%+¢,c(E,B,~E,B,)y+¢,(E,B,-E,B,)2

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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u=0 (1St row) :

T =%sx =¢,c(E,B,-E,B,)

T® :%sy - ¢,c(E,B,~E,B,)

T” :%Sz =50C(EXBy _EVBX)

Thus, we (explicitly) see that:

1 A
= |p.c=1s,
C
T =T = o, =25, | p or: o =8 =s0(ExE)
oo ! c °
= o=,
c 1)

Thus the components of the relativistic 4-D/spacetime version of Maxwell’s stress tensor

. 1
T are {T* =T" = symmetric tensor}: |T*" 580C2 [(F”UFV")—Zg"V(F&ﬁF“ﬁ)}

TOO TOl TOZ T03 T'[t T'[X Tty T’[Z Tﬁ TtX Tty th

1

10 11 12 13 xt XX X XZ Xt
T = T T T T _ T T T T T _Txx _Txy _sz 3-D space-space components
- - of classical electrodynamics’

-I-zo -|-21 Tzz T23 -I-yt T TW T¥% - Tyti T T -T
T T3 TR T8 T2 T TY T*Z thi _sz T _Tzz

Maxwell’s stress tensor Tij

E? 1{ E? E E [ E E
vV 2 X 2 2 2 X y 2 X z
T < pc  —-&c K—Cz +BX]——2 (—CZ +B ﬂ —&,C { Pere J+(BXBy)} —£,C _(_c = j+(Bsz)}
_ _

6 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Physically:

T

wo_

EM field energy
density, Uy,

flux of EM field

momentum density, 2,

flux of EM field
momentum density, goy

flux of EM field

Qentum density, 2,

x-flow of EM
field energy, S, /C

X — flow of
EM field linear

momentum density, £,

X — flow of
EM field linear

momentum density, £,

X — flow of
EM field linear

momentum density, £,

Fall Semester, 2015
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y-flow of EM
field energy, S, / c

y — flow of
EM field linear

momentum density, £,

y — flow of
EM field linear

momentum density, £,

y — flow of
EM field linear

momentum density, £,

8.75 Prof. Steven Errede

\

momentum density, £,

z-flow of EM
field energy, S, / c

z — flow of
EM field linear

z — flow of
EM field linear

momentum density, £,

o/

z — flow of
EM field linear

momentum density,

SI units of T*': energy density = %3 = N'%3 = %2 = Pascals = pressure

2
T =ug, =l¢90C2(E—2JrBZJ:lgOE2+LB2 using: (sz 1 ]
2 c 2 2u, Eq M,
E
'|'1°=ggxc=gocz[—sz—EByjzgoc(Esz—Esz)=lSX=T°‘
C C C
T20_pXC:‘C"OCz(EBX_EBZJZEOC(EZBX_EXBZ):lSy:T02
C C C
30 2 Ex Ey 1 03
T =p,c=¢,"| =*B,-—B, |=£,C(E,B,~E,B,)==5,=T
c c C
1 -
T‘”:ESXzgoC(ExB)X:gOC(EyBZ—EZBy):goXc:TIO
1 -
Toz—Esy:‘goC(EXB)y:‘c"OC(Esz_EXBZ):XO)’C:T20
T =15, —4,c(ExB) =5,c(EB, ~EB)=pc=T"
C z

Note that while T** and/or T,, are not Lorentz-invariant quantities, T*, =T*’g_, and/or

Tyv =0, ' are indeed Lorentz-invariant quantities. Hence, additionally note the value of the

trace of this form of Maxwell’s relativistic stress tensor (a Lorentz-invariant quantity):

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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As a simple example of the use of the 4-D/relativistic version of Maxwell’s stress tensor T*",
let us consider the purely electrostatic problem of a parallel-plate capacitor at rest in the lab
frame IRF(S), with large area plates || to the X-y plane as shown in the figure below:

oL

Inside the || plates {d < @,/ }:
E=E:? (E =0 elsewhere)

B =0 everywhere

Uy S, ¢S, <5, lg E: 0 0 0
xC _Txx -T _sz 0 +1 E2 0 0
Then: [T = # i = 250 )
P Ty =Ty T, 0 0 +36,E, 0
p.c T, -T, -T, 0 0 0 —1¢E;
+1 0 0 0
Tw _ 1, g2 0+ 0 0 — Only the diagonal elements of

POl 0 0 410 T“'=T* are non-zero (here)

0 0 0 -1

T” =ug, =+1¢,E;| = +ve Energy Density (J/m)

T'=-T, =+1gE}| = +ve EM pressure = |+1 ¢, E;|in R -direction !!!

2%0"0

T?=-T, =+1¢E;|= +ve EM pressure = |+4¢,E;|in  -direction !!!

T =-T,=-1gE}| = —ve EM pressure = |-1¢ E;|in 7 -direction {n.o.E =E_2 }!!!

= Plates of capacitor attracted to each other — net attractive force acting on bottom/top plates:

Tension: |k, =+0/WE,Z=+QE 2| Iftop =-0lWE,2=-QE 7=-F_,

8 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
2005-2015. All Rights Reserved.
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Appendix A: Calculation of the Elements of the Relativistic Version of Maxwell’s Stress Tensor

T™ E€0C2 [(_gﬂlFAUFUV)_%g/N(FaﬁFaﬁ)j|:gocz [(_FAUFUV)_%QW(FWF&/J’)}

=¢,C’ [(+F“UFV“)—i9”V(FaﬂF“ﬂ)}

ST units of T*: energy density = /n3 = N'%3 =N 2 Pascals = pressure

-1 0 0 O
—1foru=v=0
. ‘ w ] v 0 +1 0
“flat” space-time metric tensor: |9° =0, = 0 for u#v le. |9° =0, = 0+1 0
+lforpy=v=L2or3
0 +1
Anti-symmetric EM field tensor, F*': |F* =—F" Column # v
0 ! 2 1 Row # u
0 EX/C Ey/C Ez/C FO EO E®2 E® 0
Column # 1T
F’uv_ _EX/C 0 Bz _By B FlO Fll F12 F13 1
T B —Ey/C -B, 0 B, TE® E2 p2 g2 P
Row # ——
—EZ/C By -B 0 F3 E3 E®2 E® 3
And:
F#“, =F*0g,| meansthatwe place a minus (=) sign in front of the

Fyv = g,uc

FGV

Fyv = gyo‘

Fo‘lglv

means that we place a minus (—) sign in front of the

means that we place a minus (—) sign in front of both of the

v =0 temporal components, i.e. elements in the first vertical column (v=0) of F*.

u =0 temporal components, i.e. elements in the first horizontal row («=0) of F*.

v =0 temporal components, elements in the first vertical column (v=0) .AND. the

u =0 temporal components, elements in the first horizontal row (x#=0) of F*.

I:/—[V = gluo-FO'V

means that we place a minus (—) sign in front of the

=0 temporal components, i.e. elements in the first horizontal row (xz=0)of F,,.

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Thus:
0 E./c E/Jc EJ/c)(-1 0 0
-E,/c 0 B, -B, | 0+1 0
FﬂszﬂUgavz n.b. F#, has no
—Ey/c -B, 0 B, 0 0+1 O "expvliji‘f—
-E/c B, -B 0 0 +1)| e
0 E,./c Ey/c E,/c %%ﬁt{.'c
+E/c 0 B, -B Bmec
_ X z y
+Ey/c -B, 0 B,
+E,/c B, -B, 0
-1 0 0 O 0 E,/c Ey/c E,/c
0+1 0 0| -EJ/c 0 B, -B,
F V= g FUV = n.b. F.' has no
" po 0 0+1 Ol - Ey /C _BZ 0 BX explicit
symmet
0 0 0+1)|-E/c B, -B, 0 Y neither
symmetric
0 -E/c -EJc -EJc nor anti-
X y z symmetric!
-E,/c 0 B, -B,
—Ey/c -B, 0 B,
-E,/c B, -B, 0
-1 0 0 0 0 E./c EJc EJ/c)-1 0 0 0
. 0+1 0 O -E/c O B, -B,|| 0+1 0 0
Fv:g aFav:g o-Fgglv:
oS # 0 0+1 0| -E/c -B, 0 B, 0 0+1 0
0 0 0+1){-E,)c B, -B 0 0 0 0 +1
0 -EJ/c -EJc -EjJc
E,./c B, -B,
b. Fuis = ‘ < inb.#F* #F" =-F*"
ant?—symmetric! Ey / C - BZ 0 BX { }
E,/Jc B, -B, 0
-1 0 0 0) 0 -E/c -E/c -Ejc
0+1 0 O|E/c 0 B, -B,
I:ﬂv:g/w':av_
0 0+1 O Ey/c -B, 0 B, n.b. F%, has 10
0 0 0+1){E,/c B, -B 0 ymmetry
— neither
0 +EX /C +Ey/C +EZ /C symmetr_ic
Efc 0 N symmetrie
“|lg,)c -B, o B |7 9Tl
E,/c B, -B, 0

10  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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First, we want to explicitly calculate: |F, F""B Fr F,s| where: F =

F row # column #

F F? =F F +F F + F,F2 + F F® = +FYF" —F"F" -
+F,F*+F F"'+F,F?+F,F"
+F,F X +F, F2 + F,F2 + F,F?

+F FY 4+ Fy P 4 FyF 2 4 F R

F02F02_
_F10F10+F11F11+F12F12 +F13F13
_FZOFZO+F21F21+F22F22+F23F23
_F30F30+F31F3]+F32F32+F33F33

F03F03

=0 (B (5 o] (/o)
~(-E,fe)’ +0°  +(B,) +(_By)2
(B /e +(B) 0 (B

~(-E,/c) +(B,) +(-B,)  +0’

FaﬂF“ﬂ=2{—(§—f+i—f+f—5}(sj+3;+Bj)}zz(—i—;mz}:z 82—5—22}:—2[5—;—82
(F Faﬁ) (FaﬂF ) (Bz (Ez/cz)) ((Ez/cz) Bz) See also Griffiths

problem 12.50 a.)

Then:

g (F,F)=-29"((E*/c’)-PB’

Next, we need to calculate (—F”GF"V) which is a 4 x 4 = 16 element symmetric tensor = S**

Thus: since S** =S", then only 10 out of the 16 elements of S** are unique.

S

n.b. repeated indices (a) are summed over o =0:3 for each element of

v E—F’u Fo‘V
o

We explicitly calculate all 16 elements of the 4 x 4 tensor:

E,/c E//c EJc

0 EJ/c EJjc EjJc 0

S o E E./Jc 0 B, -B,||-E/c 0 B,
o E,Jc -B, 0 B, |-E/c -B, 0
E/)c B, -B 0 Jl-E/c B, -B

FOO FO1 F02 FO3 FOO FOl FOZ F03

B FIO Fll I:l2 I:l3 FlO Fll F12 Fl3

FZO F21 F22 |:23 FZO F21 F22 F23

F30 F31 F32 F33 F30 F3l F32 F33

-B,
B

X

0

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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v=0 (1 column) of S (u=0:3):

SOO E_I:OO-I:O'O :_FOOFOO_FOIFIO_F02F20_F03F30(:+F00F00_FOIFIO_FOZFZO_F03F3O)
2 E 2 2 2
= 02+(5j +(—yj v{ij =E_z
C c C C

SIOE_FIUFUO =—F10FOO—F11F10—F12F20—F13F30 (:+F10F00_F11F10_F12F20_F13F30)

E -E -E -E 1
=—| = |(0)-(0)| —= |-B,| — |-(-B 2 |=—(E,B,-E,B
(& o028 o) E)-LEnEs)

SZO E_FZO_FJO :_F20F00 _ leFlo _ FZZFZO _ F23F30 (:+F20F00 _ FZIFIO _ F22F20 _ F23F30)

(5] ) e E) e e

C C C C C

830 E—FSO_FO-O :_F30F00_F31F10_F32F20_F33F30 (:+F30F00_F31F10_F32F20_F33F30)
E -E -E E 1
=—| =2 |(0)-(B x| (-B v 1-(0)| =z |=~(E,B, -E B
BN ESREN EARTICAR NS

v=1 (2" column) of S (x=0:3):

SOl E_FOUFUI :_FOOFol _ F01F11 _ F02F2l _ F03F31(:+F00F01 _ FOlFll _ F02F21 + F03F31)

—~ (& H(E o2 (5)e)-1Eaes)

Sll E_FIO_FUI :_FIOFOI _ FllFll _ F12F21 _ F13F31 (:+F10F01 _ FllFll _ F12F21 _ F13F31)

2

(&) & 00-(e)8)-(-8,)(6,)--Z 83+

C C

821 E_anFm :_F20F01 _ F21F11 _ F22F21 _ F23F31(=+F20F01 _ F21F11 _ F22F21 _ F23F31)
E E

:_(ij(ij_@z><o>—(o><—Bz>—<Bx>(By)=—( *z”Bva]

C C C

S31 E—F3UFGI =_F30F01 _F31F11_F32F21_F33F3l(=+F30F01 _F31Fll _F32F21 +F33F31)

S RO CRENESROCIS Yy

C C C

12  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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v=2 (3" column) of $* (1 =0:3):

SO2 E_FOUFGZ :—FOOF02 _ F01F12 _ F02F22 _ F03F32 (:+FO0F02 _ FOIFIZ _ F02F22 _ FO3F32)

=_(0)[Ej—(5j(82)—{Ej(o)—(ij(—Bx)=l(EZBX—EXBZ)

C C C C C

SlZ E_FIUFGZ =_F10F02 _ F11F12 _ F12F22 _ F13F32 (=+F10F02 _ FllFIZ _ F12F22 _ F13F32)

:ﬁ)@j‘(o)(Bz>—<Bz><o>—(—By><—Bx>Z‘(Eszy *B*BJ

C C C

S22 E_|:2o-|:0'2 =_F20F02 _ F21F12 _ F22F22 _ F23F32 (=+F20F02 _ FZ]FIZ _ F22F22 _ F23F32)
2

(2% ) -0 @ee) - Hee:

C C

832 E_F?ao_FUZ :_F3OF02 _ F31F12 _ F32F22 _ F33F32 (:+F30F02 _ F31F12 _ F32F22 _ F33F32)

(&) 5 He)e)-()0-008) - 5|

C C C

v=3 (4" column) of $* (x=0:3):

803 E_|:00.|:0'3 :_F00F03 _ F01F13 _ F02F23 _ F03F33 (:+FO0F03 _ F01F13 _ F02F23 _ F03F33)

(& & Je 2 - (5 Jor-Hea, e

gB E_FlaFcﬂ :_FloFos _ F11F13 _ F12F23 _ F13F33 (=+F10Fo3 _FUEB_ERE2_ F13F)33

(B &) 0-8,)- (B (-8, )0)- EEven)

C C C

823 E_FZUFO'S :_F20F03 _ F21F13 _ F22F23 _ F23F33 (:+F20F03 _ F21F13 _ F22F23 _ F23F33)
EE

C C C

:_(EJ(E]_(—BZ)(—By)—(o)(BX)—(BX)(o)=—[ ey Bszj

S33Z_F3 FU3__F3 F03_F3 F13_F3 F23_F3 F33(_+F30F03_F31F13_F32F23_F33F33)
- o - 0 1 2 3 -
2

_ _(EJ(E]_(BV)(—BV)—(—BX)(BX)—(O)(O) - -%+ B2 + B2

C C

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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Collecting our results for 16 elements the {intermediate} tensor:

Prof. Steven Errede

SOO SOI SO2 SO3
N o , o SIO Sll 812 813
SM=FFT =-F F" = g» g2 g2 g
830 S31 832 833
E’ 1 1 1
? E(EVBZ_Esz) E(EZBX_EXBZ) E(ExBy_EyBx)
1 2 5 E.E, E.E,
E(EyBZ—EZBy) = +B+B] —( > Y +B,B, | - “-+BB,
,UVEF/J FVU:
> ’ 1 E,E, E;, ., . E,E,
E(EZBX—EXBZ) |z +B,B, -t B +B’ - . +B,B,
1 Esz E EZ E22 2 2
E(EXBy—EyBX) ( 5 +BB) —( (y:z +ByBZJ -~ BB
Note that S*’ is indeed a symmetric matrix, i.e.|S* =F*_F" =F"F#*_=S"
T™ =g (F/t FVU) lgyv(F Faﬁ) -1 0 0 O
' 47 L7 0+1 0 0
Then: where: [0“' =0, =
= “71 00+ 0
Es,uv _2 __B
c? 0 0 0 +1
E’ 1 1 1
ra E(EYBZ—EZBy) (BB, -EB)) E EXBy—EyBX)
1 : 2 Ex Xy
E(EyB E,B,) S +B+B] | BB, S 8.8,
S#VEF#GFVJZ 1 E E E2
—(E,B,—E,B,) [ e y+BBJ ——+B;+B; ( +BBJ
C ¢’ ¢’
E,E,
l(E B,-E,B,) —[Ex—fw BXBZ] —( *+B,B J . +B;
C C ¢’
Note that the g** term in T contributes only to the diagonal elements of T**, which are:
i 2 2 2
TO():gOCZ SOO 1900_2 E_2_82 =<90C2 E_Z_l E_2_82
i 4 c c- 2(c
2
=g,C’ lE—2+le :lgoE2+l ,C’B” = 0E2+LBZ—UENI
2¢® 2 2 2,

14  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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T'=¢gC’ S“+lg”-Z(E—;—Bzﬂzgocz[‘lz_f““Bj+Bz2+lE_22_le}
4 c C ct 2
=g, _szz %(E—g E—§+E—§]+Bj+83—%(Bf+Bj+Bf)}
s B(_E_Zf 5_§+E_5J+%(_BX2 +B? + Bj)}:—gocz [{_E_ZXZJF Ef + C§]+(—BX2+ B, +B.
:—%goc2 _(5—5—5—5—5—5]+(53_85 Bf):l
=_%gocz_ 5_22 (_E_f_c_f_ 55J+ZBXZ+(—BX2—Bj—Bf)}
B § i 1 G it e Gt - o)

From the above elements S'',S*,S* and their cyclic permutation symmetries we see that:

SO D | - e I [ I -
T ——EEOC —C—2+C—2— C2 +(_Bx+By_Bz) ——50 C—2+By —E C—2+B
and:

o_ 1 Gl EE BN e memn |l [ ae) (B
T ——EEOC —Cz —C—2+C—2 +(_Bx_By+Bz) ——80 C_2+BZ —5 C—2+B

Then for all other remaining elements of the relativistic version of Maxwell’s stress tensor,

T\ .. ,we see that since: |g*"|,,,= 0| then: |T* ﬂi\,:gocz(F”aF"") ﬂﬂ:goCzS”v e
Thus:
1 L(E* .,
26| =+ B [= ey &,c(E,B,~E,B,) ¢,c(E,B,—E,B,) £,C(E,B,~E,B,)
= 1(E? E.E E,E,
£,c(E,B, —E,B, ) _g"CHc_ﬁ BfJ_E[C_Z_‘_ BZH _50C2|:(C—ZYJ+ Bxsy} _80C2|:(C_2j+ BXBZ}
T =
EB —-EB : Y1+B,B ; B: 1(E” B’ :|[EE B B
SOC( 2Px T x z) —&,C C— + B, y —&,C C_2+ y _5 C_2+ —&,C Cz + y sz
E E 2 2
&c(EB,-E,B,) —€OCZ|:£X_EZ]+BXBZ:| _goc{( é;}aysz} —goc{[E; +ij—%(5—2+82ﬂ
© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois 15
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Poynting’s vector is:
§=i(” <B)= 4,0’ (ExB) = 5,0’ (ExEB), i+(ExB) 9+(ExB) 7]

M,
&,¢"|(E,B,~E,B,)%+(E,B, ~E,B,)§+(EB, ~E,B,)2]

Thus: —s_gc[(EB ~E,B,)%+(E,B,~E,B,)§+(EB,~E,B,)2]

X y
s - 1z - =
The 3-D relativistic linear momentum density is: | =— S| or: | C=—S| Hence, we see that:
C C

TOOZUEM TOIZ%SXZSOXC:TIO T02:%8y:80yC:T20 TO3:%SZ:802C:T3O

TO—pc=1is, =TO
C
20 1 02
T :(@yC:ESy:T
T —pc=ts =T
C

Thus:

T™ E€OC2 |:(_gy/1|:/w|:av)_%gﬂv(FaﬂFaﬂ)j|=goc2 [(_FAUFUV)_%QM(FMF&/J’)}

c2[(+F“UFV")—ig”V(FaﬂF“ﬂ)J

gives:
I, IS, [N
2 2 E B 7]
¢.C —goc[ E; ij—%(E—z Bzﬂ —goc{[ XZ\V}LBXBy -¢g,Cc° (EXEZ}LBXBZ
C
TH = - 2 1 - 1
E E 2 E,E
9,6 —&,C° [ - j+BXBy} -¢ CHC—jJrBjJ—%(E—Z sz -g,c’ ézz]+Bsz
E E 2 2
p.c —&c’ (EXEZ] BXBZ} —goc{( yzzj+Bsz:| —goc{ E; +Bj]—l(E—2+BZH
c c c 2{ ¢

16 © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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The classical electrodynamics 3-D force density is: | F = VT —— %5 a(%g)ﬁf ST units:
Cclassica - ensi . - = o
e electrodynamics orce is < a o(ct) N/m?
where: | f = f X+ f,y+f,2
- o(LS)  o(isx+1S,y+18,2)  (T"R+T™§+T"2)
But: [T  =-T;| | and: |- =— -
uv=1:3 i,j=13 0 (Ct) axo axo
The relativistic electrodynamics 4-vector force density is: | f" :( fo, l?) (SIunits: N/m’)
The 3-D spatial vector component of the force density is: f=pE+JxB
The zeroth/temporal/scalar component of the 4-vector f " is: Magnetic forces do no work!
L T 0(Ugy)
£ =J.E, [c=pV{E+ BCJEC+M/ JeEfc=- d A -
net/ p / / p / ax() a (Ct)
The relativistic 4vector force density | f* = F"J_|. But we also have the relation:
orH oT™ oTv or* oT o | :
vo_ wo_ __ . = _" | is the covariant 4-D
F=-or ox* ( ox° " ox' " ox* " ox’ where: |0, ox“ | aradient operator.

The total relativistic 4-vector force can likewise be obtained by noting that the 3-D spatial
classical electrodynamics version of the 3-D total force vector is:

= . Lo oLtsS) . _
F:jfdr:j ——§+VT j = ( )+V-T dr
v v octat v o(ct)
v v aT#v v 0=
Thus: |F =Iv4f dr, =— V45#T” dr, =— V4[ P jdh where: |F :(F ,F) and:
The 4-D space-time volume V, has volume elementd 7, = cdt dxdydz F=F&+ Fy+Fz2
.. v w aT#V vo
We explicitly show that: | f*=-0, T =— o F*J,
e . . v 1 HA ov 1 uv aff
Maxwell’s relativistic stress tensor is: [T E,u_ (—g F.F )_Zg (FaﬂF )
Then: |0, T* = ! 0 HE E L g F _F% d:|6 g =0", |0 g™ =0"
on: |- u _,U_O u (g Ao )+Zg ( af ) and: ,ug - g yg - .
. A 1 A oV 1 \% aff
Thus: |-, T* _ﬂ—o{a (F.F )+Za (F,,F )}

© Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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By the chain rule of differentiation:
0" (F,,F™)=(8"F,, )F" +F,(6'F*)| and:
0" (F F)=(0"F,, )F” +F,, (0'F”)=2F, (6"F)

. v OF*
Maxwell’s inhomogeneous equation is: |0,F*" = v Hyd”

But: avF”v:/qu” = apgvaﬂV:,uog”KJ,u = aprp:ap(gMFKp)Z,UogWJK =

g” (GpFKp) = 1,9 J,| = [0”F,, = p,J, | But p and « are dummy indices. Let p - A and x — o

Then: |0°F,, = (ZFT';“ = td, |
Now: |F,, =-F_ |because the EM field strength tensor is anti-symmetric.
0'F,, =-0"F,, =—u,),| Hence: [(0"F, ) F* = —p1,d ,F " =+, F*°J, = p1, 1"
—0,T" :L(O‘FM) Fo 4L FM(a’“F"V)+L Fs(0"F)
Ho Ho 24,
= fv +ﬂio[Fw(a*F“)+%Faﬂ(aVF“ﬂ)}

Then, noting that « and £ are dummy indices, we replace « — A and f— o, thus re-writing
the bracketed term in the above expression as:

oV 1 \2 Q 1 oV \J o 1 oV oV \2 o
{Fw(aﬂ: )+5Faﬂ(a F ﬂ)}E[zFM(aiF )+F,, (0'F )}:EFM[G}‘F +0'F” +0"F 7]

Note the cyclic
permutations of 4, o, v

Maxwell’s homogeneous equation (in covariant form) is: |0,F,, +0,F, +0,F,, =0| <

It can be shown (via more tensor manipulation) that Maxwell’s homogeneous equation in its
contravariant form is: [0*F7 +9°F" +0'F* = 0|,

Thus, we can see that the last two terms in the RHS bracket above: |8’1 F"+0'F* =-0°F"

Hence: -0, T = f" L F[0'F" —0"F" |= 1" L F,[0'F" +0"F* ]
24, 2u,

But note that the term: [61 Fo+ 8"F“] is symmetric with respect to exchange of the indices

Ao o, ie. [81 Fo +0° F“] = [8"F  +0*F°" || However, the double-contraction of an anti-

symmetric tensor |F,_ = —F | with a symmetric tensor |[S** = +S”| or the symmetric portion of a
rank-3 tensor || 0*F % +07F* |=[8"F" +8"F™ | is zero!

Hence: |-0,T* = f"| or: |f'=-0,T" =F"J,

18  © Professor Steven Errede, Department of Physics, University of Illinois at Urbana-Champaign, Illinois
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If one wishes to Lorentz boost these results — defined in one IRF(S) — to another IRF(S') —
moving with relative velocity V , there are two equivalent methods to accomplish this task:

Method I:

First, provided at least one EM field component is parallel to the boost axis along V ,
Lorentz transform the E and B fields via use of the matrix relation:

Y = 1
= 7/£1 N (LIJ'H 'J 7BX = V= > See/read P436
E — r+ E where: 1- ﬂ Lecture Notes 19
B’ - - B L g for further details
— ypX V4 (1 - (Lj B 'J p=— of this method.
y+1 c
Z —

Y )
n.b. operator matrix

Then compute the new F', §"" =F"“ F'* and F/;F'”{nb.=F_;F”} and the new T'*in IRF(S"):

T/ :£OC22 [(F'#UF'UV)—%Q#V(F‘;ﬂF'aﬂ)} | :_881;2" | :L e, - v (GT'#V]dQ

ox'*

This method has the advantage that all quantities, e.g. E',B’,S',', F™™,S"™ = F*_F'® T"™ f"
and F" are explicitly known/calculated in IRF(S").

Method I1:
Lorentz transform T directly, since the Lorentz transformation of F*' in IRF(S) to F'*"

in IRF(S") moving with velocity V relative to IRF(S) is given by: |F"* = A* ,F** A"

Then: [T =A*T*A"_| n.b. in matrix form: |T' =ATA" = ATA‘ since A is symmetric.

1

Ly e -

397 (FF”)

Then: [T = ATVAY = 6,67 [AIS“AL 1 A79" (F, P |

Since: [T =¢,C° [(F”prV)—

. aff _ ! ref _
ie. F,F =F,F“=
2 same value in any/all IRF’S!!!

EZ
But: (Faﬂ F ) = ( F Faﬁ) =2 (C— - sz = relativistic invariant

Define: S,'uv EA;:S]“O_A\(; and: g!/lv = A/jglcrA\;

Also note that &, and ¢, g, are relativistically invariant scalar quantities (same in all IRF’s)

Then: [T =g’ [S"” —1g ( F;ﬁF’“ﬂ )}

6T ruv a‘l’ v
Once T'* is obtained, then calculate: | f" = ————| and: |F" = I f"dr, = —I — |dz,
X' v, vl ox'#
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